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Preface

This study aid is intended for students of physical and mathemati­
cal faculties of pedagogical institutes.

The book contains about 2000 examples, problems, and exercises 
of which 1700 problems are for solving independently. Along with 
rather simple problems, there are also problems whose solution 
requires serious and sometimes inventive work. In the course of 
preparing the manuscript for print we tried to distribute the space 
among the basic types of “school” problems in algebra and trigonom­
etry. Solving these problems will help the student to acquire pro­
fessional skill necessary for a teacher who must know how to solve 
mathematical problems of the high-school level.

This book is not only a collection of problems, it is rather a study 
aid for practical work, as can be seen in the structure of the text­
book. Each section contains necessary theoretical material and 
an ample number of worked examples (the total number of which 
amounts to about 300), which are very useful for the student pri­
marily from the methodological point of view.

The present book is based on the series of our study aids designed 
for practical solving of mathematical problems published recently 
and intended for corresponding-course students. Various textbooks 
and study aids for schoolchildren, numerous books for teachers, 
various problem books in algebra, trigonometry, study aids for pre­
college students, problems for entrance examinations in mathematics, 
materials of school mathematical olympiads, etc., were also used 
in preparing the manuscript.

The authors are very grateful to I.P . Makarov, M.M. Rassudov- 
skaya, M.I. Denisova, and A.Kh. Naziev for their valuable sugges­
tions and remarks.

The Authors
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P a r t  I

ALGEBRA

Chapter 1

ID E N T IC A L  T R A N SF O R M A T IO N S

SEC. 1. FACTORIZATION OF POLYNOMIALS

When solving many algebraic problems, it turns out to be neces­
sary to represent a polynomial in the form of the product of two or 
more polynomials or as a polynomial and a monomial containing 
at least one variable. But not every polynomial is factorable over 
the field of real numbers. For example, it is impossible to factorize 
the polynomials x +  3 and x2 +  6x +  10. Such polynomials are 
called irreducible or prime. The factorization of a polynomial is 
regarded to be completed if all the obtained factors are irreducible.

When factoring polynomials, we use various methods: taking out 
of the brackets a common factor, grouping, making use of the for­
mulas for short-cut multiplication, and so on. Consider several 
examples to illustrate these methods.

Example 1. Factor the following polynomials:
(1) /  (a, b) = a2 -  2a3b -  2ab3 +  ft2,
(2) /  (a) =  a3 -  7a2 +  7a +  15.
Solution. (1) Combining the extreme terms into one group and 

the middle terms into another, and taking out of the brackets a 
common factor in the second group, we get:

/  (a, b) =  (a2 +  b2) — 2ab (a2 +  b2) =  (a* +  b2) (1 -  2ab).

(2) Let us represent the second and third terms of the given poly­
nomial in the following way:

—la2 =  —3a2 — 4a2; 7 a =  12a — 5a.

Then we write: /  (a) =  a3 — 3a2 — 4a2 +  12a — 5a +  15. Group­
ing the terms pairwise and taking out of the brackets a common factor 
in each group, we get:

/  (a) =  (a3 — 3a2) — (4a2 — 12a) — (5a — 15)
=  a2 (a -  3) -  4a (a -  3) -  5 (a -  3)
=  (a — 3) (a2 — 4a — 5).
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It remains to factor the polynomial a2 — 4a — 5. This can be 
done by the following two methods.

First Method. We have:

a2 — 4 a — 5 =  a2 +  a — 5a — 5
=  a (a +  1) -  5 (a +  1) =  (a +  1) (a — 5).

Second Method. From the equation a2 — 4a — 5 =  0 we find the 
roots: ax =  —1, a2 =  5. Applying the formula for factoring the 
quadratic trinomial ax2 +  bx +  c =  a (x — (x — x 2), we get:

a2 — 4a — 5 =  (a — ax) (a — a2) =  (a +  1) (a — 5).
Thus,

/  (a) =  (a -  3) (a +  1) (a -  5).
Example 2. Factor:

/  (a, 6, c) = ab (a +  b) — be (b +  c) +  ac (a — c).
Solution. We take advantage of the fact that the expression con­

tained in the first parentheses is the sum of the expressions contained 
in the second and third parentheses: a +  b = (b +  c) +  (a — c). 
Then
/  (a, 6, c) = ab ((b +  c) +  (a — c)) — be (b +  c) +  ac (a — c)

=  ab (b +  c) +  aft (a — c) — be (b +  c) +  ac (a — c).

Grouping the terms and taking out of the brackets a common factor 
in each group, we get:
/  (a, b. c) =  (ab (b +  c) — be (b +  c)) +  (ab (a — c)

+  ac (a — c)) = (b +  c) (ab — be)
+  (a — c) (ab +  ac) = (b +  c) b (a — c)

+  (a — c) a (b +  c) =  (a — c) (b +  c) (a +  b).
Example 3. Factor:

/  (a) =  a3 — 5a2 — a +  5.
Solution. Grouping the terms and taking out of the brackets a 

common factor, we get:
/  (a) =  (a3 — 5a2) — (a — 5) =  a2 (a — 5) — (a — 5)

=  (a — 5) (a2 — 1).

Using the formula p2 — q2 =  (p — q) (p +  q)i we get:
/  (a) =  (a — 5) (a — 1) (a +  1).

Example 4. Factor:
/  =  (a, 6) =  4a2 — 12a6 +  562.
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Solution. Completing the binomial 4a2 — 12ab to a perfect square, 
we get: (2a)2 — 2 (2a) (36) +  (36)2. Then

/  (a, 6) =  (4a2 -  12a6 +  962) — 962 +  562
=  (2a -  36)2 -  (26)2 =  (2a — 36 — 26) (2a -  36 +  26)
=  (2a -  56) (2a -  6).

Example 5. Factor:

/  (a) =  a4 — 10a2 +  169.

Solution. Noting that a4 +  169 =  (a2)2 +  132, and completing 
this sum to a perfect square, we get:

/  (a) =  (a4 +  26a2 +  169) — 26a2 — 10a2
=  (a2 +  13)2 -  (6a)2 =  (a2 -  6a +  13) (a2 +  6a +  13).

Example 6 . Factor:
/  (a, 6) =  a6 +  a4 +  a262 +  64 -  66.

Solution. Since
a6 -  66 =  (a3)2 — (63)2 =  (a3 -  63) (a3 +  63)

=  (a -  6) (a2 +  a6 +  62) (a +  6) (a2 -  a6 +  62)
and

a4 +  a262 +  64 =  (a4 +  2a262 +  64) — a262 =  (a2 +  62)2 — (a6)2 
=  (a2 +  a6 +  62) (a2 -  a6 +  62),

we have:
f  (a, 6) =  (a2 -f- a6 -f- 62) (a2 — a6 -f- 62) ((a — 6) (a -j- 6) -f- 1)

=  (a2 +  a6 +  62) (a2 -  ab +  62) (a2 -  62 +  1).

Example 7. Factor:
/  (a) = a3 +  9a2 +  27a +  19.

Solution. It is easy to see that, in order to obtain a perfect cube 
of the sum, the given function may be rewritten as follows:

/  (a) =  (a3 +  9a2 +  27a +  27) -  8 =  (a +  3)3 -  23 
=  (a +  3 -  2) ((a +  3)2 +  (a +  3) X 2 +  4)
== (a -j- 1) (a2 -f- 8a -f- 19).

Example 8 . Prove that if a 6 N  and /  (a) =  a4 +  6a3 +  11a2 +  
6a, then /  (a) : 24*.

* The symbol i means “is divisible by” (without a remainder).
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Solution. Represent 6a3 and 11a2 as sums of like terms: 6a3 =  
a3 +  5a3 and 11a2 =  5a2 +  6a2. Then

/  (a) =  a4 +  (a3 +  5a3) 4- (5a2 +  6a2) +  6a 
=  (a4 +  a?) +  (5a3 +  5a2) +  (6a2 +  6a)
=  a3 (a +  1) +  5a2 (a + 1 ) +  6a (a + 1 )
=  a (a +  1) (a2 +  5a +  6) =  a (a + 1 ) (a +  2) (a +  3).

But of four successive natural numbers at least one is divisible by 3, 
and two numbers are even, that is, one of them is divisible by 4, 
and, hence, the product of these four numbers is divisible by the 
product 3 X 2 jX 4. Thus, /  (a) • 24.

Example 9. Prove that if /  (a) = a2 (a2 +  14) +  49, where a 
is an odd number, then /  (a) i 64.

Solution. Note that /  (a) =  a4 +  14a2 +  49 =  (a2 +  7)2. Since 
a is odd, we have: a =  2n — 1, where n £ N .  Then /  (a) =  /  (2n — 1) =  
((2n — l )2 +  7)2 =  (in2 — in  +  8)2 =  16 (n2 — n +  2)2. The ob­
tained expression is divisible by 16. Therefore, to prove that /  (a) i 64, 
it is sufficient to show that (n2 — n +  2)2 • 4. Consider two possible 
cases: (1) n is an even number and (2) n is an odd number.

(1) If n is even, then n2 is also even and, consequently, n2 — n +  2 
is even, that is, (n2 — n +  2) • 2, therefore (n2 — n +  2)2 i 4, and, 
hence, /  (a) • 64.

(2) If n is odd, then n2 is also odd, but then n2 — n is even and 
n2 — n -f 2 is also even. Thus, in this case also /  (a) i 64.

EXERCISES

In Problems 1 through 44, factor the given expressions:
I. a4 — 1. 2. a6 — 1. 3. a6 +  1. 4. a4 — 18a2 +  81.
5. a12 — 2a6 +  1. 6. a5 +  a3 — a2 — 1. 7. a4 +  2a3 — 2a — 1.
8. 462c2 — (62 +  r2 — a2)2.
9. a4 +  a262 +  64. 10. a4 +  4a2 -  5.
II. 4a4 +  5a2 +  1. 12. c4 — (1 +  ab) c2 +  ab.
13. a4 +  324. 14. a4 +  a2 +  1.
15. a8 +  a4 +  I- 16. 2a4 +  a3 +  4a2 +  a +  2.
17. a4 +  3a3 +  4a2 — 6a — 12.
18. (a2 +  a +  3) (a2 +  a +  4) -  12. 19. a6 +  a3 — a2 — 1.
20. 2a26 +  4a62 — a2c -f- ac2 — 462c -f- 26c2 — 4a6c.
21. (ab +  ac +  6c) (a +  6 +  c) — a6c.
22. a (6 — 2c)2 +  6 (a — 2c)2 — 2c (a +  6)2 +  8a6c.
23. a3 (a2 -  7)2 — 36a. 24. (a +  6)6 -  (a5 +  65).
25. a262 (6 — a) +  62c2 (c — 6) +  a2c2 (a — c).
26. 8a3 (6 +  c) — 63 (2a +  c) — c3 (2a — 6).
27. (a +  6 +  c)3 — (a3 +  63 +  c3).
28. a4 +  9. 29. a4 +  64.
30. a3 +  5a2+  3a — 9. 31. a (a +  1) (a +  2) (a +  3) +  1.
32. (a +  1) (a +  3) (a +  5) (a +  7) +  15.
33. 2 (a2 +  2a — l)2 +  5 (a2 +  2a — 1) (a2 +  1) +  2 (a2 +  l)2.
34. (a — 6) c3 — (a — c) 63 +  (6 — c) a3.
35. (a — 6)3 +  (6 — c)3 — (a — c)3.
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36. (a2 +  62)3 — (b2 +  c2)3 — (a2 — c2)3.
37. a4 +  2a3b — Sa2b2 — 4ab3 — b*.
38. a2b +  ab2 +  a2c +  b2c +  be2 +  Babe.
39. a* +  64 +  c* — 2a.2b2 — 2a2c2 — 262c2.
40. a6 +  a* +  a3 +  a2 +  a +  1. 41. a4 +  2a3 + -3a2 +  2a +  1.
42. a4 — 2a3b — 8a^62 — 6ab3 — b4.
43. a4 +  a2 +  ]^2a +  2. 44. a10 +  a6 +  1.
45. Prove that if a £ N, then (a6 — 5a3 +  4a) : 120.
46. Prove that if a is a number relatively prime with respect to 6, then

(a2 — 1) : 24.
47. Prove that if a £N,  then (2a3 +  3a2 +  a) : 6.
48. For what values of a £ N is the expression a4 +  4 a prime number?

a a2 a349. Prove that if a is even, then ^  +  g- +  ^  is a whole number.

50. Prove that if a £ N ,  then +  -|-  is  a w ^ole
number.

SEC. 2. IDENTICAL TRANSFORMATIONS OF RATIONAL
FUNCTIONS

The replacement of an analytic function with another which is 
identical to it on a certain set is called an identical transformation 
of the given function on this set.

Identical transformations of a function may change its domain 
of definition. Thus, when collecting like terms in the course of 
simplifying the function

x2 +  3x — 5 +  Y x — Y (1)
we extend its domain of definition: the given function is defined 
only for x ^  0 , whereas the polynomial

x2 +  3x _  5 (2)
obtained as the result of the simplification is defined for any value 
of x. Functions (1) and (2) are identical only on the set [0, oo).

The domain of definition of a function may also change after 
reducing a fraction. Thus, the algebraic fraction

x3—1 
(x —l) (x+2) (3)

is defined for x #  1, x ^  —2. On reducing by a; — 1 we get the 
fraction

:2 +  x +  l 
+  2 ’

which is defined for x —2. Functions (3) and (4) are identical
on the set (—oo, —2) U (—2, 1) (J (1, oo).
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A change in the domain of definition of a function may also occur 
as a result of some other transformations; therefore, after a given 
function is transformed, one should be able to indicate the set where 
the given function is identical to the obtained one.

An algebraic function is called rational if it contains only the 
operations of addition, multiplication, subtraction, division, and 
raising to an integer power.

Example 1. Simplify the function /  (a, b) =  2a ~  b .
Solution. Representing ab as the sum of like terms 2ab — a&, we 

get:

2a2 +  ab 

Then

b2 =  2a2 +  2ab — ab — b2 = 2a (a +  b) — b (a +  6) 
= (a +  b) (2a -  b).

/(a , b) (a +  b) (2a — b)
a +  b 2 a - b .

Since the reduction by a +  b can be performed only if a +  
b =/= 0 , /  (a, b) = 2a — b if a =̂= —b.

Example 2. Simplify the function /  (a) =  ^ •
Solution. Factoring the numerator, we get (see Example 5 in 

the preceding section): a4 — 10a2 +  169 =  (a2 +  6a +  13) X
(a2 — 6a +  13).

Hence,
i i  \ (&2 +  6a -j-13) (a2— |— 13)
' W  =  a2 +  6a+  13 =  a2— 6a +  13.

Since a2 +  6a +  13 does not vanish for any real value of a (indeed, 
a2 +  6a +  13 =  (a +  3)2 +  4 >  0), we have: / (a) =  a2 — 6a +  13 for 
all values of a.

Example 3. Simplify the function

f ( a) ( a2 +  3a +  2 “t'
2 a

a2 +  4a +  3
1 \2  (a —3)2 +  12a

a2 +  5a +  6 ) 2

Solution. Performing the above operations, we get:

j a +  3 +  2a (a +  2) -f-a + 1 \2  'a? — 6a-|-9-|-12a 
\ (a +  l) (a + 2 )(a + 3 ) ) 2

2a« +  6a+ 4  \2  a2 +  6 a+ 9
“  l (a  +  l)(a +  2)(a +  3)j 2
_ » /  a2 -f- 3a 2 \ 2 (a -f~ 3)2 _  n
~  \ (a2 +  3a+2)(a +  3) / 2 '

Thus, /  (a) =  2 if a =£ - 1 ,  a #  - 2 ,  a #= —3.
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Example 4. Simplify the function
q2  ̂ £2

/(a , 6, C) (a_&)(a—c) (6 — c)(6 — a) (c — a)(c — b)

Solution. Reducing all the fractions to a least common denomi­
nator, we get:

f  (a, 6, c) =' a2 (6 — c) — 62 (a — c) -f- c2 (a —6) 
(a —6) (6 —c) (a — c)

Noticing that 6 — c =  (a — c) — (a — 6), we transform the 
numerator in the following way:
a2 (b — c) — b2 (a — c) +  c2 (a — 6)

=  a2 (a — c) — a2 (a — b) — b2 (a — c) +  c2 (a — 6)
=  (a — c) (a2 — 62) +  (a — 6) (c2,— a2)
=  (a — c) (a — 6) (a +  6 — c -r- a)
— (a — b) (b — c) (a — c).

Thus, /  (a, 6, c) =  1 if a 6, & c, a ^  c.
Example 5. Prpve that if a +  b +  c =  0, then

a3 +  b3 +  c3 = 3abc.
Solution. Since a +  6 +  c =  0, then a =  —b — c. Then 
a3 +  63 +  c3 =  ( - b — c)3 +  b3 + .c3 =  —(6 +  c)3 +  b3 + c 3 

=  —(b3 +  362c +  3be2 +  c3) +  b3 +  c3 «= - ( 3 b2c +  36c2)
=  —36c (6 +  c).

But 6 +  c =  —a. Thus, a3 +  63 +  c3 =  —36c (—a) = 3abc.
Example 6 . Prove that if a +  6 +  c =  0, where a -7̂= 0, 6 =7̂= 0, 

c ^  0, then

I a~ b I b~ c I c~ a \ ( c \ a \ b \ — Q 
\ c ^  a ^  b ) \  a - b  ^  b - c  ^  c - a  )

Solution. Consider the product of the first multiplier and the first 
fraction of the second multiplier:

/ a—b , b — c | c — a \ c . / b — c c — a \ c
\ c a ' b ) a — b ' \ a ' b } a — b

=  1_|_ b2~ bc +  ac — a2 c  1 | c (a—b) — (a2 — fr2) c
ab a — b ' ab a — b

But, by the hypothesis, a +  6 =  —c. Therefore for the product 
under consideration we get: 1 + ab
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Similarly, the product of the first multiplier by the second fraction
2a2

of the second m ultiplier is equal to 1 +  —  , and the product
2b2

by the third fraction is equal to 1 +  — . Adding together the 
obtained results, we get:

*+S+*+-£+*+-£-»+*(4+-£-+-=-)
Q , 2(c3 +  fl3 +  &3)
6 +  abc

Since a3 +  b3 +  c3 =  3abc (see Example 5), we have:
g , 2 (a3+fr3 +  c3) _2  i 2 X 3abc _  g

‘ abc abc ’

which was required to be proved.
In the following examples the identical transformations of rational 

functions serve as a means of solving problems using the method of 
mathematical induction.

The method of mathematical induction is formulated as follows: 
A statement depending on a natural number n holds true for any n 

if the following two conditions are fulfilled:
(a) the statement is true for n =  1;
(b) the validity of the statement for n =  k (for any natural value 

of k) implies its validity also for n =  k +  1.
The proof by the method of mathematical induction is carried out 

in the following way. First, the statement being proved is verified 
for n =  1. This part of the proof is called the basis of induction. 
The next part of the proof is termed the induction step. I t proves the 
validity of the statement for n =  k  +  1 in the assumption of the 
validity of the statement for n =  k (the assumption of induction). 

Example 7. Prove that

l 2 +  22 +  3s +  . . . +  re2 =  - (n +  1)̂ 2" +

Solution. For n =  1 the statement is true since
, 2 _  1(1 +  1)(2 +  1)

6

Suppose that it is true for n = k, tha t is,

l 2 +  22 +  32+  . . .  +  £2 =  fe(ft+l)(2fc-H)_ _

Let us prove that it is also true for n =  k +  1, that is, 
l 2 +  22+ 3 2+  . . .  +  fe2+ ( f c + l ) 2=  (&+ 1Hft+ 2)(2A+ 3)- .



Ch. 1. Identical Transformations 15

Indeed,
l 2 +  22 +  32 +  . . .  +  *2+ ( * + l ) 2

_  k(k +  i)(2k +  i) | y c | ^  .  & (ft +  1) (2fe+1) +  6 (A: +  l)2
6 1 6 

(A: + 1 ) (2k2 +  7/c -|- 6) _  (fc + 1 ) (Ac +  2) (2Ac +  3)
6 6

Thereby we have proved that the statement is true for any natural 
number n.

Example 8. Prove that l 3 +  23 +  33 +  . . .  +  ra3 =  ( re(”2+1-)- ) 2.
( \ _L JW 2 

2 ) •
Suppose that it  is true for n = k, that is, l 3 -f 23 +  33 +  . . .  +  k3 =  

Le|  us prove that then it  is also true for n = f c + 1,
that is,

l 3 +  23 +  33 +  . . .  +  A:3+ (& + 1 )3 =  ( (fe+1)2(fe+2) ) 2.

Indeed,
l 3 +  23 +  33 + . +  *» +  ( * + ! ) » = (  ft(fc2+ D ) 2+ ( f c + l )3

_  ( * ( k + l ) ) » + 4 ( k + l ) »
4

(fc +  l)2(A.2 +  4A. +  4) /(fc +  l ) (A +  2 ) \2
4 ~  \ 2 ) *

Thereby we have proved that the statement is true for any natural 
number n .

Example 9. Prove that the sum of the cubes of three successive 
natural numbers is divisible by 9.

Solution. Let us prove that
(„3 +  („ +  1)3 +  {n +  2)3) : 9 (5)

for any natural n. Let us, first of all, verify whether the statement 
(5) is true for n =  1. We have: l 3 +  23 +  33 =  36, but 36 • 9, 
consequently, for n =  1 the statement is true.

Suppose that the statement (5) is true for n =  k, that is,
(A:3 + (k +  l )3 +  (Af+  2)3) i 9.

Let us prove that it is also true for n =  k +  1. Indeed, (k +  l )3 +  
(k +  2)3 +  (k +  3)3 = (k +  1)3 +  (k +  2)3 +  &3 +  9k2 +  27 k +  
27 =  (A:3 +  (k +  l )3 +  (k +  2)8) +  9 (k2 +  3k +  3). Since each 
term of the obtained sum is divisible by 9 (the first term by virtue 
of the assumption of induction, the second one as containing the 
multiplier 9), the sum is also divisible by 9. Applying the principle 
of mathematical induction, we conclude that the statement is true 
for all n £N .
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Example 10. Prove that
(32n+l +  4 0 „ _  07) ; 64 (6)

for any natural n.
Solution. If n =  1, then 33 +  40 X 1 — 67 =  0. But 0 • 64, 

hence, for n =  1 the statement (6) is true. Let us suppose that it is 
true for n = k, that is, (32k+1 +  40ft — 67) ; 64. Let us prove that 
then it is also true for n =  k +  1. Indeed, we have: S2k+s +  
40 (k +  1) — 67 =  9 X 32k+1 +  40k — 27 =  9 (32fe+1 +  40k — 67)— 
320k .+ 576 -  9 (32k +1 +  40k -  67) +  64 (9 -  5ft).

Each of the terms is divisible by 64, consequently, the entire 
sum is also divisible by 64. Thus, the statement (6) is true for all 
n £ N .

Example 11. Prove that

for any natural n.
Solution. For n =  1 the statement is true since 1 + 6  +  1 1 + 6  =  

24, and 24 ; 24.
Suppose that the statement (7) is true for n = k, that -is, 

(ft4 +  6ft3 +  lif t2 +  6ft) : 24. Let us prove that then it is, also true 
for n =  ft +  1. Indeed, we have: (ft +  l )4 +  6 (ft +  l )3 +
11 (ft +  l )2 +  6 (ft +  1) =  (ft4 +  6ft3 +  lift2 +  6ft) +  24 (ft2 +  1) +  
4 (ft3 +  11 ft).

If we now prove that

for all ft, thereby it will be proved that the given expression is 
divisible by 24. And here we are posed by a new problem which we 
are going to solve using the method of mathematical induction once 
again.

Let us first of all check whether the statement (8) is true for ft =  1. 
This is obvious: (1 +  11) i 6 . Let the statement (8) be true for 
ft =  m, that is, (m3 +  11m.) i 6. Let us prove that it is then true 
for ft =  m +  1. Indeed,

(m +  l )3 +  11 (m +  1) =  (m3 +  11m) +  12 +  3m (m +  1).

Of the two successive natural numbers m and (m +  1), one is 
necessarily even, hence (m (m +  1)) i 2, and (3m (m +  1)) • 6. But 
then ((m3 +  11m) +  12 +  3m (m +  1)) i 6.

Hence, we conclude that (ft3 +  lift) • 6 for any natural ft. The 
statement (8) has been proved. Thus, the statement (7) is true for 
all n £ N .

Note that the considered example can be solved without applying 
the method of mathematical induction.

(rc4 +  6ai3 +  lira2 +  6n) i 24 (7)

(ft3 +  lift) S 6 (8)
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EXERCISES

In Problems 51 through 57, reduce the given fractions:

_  5aa— a — k a6 +  a4 +  a2 + 1
51- a3—1 * ‘ a*+a2 +  a + 1

g4+ g 2 2 a4- a a- 1 2
a6+ 8  ‘ a4+ 8a2 +  15 *

_  2a4 +  7a2+  6 5a4 +  5a2 — 3a2& — 3b a4 +  a262 +  64
55# 3a4 +  3a2 — 6 ’ * a4 +  3a2 +  2 ' ’ ae- 6 6

In Problems 58 through 70, simplify the indicated functions:
1 1 2  a 4 a3 8a7

58‘ 1— a 1 +  a 1 +  a2 1 +  a4 1 +  a8 *

59 - J - + - L - + —g - + ^ — + — t _ +  161—a ^  1 +  a ^  1 +  a* ^  1 + a 4 ^  1 +  a8 ^  1 + a 1* * 
1 , 1  | 1 | 1 

°* a (a+1) (a+1) (a+ 2) +  (a + 2 )(a + 3 ) +  (a + 3 )(a + 4 )

T  (a + 4 )(a + 5 ) 1
a | a * + a —1 , a*—a —1 2a8

61* a*—1 ■*" a8—a * + a —1 ' a8+a* +  a + l  a4— 1 *

62. ( T F V + a) f e - 6) - ( 7 F F  +  &) ("a^6 a ) • 
1 > 1

n  a fc +  c ( i  l 6* + ca- a2 \
‘ 1 1 ljV1 + 26c-------1 *

a b +  c
1 1 1

64, (a —6) (a—c) +  (6 — c) (6—a) (c—a)(c —6) ‘
a + 6  , 6 +  c c + a

(6 —c)(c—a) ~  (c—a) (a — 6) "r  (a— 6) (6 — c) *
a —c a8 —c8 / c 1 +  c \ . c (l +  c) —a

D,,• a*+ac +  c* a*6 —6c* l T  a - c  c ) '  be
a , 1 a 1

.  86s ^  462 863 462 1 1
b # a2 +  2a& +  2&2 a2—2a& +  262 4fr2 (a2 +  262) +  4&2 (a2 —262) *
68 g—fr i | c — a . (a—b)(b — c)(c — a)

a +  b 1 b-\-c c + a  ‘ (a +  fr) (fr +  c) (c +  a) *
a8ft — qb3 +  b8c — 6c3 +  c3a—ca8
a2b—ab2 +  62c— bc2+ c 2a—ca2 *
(fl2 b2)3 +  (62 C2)3 +  (c2 fl2)3

(fl-&)H(6- c )8+ (c -f l)3 *

In Problems 71 and 72, prove the given identities:
b — c_____ -_____c — a_____ .____ a — b __ 2 . 2 . 2

(a—b) (a — c) ' (b — c) (b — a) ' (c — a) (c — b) a—* c c —a
2-0840
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72. a2 (d -b )  ( d - c ) _b2 (d — c) (d — a) ^  ( d - a )  (d -b ) ■■d2.(a — b) (a — c) (b — c)(b—a) (c — a) (c — b)
73. Prove that if a, 6, c£ R ,  then the equality (a — b)2-\-(b — c)2 +  (c — a)2 =  

{a~\~b — 2c)2 +  (6 +  c —2a)2 +  (c +  a— 2b)2 implies: a — b =  c.
74. Prove that (a — 1) (a — 3) (a —4) (a — 6) +  10 is a positive number for a £ R .
75. Find the least value of the function (a —1) (a — 3) (a — 4) (a—6) +  10.
76. Prove that if a + 6  +  c =  0, then

a5 +  66 +  c5 a* +  b* +  c* a2 +  b2 +  c2 
5 3 2

77. Prove that if a +  b +  c =  0, then
a7 +  67 +  c7 _ a5 +  b6 +  c6 a2 +  b2 +  c2

7 “  5 2 •

78. Prove that if I . m . n . , a , b . c _ I2 . m2 ,-----— r— ------ = 1  and —   =  0, then —=-+ ts-  +a 1 b 1 c / 1 m a2 6a

79. Prove that if 

then

b — c
b

(1b — c)2 (c — a)2 (a — b)2
80. Prove that if a-\-b +  c =  0, then

(fl3 +  b3 +  c3)(fl4+&4 +  c4)
2

----- :—=  0, where a +* b, a +  c, b +  c,a — 0

=  0 .

ab (b2 +  c2) +  b* (a2 +  c2) +  c\b2 +  a2) =

In Problems 81 through 96, prove the given identities using • the method 
of mathematical induction. *

81. 1 x 2 +  2 x 3+ . . . + / z ( / i  +  l) = /i(/i +  l)(/i +  2)

82-
I__
+1

83. 1 X 4+ 2 x 7 +  3 x 10+ . . . + n ( 3n +  l) =  7i(ra +  l)a.

1 -1
n -f- 2

“ • ( * - t )  ( * - t )  ( * - -w )  -  ( * -  («+!)■ ; -  2»+2
+  n X n\ =  (n +  1)! — 1.85. 1 X 1! +  2 X 2! +

86‘ TT+TT + W + ' -
n — 1 

n!
87.

88.

I2 22
1X 3

1
3X 5 +

n2

1
n\

/i (/i +  l)
(2/i —l)(2/i +  l) 2(2n +  l)

1 X 3 X 5  1 3 X 5 X 7
zi(/i + 1)

“ * 2 (2/i +  l) (2/i +  3) # 
1 , 1

(2n — 1) (2/i +  l) (2/i +  3)

1 X 2 X 3  1 2 X 3 X 4 »(» +  !) (n +  2)
1 / 1 
2 1 22 (fE +  1) (ft+2>/

* In Problems 81 through 119, it is assumed that n £ N.
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90. l x 2 x 3  +  2 X 3 x 4 + . . .  +  w(n +  l) ( n + 2 ) =  n(ra +  1) (w+ 2H"+g)

91. 2 X la+ 3 x 2 * + . . . + ( n  +  l) =

1 , 1 .92.

« (n + l)  (ra +  2)(3n +  l) 
12

1
1 X 2 X 3 X 4 ~ 2 X 3 X 4 X 5

1 / 1  1
n(n +  l)(n  +  2)(re +  3)

6 (n +  l)(n  +  2)(n +  3) 
—1

)•
93* 1 -|- x -(- x2 +  . . .  +  xn x — \

94. 7+ 77  +  7 7 7 + . . . +  777 . . .  7 =

t where x =+ 1.

7 (10n+i — 9m —10)
81

n digits

95. (n +  l)(n  +  2) . . .  (* +  /i) =  2n X 1 X 3 X 5 X . . .  X (2» —1).
I l l

"• ‘ - T + T - T + - 2n—  1 • +  2 n •

97. 5

98.

2n n +  1

In Problems 97 through 101, derive formulas for the given sums:

1 , 1 . .  1
n 1X 3 T  3X 5

1 , 1+1 x 4  ' 4 x 7  
1 , 1

"* Sn ‘l  X5 ' 5 x 9

(2n — l)(2re +  l) 1 
1

~(3n — 2) (3n -J-1) '
_____ 1______
(4/2 — 3) (4m + 1 )
. 1ioo s  — 1 |___ 1

* n 1X 6 "r 6X11 ' 1 '(5re —4)(5» +  l) ’
101. S„ =  l»—22 +  32 — 4*+ . . . + ( —I)""1 na.

In Problems 102 through 106, prove the given identities:

102. x +  2x* +  3x*+ .. . +  nxn =  -

4hq a+ l  | a + 3  , a +  7 
2 +  4 +  8

104.

105.

+i  +  x 1 1 +  *2

1*1 #  1.
_

+

1-f-x4

z —(/l+ l)* ™ +  nxn+2 .it Vinrp » —I—
(1- x )2 , W11U1L X -7—

a +  2™—1 _  (a —1) (2n — 1) ,
••• 1 2n 2n

+  1 2" 1 , 2n+1
+  " ‘ +  i+ * t» x — \1 • ! _ X2“+1

x*1- 1 1 en X — X2
1— X* ' 1—X4 1 1— X8 \ _ x tn ~  1 —X l _ I 2n

,06. ( , - ± y +  (*■ -  - i - ) 2+ . . . + ( . * - 4 r Y = ^ r  (* »
— 2/i—l.

I.

where

where

2*
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In Problems 107 through 119, prove that the given statements are true:

107. (62n — 1) : 35. 108. (4” +  15n — 1) s 9.
109. (25n+3 +  5n X 3n+a) : 17. 110. (62rl +  3n+2 +  3") : 11.
111. (32n+2 - 8 « - 9 ) i  64. 112. (33n+2 +  5 X 23n+1) i 19.
113. (2n+6 X 34n +  53n+1) : 37.
114. (7n+2 +  82n+I) i 57. 115. ( l l n+2 +  122n+1) i 133.
116. (2n+2 x 3 n +  5 n - 4 )  : 25. 117. (5*** +  2n+4 +  2™) : 23.
118. (32n+2 X 52n — 33n+2 X 22n) : 1053.
119. (»• — 3n* +  6n* — In3 -  2n) : 24.

SEC. 3. IDENTICAL TRANSFORMATIONS OF IRRATIONAL
FUNCTIONS

An algebraic function involving the extraction of the root of the 
variable or raising the latter to a noninteger rational power is said 
to be irrational with respect to this variable.

Let us recall the definition of the arithmetic root. If a ^  0 and 
n £ N , n >  1, then there is only one nonnegative number x such 
that the equality xn =  a is fulfilled. This number x is called the 
n-th arithmetic root of the nonnegative number a and is symbolized 
by Y a .  __

From the foregoing it follows that the equality Y  49 =  7 is true, 
while the equalities Y 49 =  —7 or Y 49 =  ± 7  are not true.

If n is an odd number exceeding 1, and a < 0 ,  then Y  a is under­
stood to be a negative number x such that xn =  a.

If n, k, m £ N, a 0 and 6 ^ 0 ,  then:
1°. n/ r i  =  n/ a x n/ b .
This property is extended to the product of any number of factorst 

for instance, ^ 8  X 27 X 125 =  3/ 8  X ^ 2 7  X 3/ l 2 5  =  2 X 3 X 
X 5 =  30.

*■ V t= w  i!b¥‘°-
Remark. If a •<  0 and b <Z 0, then Properties 1° and 2° take the 

form:

3°. ( / a ) h =  V a ht for instance, (Y  a2)3 =  Y (d x)3=  Y a*.

4°. V Y a ^ ^ / a ,  for instance, V 3/ a = i Y a .

5°. mnf  amh =  Y a k, for instance, Y a* — V V a — 1Y  
Remark. If the indices of roots are odd numbers, then Properties 

t°-5° are fulfilled both for a <C 0, b <C 0, and for ab <  0.
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Let us recall another important property of the arithmetic root: 
if n is an even number, that is, n =  2fc, then the following identity
takes place: 2̂ a 2h =  | a |, for instance, Y  (]/3 — 2)2 =
\ Y 3  -  2 | =  2 -  Y3.

Let us also recall the definition of a power with a rational expo­
nent.

(1) If a - 0, then a0 =  1.
(2) If a ^  0, then am/n = y  am (n, m natural numbers, n ^  2).

I
(3) If a >  0 , then <z“r =  — (/* a positive rational number).
(4) If a <  0, m £Z ,  then \a~m — a1/771.
The basic properties lof powers with arbitrary rational exponents 

are listed below:
1°. ar x as =  ar+8.
2°. (ar)s =  ars.
3°. (ab)r =  ar x br.

where a >  0 , b >  0 , while r  and s are arbitrary rational numbers# 
Example 1. Simplify the expression

4  =  (1/32 +  ) /4 5 -1 /9 8 )  ( 1 /7 2 - /5 0 0 —l/8 ).
Solution# We first simplify each of the indicated radicals:

^ 3 2  = l/T6l<2 =  4]A2, / 4 5  =  yr9l<5 =  3 'l/5 , 

l/98  =  ]/49>T2 =  7 |/2 ,  

l/72  1/363^2 =  61/2, 1/500 =  1/100 x 5 =  10 l/5 ,

l /8 = l/4 > < 2  =  2 / 2 .

Then the given expression takes the form:

4 =  (4 1 /2 +  3 1 / 5 - 7 / 2 )  (6 1 /2 -1 0  1 /5 -2 1 /2 )

=  ( 3 ^ 5 - 3 ) / 2) (41/ 2 - 101^5).

Further, we get:

4  =  121/10 — 24 —150 +  301/10 =  42 ^ 1 6 -1 7 4  
=  6 (7 1 /1 0 -2 9 ).
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Example 2. Simplify the expression

4  =  7 2 + 7 3  V 2 +  V 2 +  7 3  j / 2 +  / 2  +  7 2  +  7 3

x 1/ 2 - /  2 + 1/ 2 + 7 1 .

Solution. We first m ultiply together the third and fourth mul­
tipliers:

j / 2 — /  2 +  7 2  +  7 3 ] /  2 +  /  2 + 7 2  +  7 3

=  ) /  4 _ ( / 2  +  y 2 +  V 3 ) 2 =  / 4 - ( 2  +  V 2 +  l/3 )

=  /  2 - 7 2  +  1/3.

The obtained result is then m ultiplied by the second m ultiplier:

/ 2 - V 2 +  I/ 3  / 2  +  1/2 +  7 3 =  / 4 - ( 7 2  +  7 § ) 2 

=  7 4  —(2+  7  3) =  7 2  +  7 3 .
This result is finally multiplied by the first multiplier:

7 2 - 7 3  7 2  +  7  3 =  7 4 - (V 3)2 =  7 4 ^ 3  =  i .
Thus, .4 =  1.

Example 3. Simplify the expression A = V  (2 —/ 7 ) 4.
Solution. By Property 5°, we get A = V |2 — ] /7 |.  But 2 —

7 7 < 0 ,  and therefore 4  =  7  - ( 2 - 7 7 )  =  7 7 7 - 2 .
Example 4. Simplify the expression 4  =  7 2 7  —10 7 2 .
Solution. It is clear that the given expression is simplifiable if it 

turns out that the radicand is a perfect square of the difference 
between some two numbers. Let us represent 10 /  2 as twice the 
product of two numbers whose sum of squares is equal to 27, i.e. 
1 0 /2  =  2 / 2 x 5 .

Thus, 4  =  7 2 - 2 7 2 x 5  +  25 =  7  (7 2_-  5)2 =  | 7 2 - 5  |, 
and since | /2 — 5 <  0 we have: A =  5 — / 2 . ____________

Example 5. Simplify the expression A =  v 9 / 3  — 1 1 / 2 .  
Solution. Reasoning as in the preceding example, we write the 

radicand in the form of a perfect cube of the difference between some
two numbers. We have: 9 ] /3  =  3 ] /3  +  6 / 3  =  ( / 3 )3 +  3 / 3 ( / 2 )2
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and 11 j / 2  =  9 / 2  +  2}^2 =  3(K 3)2yr2 +  (/2 )3 .
Thus,

A =  V ( / 3 ) 3 - 3 (1/3)2 ] /2  + 31 /3  ( / 2 ) 2- 0 / 2 )3

=  V W ^ - V W 3 =  V 3 — v § .

Example 6. Rationalize the denominator of the fraction 4̂ =  
1

?/2- l  •
Solution. Multiplying the numerator and denominator of the 

fraction by the imperfect square of the sum of the numbers Y 2 and 
1, we get:

(3/ 2)2 +  ̂ 2+ l
(V 2 - \)  {(V D '+ V z+ l)

V Z+ V 2 + 1 
(f/2)3- ! 3 =  3/ 4  +  3/ 2 + l .

Example 7. Rationalize the denominator of the fraction A =
______ 3______
t -f- j/̂ 2 — 1^3

Solution. We first get rid of |/^3 in the denominator. To this end, 
we multiply both the numerator and denominator by the expression 
conjugate to the denominator:

A  =  3 (l +  / 2 + l / 3 )  3 (l +  V l + / 3 )
(l +  / 2 - / 3 ) ( l  +  /2 + V '3 )  '  (l +  /2 ) » - 3  

_  3 ( l + / 2 + / 3 )
2 ^ 2

We now get rid of Y  2 in the denominator:

a _  3 ( l  +  / 2 + / 3 ) / 2  3 ( / 2 + 2 + / 6 )
2 j/*2 X |^2  4

Example 8 . Compute the sum V  20 Y  392 +  ^ 2 0  — Y  392.
Solution. Setting A =  Y  20 +  ] /  392 Y  20 — Y  392 and 

cubing both sides of this equality, we get:

(20 +  Y 392) +  3 (V  20 +  Y 392)2 V  2 0 - Y  392 

+  3 V  20 +  1^392 (3/  20 —1/392)2 +  (20 -1 /3 9 2 )  =  A \
or

40 -h 3 V  20 +  Y  392 V  20 ~ Y  392 (3/  20 +  Y  392) 

+  3/ 2 0  —1/392 =  43,
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where

V  20 +  V 392 +  V 20 -  V 392 =  4 .

Thus, we get: 40 +  3 /  202— (|/392)2-4 =  4 3, 40 +  64 =
4 a  0̂ 4  40 =  0.

But A 3 — 6A — 40 = (A3 — 4 4 2) +  (442 — 164) +  (104 — 
40) =  4 2 (4 — 4) +  44 (4 — 4) +  10 (4 — 4) =  (4 — 4) x 
(42 +  44 +  10).

Since 4 2 +  44 +  10 =  (4 2 +  4 4 + 4 )  +  6 =  (4 +  2)2 +  6¥=
0, the equality (4 — 4) (4 2 +  44 +  10) =  0 is fulfilled only for 
4 = 4 .

Thus, V 20 +  /3 9 2  +  V 20 -  /3 9 2  =  4.
Example 9. Transform the function

/ (a) — Y a2 — 4a +  4 +  Y  a2 -f 6a +  9

to the form containing no radical and modulus signs.
Solution. Since ] /  a2 — 4a +  4 =  ]/ (a — 2)2 =  | a — 2 | and 

K a 2 +  6a +  9 =  Y (a  +  3)2 =  I a +  3 | , we have: /  (a) =
\ a — 2 | +  | a +  3 |.

The points ax =  —3 and a2 =  2 divide the number line into the 
three intervals: (—oo, —3), [—3, 2), and [2, oo). Consider the'given 
function on each of these intervals.

For a <  —3 we have: \ a — 2 \ =  —a +  2, | a +  3 | =  —a — 3,
1. e. /  (a) =  —a +  2 — a — 3 =  —2a — 1.

For —3 ^ a < 2  we have: | a — 2 | =  —a +  2, | a +  3 | =
a +  3, and then /  (a) =  —a +  2 +  a +  3 =  5.

Finally, for a 2 we have: ] a — 2 | =  a — 2, | a -f 3 | =
a +  3, that is, /  (a) — a — 2 +  a +  3 =  2a +  1.

— 2a —1 if a<i — 3,
5 if - 3 < a < 2 ,

;2a + l  if a ^ 2.

Example 10. Simplify the function

f (a, =  

where a ^ 0 ,  0 .

So/uiion. /(a , &) =  V ^  ( /« + b )2 _  j /  =

l/‘fc
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Since o !> 0, 6 > 0 ,  we h av e : 'l/o  +  6 > 0 ,  and, consequently, 
11/0 +  6 1 = ^ 0  +  6. Hence,

/(<*. 6) =
/g + & — | / g —fr|

Now, we have to consider two cases: (1)1f a  — 6 0, (2) Y  a —
6 C  0.

In the first case we have: \ Y  a — 6 | =  / o  — 6, and, conse­
quently |

H u , t ) -  V l + t - l T ' + l -  _ 2 y K

In the second case: \ Y a — 6 | =  —(1f a  — 6), and, conse­
quently.

Thus,

f ( a , 6) Y a + b  +  V a - b  
Vb

f  (o, b) =
21/6  if l / o > 6, 

if l / o  < 6.

2 Yob
b

EXERCISES

In Problems 120 through 125, evaluate the indicated functions:

120. 2ga—5a6 +  26a for g = / 6 + V ' 5  and b = Y % —Y l .
Y I + Y 2  ........ .....................

/B  +  / 2  *
121. 3a*+4a6—3ba for a =  ■ *rV  y and 6 =  j £ I z l Y A

Y 5 - Y 2
122. 4aa +  2ga—8a+  7 for a = - i - ( / 3 + l ) .

123. [for a = - 0 ± L  and 6 =  ,
a b-\-i Y  xv -1- 1 Y  xy — 1

124. y ^ + Z ^ L  for x =  2ab
| / a  +  x— |/"a—x i +  b2

125. 2a (1 +**) 2 (x + (l +  i a) 2 )-i for x =  - y  (̂gd"1/  —(6a"1) 2 j .

In Problems 126 through 134, simplify the given functions;

126. V 7 +  4 / 3 .  127. Y 2 — 2 Y 2.
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128. ( / 5  +  2 / 6 + / 5 - 2  / § )

129. ------------------------------- _ 2~ Y ' 2, —  • 130. ]/" 4 / 2 + 2 / 6 .
/ 2 + V 2 + / 3  / 2 —1^2 — / §

131. 4/ 1 7 + / 2 8 8 .  132. ^ 2 8 —16 / § .

133. V 17—4 1 /9  +  4 / 5 .  134. V 3 +  ̂ 5 —V 1 3 + / 4 8 .

In Problems 135 through 143, rationalize the denominator of the given 
fraction:

135.

137.

139.

141.

143.

1 1 
~yT—V̂ ' 136' yi5->/7 ■
V v i + v s  i
v v i - v i '  ’ i + ^ 2 + y 3  •

_____ 1______  __________ 1__________
Y \ + V l + V ^ * 140‘ Y \ i+ Y 2 \+ V t t+ Y V )  *

_____ J _______  142 __  1
y 2 + T / 4 + y 8 + 2 > • y y 2 + y §  ’

2 + z § ________
2 /  2 + 2 / 3  —/ £ —2 ’

In Problems 144 through 151, check whether the given equalities are true:

144.
y y g - y  / 2+1

/ y s + y  / 2- 1-  / / § - / / 2 - 1  ^

145. y  26+15 / 3  (2— / 3 )  =  1. 146. 2 ^ _ - =  / 2 0  +  1 2 / 3
l +  y 3  2 + / 3

147 y 5 - 2 _ / 6  ( 5 + 2 / 6 )  (49 -  20 y  6) t
/ 2 7 —3 / 1 8 + 3  / l 2 — / 8

148. (  « + / »  | 6 - 4 ’/ ~2 V  -
V / 2 + y  6 + 4 / 2  / 2  — V 6 —4 / 2 /

149 (y*M
/ 4 0 10

- r/ 2 5  / 8 + / 5  / 2 5

150. Y e+ Y 6_v^■^'=3-
151. 3/ 5 / 2  +  7 —/ 5 / 2  —7 =  2.

(13—4 / 5 —2 /2 5 )  + / 2 5  =  4.
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In Problems 152 through 156, prove the given identities and indicate the 
domain of definition:

152. A _L
a 3 — 3a 3

CL~\~ 1
a2 — 4a+  3 0.

153. y 6a (5 +  2 / 6 )  1 ^ 3 / 2 S - 2 y ' 3 ^ = / 6 i .

154 V V l - Y l  V 8+2  V i 5 - ¥ a  _
V  Y2)  + '/" 12 6/ 8 - 2  V 'l5 -2 v /̂  +  |/a 2 2—a

155 ((y/'a+V/ fc)2- ( v ^ - | /'fe)2)2-(16a+46) 10V ^a-3^fr t
4a—6 ‘1~ 2 / a + / f t

156. | / "  ( “2 +  ^ - )  - 8 ( a+ T . )  + ‘48=  ( a \ ) •

In Problems 157 through 159, prove the given identities:

1*7 °a +  2a-3  +  ( a + l ) / ^ 9  / ^ + 3  .f ^  ?
' aa —2a — 3 +  (a — 1) Y a 2 —9 Y a —3

158. } / "  Y ' a + } / ‘ Y a - ) /  f ! z ± = J ^ ± l  if B >  2.
 ̂ a r a | /  fl

159. ( J /  (x2 +  l ) ) / l  +  - i - + | / ( I a _ l ) | / '  1— i - )  =

if * > i .

In Problems 160 through 181, simplify the given expressions:

160. (0.5a 0•2 5 _|_a°-7 5)2 — a1 ’5 (1 +  a“ 0 ’5).

(  Yab  — V ab  . 1 — yfab \  >/~afr______ 1—\fab  — Y a b
\  1 — y  ab Yab )  1 -\~Y fl3̂ 3 Y  ab

162. +  — ) .
V m +  y  n \ V mn m — y mn y mn-\-n •

„co ( a V ~ a - 2 a y b  +  yj*b* , Y W b - Y r i 2 \  . 3^
163, v + J ■ Va'
164.

■ ( i ^ J + y i+ T  +  ) : (l + ̂  «-* )•

,65. (■ Y  l+ «
Y  1 + a  — Y  l — o Yir i - 1  +  a )  ( v ^  o2 1 1 ) *
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& c
( _  , n1-5 V  (  , *0-5
Vm+ m0 5 j  V m0 5 +  m°-5- « 0-5 j  *

167. *■/ H -0 .2 5 ( / - f - / 4 ) ^  M / £ ~ / t ) +

l - f - 0 .2 5 ^ 1 /^ — l / - ^ - ) 2) » where o > 0 ,  b >  0.

. f —■?=— 1   ------3— ^ 7 = - )  — y 'Z a + la + 1 6 .
\  Y a —4 Y  &~l Y ^ 4—y^64o /

168.

169

( / ( f^ s r -1) '1- / ( f 7 ? +1) " ) ’ »her‘ ->°’ l’>l>-

171. I ...K T " ' .  4 - vt~r “/ y ~ “'-------| ( l - a ) " T  ( 7 3 7 ) 4 •

2(1 +  «)

172. a+  V" a2 — 1 V  a2 —1 / - T
a — y  a2 —1

+ 7 ^ f / ’ / t

174. ( T 7J ^ = i 5 L = ---------- “ + t  )  ( V ; - V f )  ‘ + j / i
\  >^02- 2>/o6+ f / fr® i^fl2- v ^ * /

175.

-2Vab+¥T* V ?

1 , 1
_1_ x -1 

2a3 —2
4

1 3

,3 _ „ 6a* + 1
JL J. L I .
t3 + a 6 + l  a 3 —a 3 + 1

177 f  (g+t) ( a ^ - b ^ ) " 1-  ( ^ - a T ) \
V (K 5 + V ^ ) ( ^ + { ^ 5 5 - 2 ^ 5 )  /  f  V -

178. ( y  ab — ab ( a + /a f t ) '1) -r 2 /  ob—25
a — b
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3 3 1

180. (  4 f + 2 * --------------*«T »T . . )  ( *
V V^4a262—8a63 ]^4a26— 8a&2 J \ 2ab ) V b

Iftl — y^a263 +  y^a3̂ 2—| / a 6 /  >/ ab9 +  >/"a10 \  .
• | 7 5 + f 7 i  \ a - y T b + b )  +  *

SEC. 4. IDENTICAL TRANSFORMATIONS OF EXPONENTIAL 
AND LOGARITHMIC FUNCTIONS

Let us recall the fundamentals of logarithms which are needed 
for solving the problems contained in this section.

Let a be a positive number different from 1. The number x is 
defined as the logarithm of the number N  to the base a if ax =  N .

I
For instance, loga 16 =  4, since 24 =  16, lo g ^ j-g j-=  — 8, since 

CjA3) “8=̂  J j - .  In general, log0 ar =  r.

The definition of logarithm implies that, firstly, the two notations 
x  =  logQ N  and ax =  N  have the same meaning; secondly, the 
number N  must be positive; thirdly, if a >  0, a =£ 1, N  >  0, then

aloe*N =  N . (1)
Identity (1) is actually a mathematic notation of the definition 

<of logarithm; it is also called the fundamental logarithmic identity.
For any positive number N  and any positive number a different 

from 1 there exists only one real number x such that x =  log0 N. 
Hence it follows, particularly, that if iVx =  N 2, then loga =  
loga ^ 2. where iVx > 0 , N 2 >  0 .

Let us recall the basic properties of logarithms:
If N 1- N 2 > 0 ,  then
1°- l0ga (tfl-tf*) =  l0ga 1^ 1 +  l0ga I ^2 |.
2°. 10g ' W N J  =  l0ga I N i | — l0ga I N 2 |.
If, in particular, N x ~>0, N 2 >  0, then | iVx | =  7VX, | N 2 | =  

N 2 and we get: log„ (N1- N 2) =  loga N t +  loga N 2, loga ( N J N J  =  
l 0go ^1 — l0go N Z-

3°. If N  0, p 6 #> then loga N* =  p log0 N; if N  #  0, p =  
2m {m =  ± 1 , ± 2 , . . .), then loga N* =  p loga I N  |.

4°. If N  >  0, & >• 0, 6 ^ = 1 , then loga N  =  logb 7Wlogb a.
This identity is customarily called the formula for change of base. 
For N  =  b, in particular, it implies that log„ b =  l/logb a.

5°. If N  >• 0, p 6 7?, then log0 N  =  logan N*.
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Consider several examples.
Example 1. Compute 491- 0-25 10£725.
Solution. Since 49 =  72 and the exponents are multiplied when, 

raising a power to a power, we get:
y2 — 0.5 log? 25

The exponent can be transformed in the following way:

2 — 0.5 log7 25 =  2 — log7 5 =  log7 49 — log7 5 =  log7 -y -.

lo 49
Thus, 72-°*5l0g7 2* =  7 7 5 . But Identity (1) implies th a t

49
7 log7 —  = _49 _ T h u g >  4 9 l - 0 . 2 5  1og,25 =  9  g

D
Example 2. Compute log 25 if log 2 = a.
Solution. We have log 25 =  2 log 5. Let us now express the

number 5 in terms of the numbers 10 and 2 (that is, in terms of
the given base and the number whose logarithm is known), usings
the operations of multiplication, division, and involution (rais-

10 10 ing to a power). Since 5 =  y , we have 2 log 5 = 2  log y  =
2 (log 10 -  log 2) =  2 (1 -  a).

Example 3. Compute log3 18 if log3 12 =  a•
Solution. First Method. The same as in the preceding example, we* 

simplify log3 18:

log3 18 =  log3 (32 X 2) =  2 +  log3 2-

Hence, we have to compute log3 2 knowing that log3 12 =  a. Let 
us express the number 2 in terms of the numbers 3 (the given base) 
and 12 (the number whose logarithm is known), using the operations 
of multiplication, division, and involution.

We have: 2 = ] /  y ,  but then

logs 2 =  logs =  0.5 (logs 1 2 -  logs 3) =  0.5 (a - 1).

Thus, logs 18 =  2 +  - ^ -  =  - ^ - .
Second Method. We have: log3 18 =  2 +  log3 2. Introducing the 

notation log3 2 =  x, we get log3 18 =  2 +  x.
Further, log3 12 =  log3 (3 X 22) =  1 +  2 log3 2 =  1 +  2x.
But, by hypothesis, log3 12 =  a, consequently, 1 +  2x =  aT

whence x =  .
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Thus, log31 8 = 2  +  x =  2 +  - ^  =  ^ - .
Example 4. Compute log49 16 if log14 28 =  a.
Solution. Applying Formulas 5° and 3°, we get:

log4916 =  lo g ^ _  v 16 =  log, 4 =  2 log, 2.

Setting log7 2 =  x, we have: log49 16 =  2;r. Further, we have:
i o o _ log? 28 _  log7 (22 X 7) _  2 log7 2 + log- 7 _  2z +  l
1 gu  l0g7!4 ' log7 (2 X 7) log?2 +  log: 7 x +  i  *

Since, by hypothesis, log1428 =  a, the problem is reduced 
to solving the equation — whence we find: x = a~~1 .I ~| 1 Li (I

Thus, log4916 =  2x =  .6 — Q>
Example 5. Compute log12 60 if log6 30 =  a, log15 24 =  b. 
Solution.

ln_ o n   log260   logs (4 X 3 X 5)   2 +  log2 3 + lo g 2 5
g '2 log212 “  log2 (4 X 3) “  2 + lo g s 3

Setting log23 =  x, log25 =  p, we get: log1260 
ther, we have:

2 + x + y
2 + x

i__  o n_ log230 _ log2 (2 x 3 x 5 )  _ 1 + x + i /
ge log2 6 log2 (2 X 3) “  1 +  x ’

6 =  log1524 log2 24 
log215

log2 (8 X 3) 3 +  x
log2(3x5) x + y

Fur-

Thus„ the problem is reduced to solving the following
1 + x  +  i/ _ a,

of equations:
i-\-x

x +  3 = b.x+y
From this system we find:

system

b —{- 3 —ob 2fl — b — 2 -\-ob
ab— 1 ’ y =  ab^-i

Then log1260 = 2ab -}- 2 a — 1 
ab +  b +  i #

EXERCISES

In Problems 182 through 187, compute the given expressions: 

182. (a) — log8 log4 log216; (b) —log2log9VV^<  (c) log log V >^10.
1 0 g l 2 5  3  10g81  5
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184. (a) 36log* 5+ 1 0 i “ log2—3,0g»36; (b) 81 1 /l0g‘ 3+ 27log9 38+ 34/log»9,

185. log ( 2 —log , ^ l O g j ^ - y J  .
T

186. (a) log3 7 log, 5 logs 4 + 1 ; (b) logs2 log4 3 log5 4 log, 5 log, 6 log8 7.

187. (a) 2Iogs5—5,og* 2; (b) 3 ^ l°g® 2—2 ^ ,oga 3.

In Problems 188 through 199, compute the indicated expressions:
188. log 1250 if log 2 =  0.3010.
189. log100 40 if loga 5 =  a.
190. log6 16 if log12 27 =  a.
191. log3 5 if log6 2 =  a, loge 5 =  b.
192. log3B 28 if_log14 7 =  a, log14 5 = 6 .
193. V a  if loga 27 = 6 ,  a ;> 0, a ^  1.
194. log5 3.38 if log 2 =  a, log 13 =  b.
195. log2 360 if log3 20 =  a, log3 15 =  b.
196. log276 60 if log12 5 =  a, log12 11= b.
197. logc ab if loga n =  p, logb n =  q, logc n =  r, where a, 6, c, n are positive 
m  numbers different from 1.

3 n."i/ a
198. loga6 ~ ~ ~  if loga&a =  n, where a, b are positive numbers and ab 1.

V  b
199. logabcn ^ loga rc =  2, log&rc =  3, logc rc =  6, where a, 6, c are positive 

numbers different from i .
In Problems 200 through 206, prove the given identities:

202.

/ , i log& a -f- log& n(c) log6n an -------1 +  log6„

1 , 1 , 1 1
+

1 - =  151og„ a.
loga w ‘ loga2 n ~  loga3 n ^  loga4n ' loga5 n

m  dog01* r i +(iogai*)rl + • • •+(iog0n *r» =logaiaa- ari **
204. log0 n logs n +  logft n loge n + lo g c « loga n = l0go

205. log = —- (log a + log b) if a*+6*=7a6.

206. log a+ 2b = - i -  (log a+ log b) if a2+ 4 5 2=  12a6.

In Problems 207 through 215, simplify the given expressions;

207. (logQ & +  log6 o + 2 ) (loga b —logo6 b) logs a—1.
1—loga 6________208.

(!ogo b +  logt o + l )  log0 ~r



Ch. 1. Identical Transformations 33

, (
Io°ioo a logi„o b \ 2 loga& <a+6>

209. \b  loga a logi> ■)' 210. 0 ( log„ b *°£l/"9 I.2 \2a 02 + 36  V2 ) .
log a

1 + -
211. r i _ ! _ 2  l o g V ^  _ a l o g 4 a 2  _ i .

212. Y logo b +  logfc a +  2 • loga6 a ■ Y log£ b.
213. V  Y  log£a +  log£ 6 +  2 + 2  — log6 a —loga b.

logab — logy- Yb

214. log^fc —lo g ^  6
k* »,6

-r- log6 (a3b~12).

215. 2 loga2 b ( (loga V <*b +  log6 ¥ ab) 2 — ( loga j / " y  +  log6 j / "  y  j )

if a >  1, b >  1.

SEC. 5. PROVING INEQUALITIES

The present section deals with inequalities whose validity is 
required to be ascertained on a given set of values of constituent 
letters. If such a set is not indicated, then it is implied that the 
letters may be any real values.

1. Proving Inequalities with the Aid of Definition. As is known, 
by definition, a f>  b if a — & is a positive number. Therefore, to 
prove the inequality /  (a, &, . . ., k) >  q (a, 6, . . ., k) on a given 
set of values of letters a, fe, . . ., k, we form the difference 
/  (a, 6, . . ., k) — q (a, b, . . ., k) and prove that it is positive for 
the given values of a, 6, . . ., k (similarly, this technique is used for 
proving inequalities of the form f  <Z q, f  ^  q, /  ^  q)- 

Example 1. Prove that if a ^  0, b ^  0, then

ab (Cauchy’s inequality). (1)

Proof. Let us form the difference 

its sign. We have:

aJr b i f

ab = -a- ~ 2f ah+b

For any nonnegative values of a and b the expression

Y a b  and determine
(■V a - Y D 2

( Y  a - Y b ) 2

is nonnegative. I t becomes equal to zero if and only if a = b. Thus, 
the difference a~^b — Y ab  is nonnegative, and this means that

The equality sign takes place only for a = b.

3 -0840



34 Part I. Algebra

Example 2. Prove that if ab >  0, then

T + T > 2’ <2>
Proof. We have:

/ a _i_ 6 \ 2  _  a2 +  &2 — 2a&   (a — b)2
\ fr 1 a / ab ab

Since a6 >  0, we have: ^  0, the equality sign taking

place only for a = b. Thus, the difference ^ — 2 is nonneg­
ative, that is, Inequality (2) has been proved.

Example 3. Prove that
a2 +  4b2 +  3c2 +  14 >  2a +  126 +  6c. (3)

Proof. Consider the difference
(a2 +  462 +  3c2 +  14) -  (2a +  126 +  6c).

Rearranging the terms of this difference, we get:

(a2 -  2a +  1) +  (462 -  126 +  9) +  (3c2 -  6c +  3) +  1 
=  (a -  l)2 +  (26 -  3)2 +  3 (c -  l)2 +  1.

The last expression is positive for any values of a, 6, c.
Inequality (3) has been proved.
Example 4. Prove that if a +  6 +  c 0, then

a3 +  63 +  c3 >  3abc. (4)
Proof. Consider the difference a3 +  63 +  c3 — 3a6c, in which 

the sum a3 +  63 is completed to the cube of a sum. We get:
a3 +  63 +  c3 -  3a6c =  a3 +  3a2b +  3a62 +  63 +  c3 -  3a26

—3ab2 — 3abc =  (a +  6)3 — 3ab (a +  6 +  c) +  c3.
Factoring the sum of cubes (a +  6)3 +  c3, we get:

(a +  6)3 + c3 -  3ab (a +  b +  c) = ((a +  6) +  c) ((a +  6)2
— (a +  6) c +  c2) — 3ab (a +  6 +  c) =  (a +  6 +  c) (a2 +  2a6 +  62
— ac — 6c +  c2 — 3a6) =  (a +  6 +  c) (a2 +  62 +  c2 — ab — be
— ac) =  0.5 (a +  6 +  c) (2a2 +  262 +  2c2 — 2ab — 26c — 2ac)

=  0.5 (a +  6 +  c) ((a -  6)2 +  (a -  c)2 +  (6 -  c)2).
Since, by hypothesis, a +  6 +  c >  0, the obtained expression is 

nonnegative. Hence it follows that Inequality (4) is true. Note that 
the equality sign occurs in Inequality (4) if a +  6 +  c =  0 and also 
if a =  6 =  c.
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2. Synthetic Method of Proving Inequalities. This method consists 
in that, with the aid of some transformations, the inequality to be 
proved is derived from some known (reference) inequalities. For 
instance, the following inequalities may serve as reference ones:
(a) a2 ^  0; (b) V where a ^  0, b ^  0; (c) -£■ +  — ^z o a
0, where ab >  0; (d) ax2 +  bx +  c >  0, where a >  0 and b2 — 
4ac <  0.

Example 5. Prove that if a ^  0, b ^  0, c ^  0, d ^  0, then

Proof. Let us take Cauchy’s inequality as a reference one:

+   ̂ 1 c +  d
2 1 2 | /  fl -|- b c -f- d

2 ^  V 2 2 ‘

Since, in turn, b ^ ] /a fe  and we have

/ * r c+ d > V l / a i l / c d = 4/a6cd .

a-\-b  ̂ c +  d

Hence, — :-— -̂---—  > 4/ofccd.
a —(-b c —f-d

But  —  = a+b + c+d .

Thus, a+ b+ c+ d

On having analysed the proof, we arrive at the conclusion that 
the equality sign occurs in Inequality (5) if and only if a = b,
c---d and =  c , that is, if a = b = c = d.

Example 6. Prove that ( ^!, where n £ N ,  n >  1.
Proof. Let us take as reference inequalities the following 

Cauchy’s inequalities:

^ ± ± ^ y 7 ^ T l ;  + 2 > ] / ( » - 1 )  X 2;

(ra_2) +  3 > i/ (w_ 2 )x 3 ; . . . .

2+ (; ~ 1)> y 2 x ( n - l ) ;

3*
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M ultiplying together these n inequalities, we get:

 ̂ (n(n — l ) (n  — 2) . . .  2 x  1) (1 x 2 x 3 . . .  (« — 1) n)

= V n W .= Y T r ti f  =  n\.
Thus,

( * ¥ - ) '> • * ■  («)

Since, by hypothesis, n 1, the first Cauchy’s inequality may be 
only strict. But then, after multiplying the reference inequalities,
the obtained Inequality (6) must also be strict. Thus, ( “ y ~ ) n >
n\, which was required to be proved.

Example 7. Prove that if a >  0, b >  0, c >  0, then

( « + * + ,)  ( 4 - + ! + - f )  > 9. (?)

Proof. Let us take the following inequalities as reference ones:

(these inequalities become equalities in the cases, when, respec­
tively, a = bj a = c and b = c). Adding them together, we get: — -f-
b_
a +  -  +  -  +  -  +  4 - ^ 6  or b +  c 

a
a —f- b 

c > 6.

Then, we carry out a number of simple transformations:

a-\-c
■ ) + ( ‘ + 4 £- ) + ( ‘ +

a -J- b —c i a-\~b —[— c 
b ^ a

d-\-b-\-c 
c ^

Now, taking out of the brackets a +  fe-j-c, we get:

<“ + 6 + ' ) ( i  i- t + t ) > 9-

The equality sign takes place only if a-~=b = c. 
Example 8. Prove that if n £ N ,  n > i ,  then

4
i i  i

T 4 l6 " +  + (8)
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Proof. We have
1 1 1 .  1 _ 1   1 .
4 2X2 ^  1 x 2  ’ 9 “  3X3 ^  2 x 3  ’

1 =  1 1 . 1 =  1 1
16 4 x 4  3 X 4 ’ 2 n X n  (n — 1) n *

Adding together these (ra — 1) inequalities, we get:

_I_\_I _J_ I/. ”r 4ft "T“ • • • “i“ «2 <^
1

9 ' 16 ' * * * 1 n 2 ^  1 x 2  
2 - 1  , 3 - 2  , 4 - 3  ,

-h 2X3 1 3X4  
n — ( n — 1)

(n — 1) n

1X 2 ^  2X 3 3X4

=  1 " 7 < 1- 

Thus, 4  +  !  +  - ^ -
3. Proving Inequalities by Contradiction.
Example 9. Prove that if a ^  0, b ^  0, c ^  0, d ^  0, then

V  (a +  c) (b +  d) >  V ab +  y ^ d .  (9)
Proof. Suppose that for some values of a, &, c, d Inequality (9) 

is not true, that is, the inequality ] /  {a +  c) (b +  d) < V  ab +  
Y cd  is fulfilled.

Since both sides of this inequality are nonnegative, squaring
them, we get: ____

(a -f- c) (b -j- d) <  ab -f- cd -j- 2 Yabed ,
whence

be +  ad <  2 Y  abed,
and further

But this contradicts Cauchy’s inequality which means that our 
supposition is not true, and therefore Inequality (9) is true. 

Example 10. Prove that if a ^  0, b ^  0, c ^  0, then

a -j- b -j- c b2-\-c2
(10)

Proof. Suppose that for some values of a, 6, c Inequality (10) 
is not true, that is, the inequality

a+&-f c ^  /~ a2 j r b 2 - { -c2
3 3
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is fulfilled. Squaring both members of this inequality, we get:
I a  +  b +  c \  2 ^  a 2 +  b 2 +  c2 
I 3 / >  3 ’

and further
(a +  b +  c)2 >  3 (a2 +  b2 +  c2),
3 (a2 +  b2 +  c2) — (a +  b +  c)2 <  0,
3 (a2 +  b2 +  c2) — (a2 +  b2 +  c2 +  2ab +  2ac +  2be) <  0,
2a2 +  262 +  2c2 — 2ab — 2ac — 26c <  0,
(a -  6)2 +  (b -  c)2 +  (a -  c)2 <  0.
The last inequality is not true, since the sum of squares cannot be 

a negative number. Hence our supposition is false, and therefore 
Inequality (10) is true.

Remark. Let there be given n nonnegative numbers alt a 2, . . ., an. 
We introduce into consideration the following quantities:

H n = —------- — ---------- 7- —harmonic mean,
——b~—b • • • +  ——fli fl2 a n

Gn = Y a i -a2 - . . . • an — geometric mean,

A n ai~^a2~t. v • — arithmetic mean,
n n

Qn = ai + a2 ~y ■ ■ • + an mean square of the
11 numbers au a2, .. an.

These quantities are related as follows:
H n ^ G n ^ A n ^ Q n. (*)

Certain particular cases of this relationship were already proved 
in Items 1-3 of this section. Thus, in Examples 1 and 5 we proved 
the inequalities G2 ^ ^ 4 2 and G4 ^  A 4; the inequality which is 
proved in Example 7 implies the relationship H 3 ^  A 3; finally, the 
inequality A 3 ^  Q3 is proved in Example 10.

4. Proving Inequalities by the Method of Mathematical Induction. 
Example 11. Prove that if n £ N ,  n 3, then

2n >  2n +  1. (H)
Proof. For n — 3 Inequality (11) is true: 23 >  2 X 3 +  1. Let us 

assume that Inequality (11) is fulfilled for n = k (k^>  3), that is, 
2k >  2k +  1, and let us prove that then Inequality (11) is also 
fulfilled for n = k +  1, that is, prove that 2h+1 >  2k +  3.

Indeed, we have: 2k+1 = 2 X 2h >  2 (2k +  1) =  4/c +  2 =
(2k +  3) +  (2k -  1). Thus, 2*+1 >  (2k +  3) +  (2k -  1).



C h .  1.  I d e n t i c a l  T r a n s f o r m a t i o n s 39

But 2k — 1 >  0 for any natural k. Consequently, the more so 
2h +1 >  2k +  3.

According to the principle of mathematical induction, we may con­
clude that Inequality (11) is true for all n ^  3.

Example 12. Prove that if n 6 TV, then
yf ■ 1 I 1 I 1 I , 1   fl /I (\V
1 +  T  +  T ' r T + - “  +  2 " — l  > T *  ( 1 2 )

Proof. The expression on the left-hand side of Inequality (12) 
represents the sum of fractions whose denominators are natural 
numbers from 1 to 2n — 1. For n =  1 it turns into a true numerical 

1
inequality: 1 >  .

Suppose Inequality (12) is fulfilled for n = k, that is,

^  =  1 + 4 - + t + - - -  +  ^ t > t -
Let us prove that then Inequality (12) is also true for n =  k -f- 1, 

that is,

Sk+i — 1 +  y  +  y  4- 2k+1 — 1 >
k + \

2 *

Indeed, Sh+l -  ( l  +  -|- +  T  +  ’ ' '  +  2^-1“ ) +  {~W 2*+l "!~

••• +  -2FT—f )  ^ Sh + 1 \,  where + ^ + T +  ■ ■ ■ +
The expression P h represents the sum of 2h fractions each of which 

1is greater than ^ rr- Hence,

p  r_  1 , 1 , , 1 ^  1 i 1 | | 1
' 2& +  1 1 * * * 'r  2h+1 — 1 ^  2ft+1 ' 2h+l I • • • "I 2h+i

— 2k y  1 -  J_^ x 2k+i ~~ 2 •

Thus, Pk > — . But then

f̂e+i — +  +  --y 1 » i*e* —y — .

On the basis of the principle of mathematical induction, we con­
clude that Inequality (12) is true for any n ^ N .

EXERCISES

In Problems 216 through 268, prove the given inequalities: 
a 2 ^  1
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218. If o > 0 ,  b > 0 ,  then — +  — £ = -  >  Y * +  Yb.
y  b y  a

219. If a + b > 0 ,  a^ =0, b =£ 0, then >  — + 4 - .
0 * 0 *  a  o

220. If a +  b >'0, then ab ( a + b ) <  a3 +  b3.
221. a2+ 2 b 2+2ab +  b +  1 0 > 0 . 222. l  +  2a< >  a2 +  2a3.

223. If .¥■ 2, then .
224. If a > — 1, then a3 +  l > a 2+ a .  225. a2 +  b2-|-c2 +  3 >  2(<z+b +  c). 
226. If a +  b >  0, then ,a3 +  6i  ^  7 a +  fo ' 3

m
227. a2 +  b2 >afc. 228. a4 +  64 >  â b +  ab̂ .
229. (a +  6)4> a 4 +  64, where ab >  0.
230. If a < . b < . c , then a26 +  62c +  c2a <  a2c +  fr2a +  c2b.
231. a8—a5 +  a2— a +  1 >  0.
232. If a ^ O , c ^ O , then a +  6 + c  ^  V^afrH-j/"frc+}/"ac.
233. If m , 7i, A: are natural numbers, then ttiti +  m/c +  w/c ^  3t7iti/i;.
234. If 0, 6 ^ 0 ,  c ^  0, then (a +  &) (& +  c) (a +  c) ^  8a6c.
235. If a >  0, b >  0, c >  0, a +  b +  c =  1, then (1 — a) (1 — 6) (1 — c) >  

Sabc.
236. If a >  0, 6 >  0, c >  0, then (a +  1) (b +  1) (c +  a) (b +  c) >  16abc.

237. If a  ^  0, 5 ^  0, c ^  0, d ^  0, then a4 +  fr4 +  c4 +  d4 ^  k a b c d .
238. If a ^  0, b ^  0, c ^  0, d ^  0, then j/"(a -J- b) {c -j- d) ^  0.5 (a -J- c) -f- 

0.5 (b +  d).
239. If ^  0, a2 ^  0, . . . ,  an ̂ 0, then &ia2 ~Vaiaa H~ • •• ~{~ ~\f aian “t” a2fl3“H

___ _____ n_|
. . .  +  ^2^71 +  .  • . +  V ^ n  - i a 7i ^  1— 2 — (a i ~ r a 2 + • • • + fln) *

240. log2 3 +  log3 2 >  2.

“2 +  2 - > 2 .  242.241.
Y  a2

a2 +  a +  2 
I^a2

•>2.
-1 '  ] /a2 +  a + 1

243. If a >  0, 6 > 0 ,  c >  0, then

244. If a ^ O , b ^ O ,  c ^  0, then ab ( a - \ - b ) - [ - b c  ( b - \ - c ) - \ - a c  ( a - \ - c )  ^  6a&c.

245. If a > 0 ,  6 > 0 ,  then ■  ̂ 1 \  <  ■

b e  , ac  . a b _ . 7 .— +  — +  — > a  +  b +  c.

1 1 ~j~ 5
246. If a1? a2, • ••, an are nonnegative numbers and

then (1-j-flx) (l +  a2) . . .  (l +  an) >  2n.
247. If re =  2, 3, 4, . . . .  then J /I  +  1A2 +  . . .  +  / n >  71.
248. If 77 =  2, 3, 4, . . . .  then 77! >  nn/2.

a 1 • fl2 • • •. • fl/i — 1,

249. If 77 — 2, 3, 4, . . . ,  then n +  1 +  w +  2 +  ••• +  2n >  2 -

250. If a >  0 , b >  0 , then 2 7 <  Vab.
a ’ 6
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251. If a > 0 ,  6 > 0 ,  then ?■'~  <  J / ^  +  &2. .

252. If a >  0, b >  0, then Y a Y ~ b  >  V"a +  &•

253. If a > 0 ,  6 >  0, then 2+ gb g: 1 ^ .

254. Y a2+ 6 2 > y / a3 +  63.
255. a2 +  62 +  c2 ^  ab +  ac +  &c.
256. If a ^ O , 5 ^ 0 ,  then (V"a+ Y b ) 8 ^  16a& (a +  &)2-

257. If a > 0 ,  6 > 0 ,  c >  0, then -  >  3/a&c.
O __

258. If abc += 0, ab-\-ac-\-bc -r= 0, then —------- :------

a ‘ b ' c
259. (a+b +  c +  d)/A^ Y (a2 +  53 +  c2 +  d2)/4.

260. If a >  0, 5 > 0 ,  c >  0, <3>0, then -j------ j -~ —;----- T~ ^ V a b c d-
— + - —|- — +  —  
a ^ b n c ^  d

261*. If s >  — 1, » i>  2, then ( l+ z ) n >  1 +  nz.
262. If t i> 5 ,  then 2n > n 2. 263. If 72 > 1 0 , then 2n > n 3.
264. I +  a2 +  . . .  +  an | ^  I «i I +  10 21 +  • • • +  I an I •

265. If 2, then Y n  < l - f

266. If n > 2 ,  then 2 Y *  >  1

267. If 72 > 2 ,  then

1 1
/ 2  Y s

, 1 , 1
’ “  +  Y  n

1
l / 2 1^3
1 , , 1

Y  n ’

71 +  1 72 +  2
__  _13_
2/i >  24 •

1268. If 72>2, then 1-)——~\ -—[- 2n — i <  72.

SEC. 6. COMPARING NUMERICAL EXPRESSIONS

If two real numbers are given, then in most cases it is clear at 
once which of them is greater, for instance, 8 >  3, ]/ 6 >  ]/ 5. I t 
is not difficult to ascertain that ]/ 5 <  Y 1000. Indeed, b/ 5  <  2, 
and 7/T 000 > 2 ,  hence, 5/ 5  <  7/l0 0 0 .

Let now a =  */ 3, 6 =  ]/ 2. Both numbers belong to the interval 
(1,2), but it is not clear, for the time being, which of them is greater. 
To determine the inequality sign between these numbers, let us 
reason in the following way. Suppose that a >  ft, that is, that 
3/ 3  >  y  2. Raising both sides of the last inequality to the sixth 
power, we get (]/ 3)6 >  ( |/2 )6, i.e. 9 >  8.

* In Problems 261 through 268, it is assumed that n £ N.
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Thus, a >  b <=> (3/  3)6 >  (j/ 2)6 9 >  8.
Since 9 >  8 is a true inequality, the equivalent inequality a >  b 

is also true.
If we assumed that a <  &, then we would get: a <  6 <=> (3/  3)6 <  

(|^2)6 <=> 9 <  8. Since 9 <  8 is a false inequality, a <  b is also 
not true, and since a =#= 6, it remains only one possibility: a >  b.

Example 1. Compare the numbers a and b if: (1) a =  ]/ 26 +  j/6 , 
6 =  f l 3  +  y { 7 ; (2) a_= log0̂ 3 ,  6 ^ l o g 3 1.1; (3)_a =  log* 3,
b =_log3 2; (4) a = Y  5 ^  V 30 +  ]/50, b =  / l 0  +  / 2 0  +
yeo .

Solution. (1) Let us assume that a >  b. Then, using the properties 
of numerical inequalities, we get in succession:

( y 2 6 + y 6 ) 2> ( y i 3 + y i 7 ) 2, 32+ 2 / 156> 30+ 2 / 221,

l +  / l 5 6 >  1/221, (1 +  / 156)2 >  221, y i5 6 > 3 2 .

Thus, a >  b <=> /1 5 6  >  32. But /1 5 6  <  32, hence, the original 
numbers are connected with the same inequality sign, that is, 
a < b .

(2) We have: a ~= log 1 3 <  log 1 1 =  0, b =  log3 1.1 >  log3 1 =
T  T

0. Hence, a <  0, b >  0, i.e. a <  b.
(3) We have: a =  log23 >  log2 2 =  1, b = log3 2 < lo g 3 3 =  1. 

Thus, a >  1, b <  1, hence, a >  b.
(4) We first bound each term of the sum a by the nearest integers. 

We have: 2 <  Y 5 <  3, 5 <  1^30 <  6, 7 <  Y  50 <  8, that is, 
14 <  Y 5  -p / 3 0  +  Y 50 +  17. Thus, 14 <  a <  17.

Now, we bound each term of the sum b also by the nearest in­
tegers. We have: 3 <  \  10 <  4, 4 <  ]/ 20 <  5, 7 <  1^60 <  8, 
that is, 14 <  Y 10 +  \/ 20 +  Y 60 <  17. Thus, 14 <  b <  17.

We have obtained the same bounds for the numbers a and b and 
so we cannot compare them.

Let us increase the precision of each bound of the sums a and b, 
taking each bound to an accuracy of 0.1. We have

2 . 2 < / 5  < 2 . 3  

5.4 < 1 /3 0  < 5 .5  and 
7 <  j/5 0  <  7.1

3.1 < 1 ^ 1 0  < 3 .2  
4 .4 < ] /2 0 < 4 .5  

7.7 <  1^60 <  7.8

14.6 <  a < 1 4 .9  15.2 < b  < 1 5 .5

Thus, a £ (14.6, 14.9) and b 6 (15.2, 15.5). Hence, a <  6.
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Example 2. Arrange the following numbers in the increasing 
order:

a =  log2 3, b =  log6 9, c =  log5 17.

Solution. We compare the numbers a and fo. This can be done by 
two methods.

First Method. We have: log2 2 <  log2 3 <  log2 4, that is, 1 <  a <  
2; log6 6 <  log6 9 <  log6 36, that is, 1 <  b <  2.

The numbers a and 6 belong to the interval (1, 2). Let us compare 
each of them with the middle of the interval, that is, with the num-
b e r f

3
Suppose that log2 3 > y ,  then we shall have in succession:

JL 3
3 >  2 2 <=>32 >  23 <=> 9 >  8. And since a >  y  <=> 9 >  8, then a >
3 3 3— is a true inequality. Suppose that b then log6 9 <=>

_3_
9 >  6 2 92 >  63 <=e> 81 >  216. The last inequality is not true,

3 3and since b >  y  <=> 81 >  216, the inequality b >-?  is not true
3

either. Hence, b <  y  •
3 3Thus, a >  y  , 6 <  y  , hence, a >  b.

Second Method. Consider the difference a — 6. We have:

a —6 =  log2 3 — log6 9 =  log2 3 — j—

= . log2 3 log26 —2log23 log2 3 (log2 6 — 2) ^
log2 6 log2 6

Hence, a >  b.
Let us now compare the numbers a and c. It was established above 

that y  <  a <  2. The number c is also enclosed in these bounds. 
Indeed, log5 17 <  log5 25 =  2. On the other hand,

_3_

I -  =  log5 5 2 =  log5 V 125 <  log517.

Let us compare the numbers a and c with the middle of the interval
( 3 \ 7

y , 2 j , that is, with the number y .
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7
Suppose that a > -£ •  Then, using the properties of inequalities, 

we get in succession:
_7_

log23 >  — <=s>3>24 <=> 34> 2 7<=> 81 >  128.

7
Indeed, 81 <  128, and hence, a < .-£ •

7
Suppose that c >  - j  . Then

logs 17 >  — <=> 17 >  5 4 < ?^ 1 7 * > 5 7.

The last inequality is true, hence our supposition is true.
7 7Thus, a < i-j , c , and therefore a <i c. Hence 6 <  a <  c.

EXERCISES

In Problems 269 through 283, compare the numbers a  and 6:
269. a = \ r l ,  b =  y r 6 .  270. a = Y 47, 6 =  / 2 6 - r l / '6.

271. o = l - l ---- t-=- , 6 =  2 ( / 2 - l ) .  272. o =  6, 6 =  31^7  +  5 ^ 2
y  2 /  5

273. o = 4/ 9 - V '1 5 ,  6 = J / ^  V^3‘>— Y U  ^

274. o =  4/ 7 9 + i/2 6 , 6 = 4/8 4 - > /2 8 .
273. o = y " 3 H -V '2 3 + /5 3 , 6 =  1 / 1 3 + / 3 3 + / 4 3 .

1
276. (a) a = lo g 4 2, 6 =  log0 O6250.25; (b) o = lo g 4 5, 6 =  log t •

IT
277. (a) o = lo g 4 26, 6 =  log6 17; (b) a =  lo g t / 3 ,  Y 2.

T T
278. (a) a =  log2 3, 6 =  log5 8; (b) a =  log3 16, 6 =  logi6 729.
279. a =  log514, & =  log718. 280. a = lo g 20 80, & =  log80 640.
281. a = ^ 5+log/ 7  t b_ Jog_5 + YJ_ '

282. a =  3(log7 — log5), b =  2 ^-t- log9— i- l o g 8 ) .

283. -----f - j —  --------- , 6 =  2.log2Jt log4.5Jl
284. Arrange in the increasing order the numbers a, b , c, d  if a =  log57, 

b =  log8 3, c = Y 2, d = lo g 1 5.
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SO L V IN G  E Q U A T IO N S A N D  IN E Q U A L IT IE S

SEC. 7. EQUIVALENT EQUATIONS

Two equations are said to be equivalent if the sets of their roots 
coincide, in particular, if both equations have no roots.

For instance, the equations log x =  0 and ]/ x =  1 are equivalent 
(each of them has the only root x =  1); the equations 2X(X~1) =  1 
and Y  x = x are also equivalent (each of them has two roots: 0 
and 1).

If each root of the equation f  (x) = g (x) is at the same time a root 
of the equation f x (x) = gx (x) obtained by some transformations 
from the equation /  (x) = g (x), then the equation f x (x) =  gx {x) 
is called the consequence of the equation f  (x) = g (x).

Thus, the equation (x — 1) (x — 2)=0 is a consequence of the equa­
tion x — 1 =  0 (whereas the equation x — 1 =  0 is not a conse­
quence of the equation (x — 1) (x — 2) =  0).

If each of two equations is a consequence of the other, then such 
equations are equivalent.

Several equations in one variable are called a collection of equations 
if a problem is posed to find all such values of the variable each of 
which satisfies at least one of the given equations. Equations forming 
a collection are written in the following manner:

'  2x +  1 =  3x -f 5 

_ Ax — 3 =  x2

(however, more frequently, the equations forming a collection are 
written in line: 2x +  1 =  3x +  5; Ax — 3 =  x2 and separated by 
a semicolon).

The solution of a collection of equations is defined as the union 
of the sets of the roots of the equations forming the collection.

If, as a result of transformations, the equation /  (x) = g (x) is 
reduced to the equation (x) =  (x) (or to a collection of equations)
some roots of which are not roots of the equation f  (x) =  g (x), then 
the roots of the equation f x (x) =  gl (x) are said to be extraneous 
roots of the equation f  (x) = g (x).

For instance, squaring both sides of the equation Y x  =  —x, 
we get the equation x = x2 having two roots: 0 and 1. The value
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x =  0 satisfies the equation ] /  x =  —x, whereas x =  1 does not 
satisfy this equation, that is, this value is an extraneous root of the 
equation ']/ x =  —x.

The equation (x — l)2 =  x — 1 has two roots: 1 and 2. Dividing 
both sides of this equation by x — 1, we get the equation x — 1 =  1 
which has only one root: x =  2. In such cases we say that in the 
process of transforming the original equation there happened a loss 
of roots (in our example x =  1 is a “lost root”).

When solving equations, we usually perform various transforma­
tions which reduce a given equation to a simpler one (or to a collec­
tion of equations). Therefore it is important to know which of the 
transformations reduces the given equation to an equivalent or a 
consequent equation, and which results in a loss of roots.

Theorem 1. I f  the function cp ( x ) ,  defined for all x's from the domain 
of definition of the equation f  (x) =  g (x), is added to both sides of this 
equation, then we get the equation f  (,x) +  cp (x) =  g (x) +  cp (x) 
which is equivalent to the given one.

For instance, the equation 3x2 +  2 i — 5 =  lx  — 1 is equivalent 
to 3x2 +  2x — 5 +  {—lx  +  1]I =  l x  — 1 +  {—lx  +  1) since the 
function cp {x) =  — l x  +  1 is defined for all values of x 
from the domain of definition of the equation 3x2 +  2x — 5 =  
= lx  — 1.

But the equation x2 =  1 is not equivalent to the equation x2 +  
V x  = i +  y  x. Here, the equivalence is violated since the func­
tion cp {x) =  Y x  is defined not for all x's from the domain of defini­
tion of the equation x2 =  1, but only for x ^  0. By adding the expres­
sion cp {x) =  y  x to both sides of the equation x2 =  1, we reduced 
the domain of definition of the equation which might lead to a loss 
of solutions. In this case x =  —1 is a root of the equation x2 =  1, 
but is not a root of the equation x2 +  ]/ x =  1 +  Y x .

It should be clearly understood that Theorem 1 deals ojily with 
one transformation, namely, with adding the same function to both 
sides of an equation. The subsequent collection of like terms (if it is 
possible) is a new transformation of the equation. Collecting like 
terms can lead to an equation which is not equivalent to the original 
one. For example, adding the function cp {x) =  —log x to both sides 
of the equation x2 +  2x +  log x =  log x — 1, we get the equation 
x2 +  2# +  log x — log x =  log x — 1 — log x which is equivalent 
to the original one since the function cp {x) =  —log x is defined for 
all x s  from the domain of definition of the original equation. But 
collecting like terms in the newly obtained equation, we get the 
equation x2 +  2x =  —1 which is not equivalent to the original one. 
The annihilation of log x in both sides of the given equation has led 
to an extension of the domain of definition of the equation which may 
result in appearance of extraneous roots. This has just happened in
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our case: the value x =  —1 is a root of the equation x2 +  2x =  —1, 
but is not a root of the equation x2 +  2a: +  log x =  log x — 1.

Corollary. The equations f  (x) +  cp (x) = g (x) and /  (x) =  g (x) — 
cp (x) are equivalent.

Theorem 2. I f  both sides of the equation f  (x) =  g (x) are multiplied 
or divided by the same function cp (x) which is defined for all values of x 
from the domain of definition of the equation and vanishes nowhere in 
this domain, then the following equation is obtained

f(x)<p(x) = g(x)<((x) ( o r ^ - g - = - ^ g - ) ,

which is equivalent to the given equation.
Thus, dividing both sides of the equation x — 4 = x (Y  x 2) 

by cp (x) = Y x  +  2, we get the equation ] / x — 2 = x which is 
equivalent to the given one since the function cp (x) =  ] /  x +  2 is 
defined everywhere in the domain of definition of the given equation 
(x ^  0) and vanishes nowhere in this domain.

Multiplying both sides of the equation x — 2 =  0 by cp (x) =  
x +  3, we get the equation (x — 2) (x +  3) =  0 which is not equiv­
alent to the given one since for x =  —3, from the domain of defini­
tion of the original equation, the function cp (x) = x +  3 vanishes 
although it is defined for all x's from the domain of definition of 
the equation x — 2 =  0. As is easily seen, in this case the multi­
plication of both sides of the equation by cp (x) =  x +  3 has led 
to the appearance of the extraneous root a: =  —3.

Similarly, dividing both sides of the equation x — 4 =  x ( V x - 2 )
by (p (x) =  Y  x — 2, we get the equation Y x +  2 =  x which is 
not equivalent to the given equation since for x =  4 the function 
cp (x) = Y x  — 2 vanishes although it is defined for all x s  from the 
domain of definition of the original equation.

We call the reader’s attention to the fact that Theorem 2 deals only 
with one transformation, namely, with multiplication (or division) 
of both sides of an equation by the same function. The subsequent 
reduction of the fraction (if it is possible) is already a new transfor­
mation of the equation. Thus, multiplying both sides of the equation
x  -I- 1—2̂ --- \- x =  3 by the function cp (x) = 2x, we complete the first

2 Jg / — 1— | \
transformation which leads to the equation — ^  +  2a:2 =

2x (x -j-1)6x. The subsequent reduction of the fraction — ^ —  by 2a:
is regarded as a new transformation: it leads to the equation x +  1 +  
2a:2 =  6a:. This reduction can also lead to an equation not equivalent 
to the original one.
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Thus, multiplying both sides of the equation —  __ 2 — == 0 

by <p W =  x — 2, we get the equation ~~ 22 — o

which is equivalent to the given one since the function cp (x) =  x — 2 
is defined for all values of x from the domain of definition of the 
given equation (x =£ 2) and vanishes nowhere in this domain of 
definition. But reducing the left-hand side of the obtained equation 
by x — 2, we get the equation x2 — 5x +  6 =  0 which is not equiv­
alent to the given one: the value x =  2 is a solution of the last 
equation but does not satisfy the original equation, being its extra­
neous root. The thing is that here the domain of definition is extended 
due to the reduction of the fraction, which, as we have already noted, 
can lead to extraneous roots.

Corollary. I f  both sides of an equation are multiplied (or divided) 
by the same number different from zero, then an equation equivalent 
to the given equation is obtained.

X I ^For instance, multiplying both sides of the equation  ̂ —
x _l 3

— by 6, we get the equation 3x +  3 =  2x +  6 which is equiv­
alent to the given one.

Theorem 3. I f  both sides of the equation f  (x) = g (x), where f  (x) X 
g (x) ^  0 for all values of x from the domain of definition of the equa­
tion, are raised to the same natural power n, then the equation (/ (x))n =  
(g (x))n is obtained which is equivalent to the given equation.

For instance, squaring both sides of the equation 2x — 1 =
Y x  — i,  we get the equation (2x — l)2 =  (]/"# — l)2 which is
equivalent to the given one since for all x's from the domain of 
definition of the given equation (x ^  1) both sides of the equation 
are nonnegative.

An opposite example: squaring both sides of the equation x — 6 =  
V":r, we get the equation (x — 6)2 =  (Yx )2 which cannot*be said to 
be equivalent to the given one since for some values of x from the 
domain of definition of the given equation (x ^  0) the left-hand side 
of the equation takes on negative values (for x =  2, we have: x — 6 =  
—4 <  0) while the right-hand side is always nonnegative. Indeed, 
the equation (x — 6)2 =  ( V x)2 is transformed to x2 — 13.r +  36 =
0, whence xx =  9, x 2 =  4. But x =  4 is an extraneous root of the
original equation.

Note that Theorem 3 deals only with one transformation, namely, 
with raising both sides of the equation to the same natural power. 
The subsequent rationalization (if it is possible) is already a new 
transformation of the equation. Getting rid of radicals can result 
in extending the domain of definition of the equation, and therefore 
can lead to an equation not equivalent to the original one.
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Remarks: 1. Theorem 3 holds true only for equations defined in the 
field of real numbers.

2. If n is an odd number, then in the statement of Theorem 3 we 
may omit the condition: /  (x) g (x) ^  0 for all x's from the domain 
of definition of the equation.

When solving equations, we also have to use transformations not 
stipulated by Theorems 1, 2, and 3, that is, transformations which 
can lead to the appearance of extraneous roots or even to a loss of 
roots. This can be caused by the transformations carried out by 
formulas changing the domains of definition of equations. Here are 
examples of such formulas:

V ^ b - V a V b ,  =  (1/a)* = a,

loga (*£/) =  loga x 4- loga y , alog<*b =  b,

2tanTtan x cot x = 1, sin x = --------------- ,
l +  tan2 - |-

. / , v tanx +  tan y ,tarn (x+y)  = -4— :—!—-—-— and so on.' i t / /  i — tan x tan y

In all cases when the carried-out transformations lead to the 
consequence of the given equation, but when we are not sure that 
both equations are equivalent, the found solutions must be checked. 
Such a check is an integral part of solving an equation. The process 
of solving cannot be regarded as completed if no check is carried out.

What technique can be used to check the found solutions? Two 
basic methods may be indicated: (1) substituting each of the found 
solutions into the original equation; (2) proving the equivalence of 
the completed transformations of an equation throughout all steps 
of solving.

Example 1. Solve the equation 2* +  5 =  8 — Y  x — 1.
Solution. Squaring both sides of the equation, we get 2x +  5 =  

(8 — Y x — 1)2> and further \ & Y x —  ̂ =  58 — a:.
The obtained equation is squared once again: 256 (x — 1) =  

(58 — z)2, and further

x2 — 372* +  3620 =  0,
whence x± =  10, x 2 =  362.

Analysing the above transformations, we may assert only that 
each new equation was a consequence of its predecessor. (We are 
not sure that the equations obtained in the process of solving are 
equivalent.) But this means that extraneous roots might appear in 
the process of solving, and therefore the found roots must be checked.
4-0840
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Check. In the present case, it is not difficult to check the found 
roots by substituting them into the original equation. Let us check 
xx =  10. We have: Y 2xx +  5 =  ] / 2 x 1 0  +  5 =  5 and 8 — 
Y xi — 1 =  8 — K-10 — 1 =  5. Thus, for x =  10 both sides of 
the original equation take on equal numerical values, hence, x =  10 
is a root of the given equation.

We now check x 2 =  362. We have: ] / 2x2 +  5 =  ] /  2 X 362 +  5 =
27, and 8 -  Y * 2  -  1 =  8 — ]/ 362 -  1 =  -1 1 .  For ^ =  362
the left-hand and right-hand sides of the original equation take 
on different numerical values, hence, x =  362 is an 
extraneous root.

Thus, our equation has only one root: x — 10.
Example 2 . Solve the equation \  3x +  I = 3  + Y x — 1*
Solution. Squaring both sides of the equation, we get:

3x +  1 =  (3 +  V x  — I)2,

and further 6 Y x — 1 = 2x — 7.
Squaring once again, we get: 36 (x — 1) =  (2x — 7)2,

Ax2 — 6 4 r-f 85 — 0, whence we find: x i = -1-9 , x2 =

and further
16 — 3 / 1 9

Check. It is clear that the check of found roots by substituting 
them into the original equation involves considerable computational 
difficulties. Therefore let us choose another method.

The domain of definition of the given equation is x ^  1. In this 
domain the first squaring is an equivalent transformation of the 
equation. The second squaring is applied to the equation 
6 Y x — 1 = 2x — 7. This equation can only be satisfied by such 
values of x which satisfy the inequality 2x — 7 ^ 0 ,  that i§, x ^
3.5. It is easily determined that the inequality — ^  3.5

is true, and the inequality 16 ~~ ^  3.5 is false. Hence x 2 =

-6 is an extraneous root, and x1 =  16 "t" is the
only root of the given equation.

Example 3. Solve the equation
log (x2 — lx  +  3) — log (2x +  1) =  log (x2 +  lx  — 3)

— log (2x — 1).
Solution. We transform the given equation to the form:

log x2—7 * + 3
2 x + l log x* +  7x—3 

2x — 1
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and further x ~  * ~tx — 1 3 ’ whence we find: ^  =  0,
2

x2 — 5 ‘
Check. Since each equation obtained at one or another step of 

solution is only the consequence of its predecessor, no loss of roots 
might happen, while extraneous roots might appear only due to 
extension of the domain of definition of the original equation. There­
fore, in this case the check may be realized using the domain of 
definition of the original equation which is specified by the following 
system of inequalities:

x2 — 7o; +  3 > 0  
2x +  1 >  0 
x2 +  lx  — 3 >  0 
2x— 1 >  0.

2
Neither xx =  0 nor x 2 =  -g- satisfy the last inequality of the above
system, and, hence, they are extraneous roots. Thus, the equation 
has no roots.

EXERCISES

In Problems 285 through 294, prove that the indicated equations have no 
roots:
285. Y~xz r i +  Y 2 Zrx = Y x —5.
286. V** —1 4 4 - / S = 8 + / 8 = i .
287. log2 (*2 — 1) +  log3 (x3—1) +  log4 (1 — xi) =  V x .
288. 2log^ (x+2) +  3 ^ (ac+3)= / ^ T ^ .
289. V x — l +  y 2—x =  x—5.

291. lo g (1 0 -x 2) = ] / x + / x + 2 -  292 . 2l0g2(X 3) =  2 x - 5.
293. Vrx3+ T + / x M :i===l. 294. x«+x* +  l =  log1 2.

In Problems 295 through 304, find out whether the given pairs of equations 
are equivalent:

295. x2+ l  =  V x  and x2+ l  +  Y 1 —  x =  y ' x + V  1 —  x.
296. x2 —1 =  / x  and x2 —1 +  / 1  — x = Y * + V  1 — *.

297. x3 +  x = 0  and - ^ - ? = 0 .  298. x2+ l  =  0 and - ^ ± ^ = 0 .
X  X

4*
\
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299.

300.

2j2 +  2j +  3 
z +  3 

2*2 +  2:r +  3
x +  2

3a:2-f-2x—1
x +  3 

3x2 +  2x — i
x -f- 2

And 2x2 -j— 2x —{- 3 =  Sx2 —[- 2x — 1. 

and 2x2 -j- 2x —j— 3 =  3x2 —{— 2x — 1.

301. Y x+ 2 = Y 2x+ 1  and ( l /'x + 2 )2= ( / 2 x + l ) 2.
302. (Y * -2 )2=(Y2~x+i)2 and x - 4  ]/ri + 4 = 2 x + 2  / S I + l .
303. 2 Y x — 7xa =  2 ( - f - + ^ )  and 2 / i —7xa =  2x +  2 ]/T .

304 . 2 V"x—7x2 =  2x 2 Y x and —7x2 =  2x.

In Problems 305 through 313, find out whether the given equations and 
collections of equations are equivalent (explain your answer):

305. (x — 4)(x +  3) =  0 and * — 4 =  0; x +  3 =  0.

306. (x — 4) (^ +  ̂ 3 ) = °  and  ̂— 4 =  0 ; x +

307. ( i —4) (1 +  = 0  and x —4 =  0; x +  - — ^- =  0.

308. Y"x — 2 Y^x-{-3 =  0 and Y a: — 2  =  0 ; Y *.+ 3 =  0.
309. Y 2 ^ x  Y 2 + 3  =  0  and Y 2 —x =  0; Y * + 3  =  0.
310. (x — 3) log (2 — x)— 0 and x — 3= 0; log (2 — x) =  0 .
311. (2 — x) log (x — 3) =  0 and 2 — x =  0; log(x — 3) =  0.

312. (x2~ 2x ~ 3H; r+ 1) . ^ 0  and x2 — 2x — 3 =  0; x + l  =  0.
X  u

313. x2 — 5x +  6 
x2 — 6x +  8

JC+4

1 ^ - 1 )  = 0  and

x2 — 5x +  6 =  0

x + 4

In Problems 314 through 330, solve the indicated equations and check the 
results obtained. If there are extraneous roots, find out the cause of their appear­
ance.

314.

316.

317.

2 — x 1 
x

2x—\
6

x2 — 1

1 4
2 “  2x — x2 *

25 1
+~ 4*2 — 1 ~  27

315.

13 
1 — 2x 

z +  4

x -(— 2 . 2 — x
x + i  +  1 — X

4
x — 1 =  0 .

318. 1 +  J^2x+7 =  x —3.

319. *__? =  =  Y x —4. 320. Y 22—x — Y 10—x =  2.
Y  2 x - 7

321. Vrx + 3  +  / 3 x ^ 2  =  7. 322. Y 3x—2 =  2 / x + 2  — 2.
323. Y 2 x + i  +  Y x I I 2 =  2 Y x - 324. log(54—x3) =  31ogx. 
325. log(x — 2) +  log Or— 3) =  1 — log 5.
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326.

327.

log Y 5 x —4 + log V̂ x +  l =  2 + log 0.18. 
log (3# 5) 1 32g  ̂ log (2x — 5)

log (3z2 +  25) 2
329. log* (2*2— 7x +  12) =  2.

log (Xs -8) °-5'
330. log* (2a;2— Ax- -3) =  2 .

SEC. 8. RATIONAL EQUATIONS
P (x)

This section deals with equations of the form P (x) =  0, =
0, where P (x) and Q (x) are polynomials, and also of the form f  (#) =  
g (z), where f  {x) and g (x) are rational expressions.

Let us recall some statements from algebra.
1. Any polynomial of degree n defined in the field of complex numbers 

has n complex roots.
2. I f  x = a is a root of the polynomial P (x), then P {x) is divisible 

by the binomial x — a.
3. Let all the coefficients of the polynomial P (x) be integers, the 

leading coefficient being equal to 1. I f  such polynomial has a rational 
number as its root, then this number is an integer.

4. Let all the coefficients of the polynomial P (x) =  a0xn +  a^x^1 +  
. . . +  an be integers. I f  the integer b is a root of the polynomial, then 
b is the divisor of the constant term an (the necessary condition for an 
integral root to exist).

Note that when solving equations with integer exponents and 
rational coefficients, only equivalent transformations are used, there­
fore the found roots should not be checked; there is no need to men­
tion about it in each concrete case. When solving fractional rational 
equations, both sides of an equation are multiplied by the same 
expression (getting rid of denominators) which may lead to extra­
neous roots. Therefore, when solving fractional rational equations, 
a check is necessary.

When solving equations with rational coefficients, the following 
basic methods are used: (1) factorization; (2) introduction of new 
(auxiliary) variables.

The factorization method consists in the following: let
/  (*) =  /i (*) * h  (x) • . • • • f n (x),

then any solution of the equation

/  (x) =  0 (1)
is a solution of the collection of equations

fi (x) =  0; h  (x) =  0; . . .; f n (x) =  0. (2)
The converse is not true: not any solution of the collection of equa­
tions (2) is a solution of Equation (1).
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For instance, the equation

s = ¥ ± i ( ? ± f  +  * ) - o

is reduced to the collection of equations:

*«-3s +  2 = 0  x + 2 +  2 =  0.
X  X 2 — 1 1

(3)

<4>

The solutions of Collection (4) are: xx =  1, x 2 =  2, x 3 =  0, x4 =

2 *
oc | ~ 2

But for x =  1 the function j- *s not defined, and for x =  0
2*2  3̂  _| _ 2

the function --------------- is not defined.
X

Thus, the values x =  1, £ =  0 are not the roots of Equation (3).
In general, when solving Equation (1) by the factorization method, 

we should bear in mind that Equation (1) is satisfied by those and 
only those of the found roots from Collection £(2), which belong 
to the domain of definition of Equation (1).

Example 1. Solve the equation x3 +  2x2 +  3x +  6 =  0.
Solution. Let us factorize the left-hand side of the equation. We 

have: x2 (x +  2) +  3 (x +  2) =  0, and further: (x +  2) (x2 +  3) =
0.

The last equation is equivalent to the collection of equations

x +  2 =  0: x2 +  3 =  0.

Solving this collection, we get: xL =  —2, x 2t3 = ± i  |/^3* These 
are just roots of the given equation.

Example 2. Solve the equation x4 +  x3 +  3x2 +  2x +  5 =  0.
Solution. The attempts to group some terms in the left-hand side 

of the equation, as it was done in Example 1, turn out to be unsuccess­
ful. Therefore let us try to represent some term of the equation in the 
form of the sum of several terms so that the grouping enabling us 
to get a “successful” factorization becomes feasible. Let us set 3x2 =  
x2 ~f* 2x2.

Then, we get: (x4 +  x3 +  x2) -f (2x2 +  2x +  2) =  0, and further: 
x2 (x2 +  x +  1) +  2 (x2 +  z  +  1) =  0, (x2 +  x +  1) (x2 +  2) =  0.

It remains to solve the collection of equations: x2 +  x +  1 =  0;
x2 +  2 =  0.

From this collection we find: ocU2= ---- L -f- L.V 3 1 xZA =

-t- i 2.
Example 3. Solve the equation x? +  4.r2 — 24 =  0.
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Solution. Let us try to find the integral root of the equation. To 
this end, we write out the divisors of the constant term:

ct =  +  1 ; + 2 : -4-3; -4-4: -4-6; +12; +24.

We now begin our trials. Substituting the value a  =  1 for x into 
the equation, we get: l 3 +  4 X l 2 — 24 =+ 0. Thus, x =  1 is not 
a root of the equation. We continue our trial for a =  —1 +  ( - 1 ) 3 +  
4 X ( - 1 ) 2 — 24 =+ 0, and then for a  =  2 +  23 +  4 X 22 — 24 =  
0. Thus, xx =  2 is a root of the equation.

Since the given equation is of the third degree, it has two more 
roots. Let us use that the polynomial x3 +  4x2 — 24 is divisible by 
x  — 2 (without a remainder), the quotient being x2 +  6x +  12.

Thus, x3 +  4x2 — 24 =  (x — 2) (x2 +  6x +  12), and, hence, the 
original equation takes the form:

(x — 2) (x2 +  6x +  12) =  0.
This equation is equivalent to the collection of equations (one 

of which is already solved): x — 2 =  0; x2 +  6x +  12 =  0. We 
find from the second equation of the collection: x2t3 =  —3 +  i ] /3 .

Thus, the given equation has the following roots: xl =  2, x 2 =  
—3 +  i y"3, x3 =  —3 — i V 3.

Remark. The equation x3 +  Ax2 — 24 =  0 can be solved by the 
factorization method. Representing 4^2 as the sum —2x2 +  6^2, 
we get in succession:

x3 — 2x2 +  6x2 — 24 =  0, 
x2 (x — 2) +  6 (x — 2) (x +  2) =  0, and so on.

Example 4. Solve the equation x6 — 9x3 +  8 =  0.
Solution. Let us apply the method of introducing a new variable. 

We set y =  x3. Then the given equation takes the form: y2 — 9y +  
8 =  0, whence we find: yt =  1, y 2 =  8. Now the problem is reduced 
to solving the collection of equations: x3 =  1; x3 =  8.

Let us solve the first equation. We have: x3 — 1 = 0 ,  and further:

(x— 1) (x2 +  a :+ l) -= 0 , whence ar, =  l ,  ar2,3= ----
Similarly, from the second equation of the collection we find:

X4 =  2, £5,6 =  — 1 ±  i y  3.
Example 5. Solve the equation

(x2 +  x +  4)2 +  8x (x2 +  x +  4) +  15x2 =  0.
Solution. We set y =  x2 +  x +  4. Then the given equation takes 

the form:
y2 +  8 xy +  15x2 =  0.
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Let us solve this equation regarding it as quadratic with respect 
to y:

y it 2=  — 4 x ± V  16a:2 — 15a;2.

Thus, yt =  —3a;, y 2 =  —5a;. And so, the problem is reduced to 
solving the following collection of equations:

x2 +  x +  4 =  —3a;; x2 +  x +  4 =  —5a;.

From this collection we find: *1,2 =  —2, ar3.4 =  —3 ±  ]/5 . 
Example 6. Solve the equation 21a;3 +  x2 — 5a; — 1 =  0. 
Solution. Equations whose left-hand side represents a polynomial 

with integer coefficients and the constant term equal to 1 or —1 
are readily transformed to reduced equations with the aid of term- 
wise division by x in senior power (it is easy to see that such division 
does not lead to a loss of roots since x =  0 is not a root of the equation 
whose constant term is different from zero) and subsequent replace-I
ment of — by y. In our example we get:

2 1 + -?------ —--- V =  0.
X  X 2 X 6

Setting — = y, we come to the equation 21 + y — 5y2 — y3 = 0,
and, further, to y3 +  5y2 — y — 21 =  0. Finding by the trial 
method, as in Example 3, the integer root of the equation yx =  —3 
and dividing the polynomial y3 +  5y2 — y — 21 by y +  3, we get
the quadratic trinomial y2-\-2y — l  with the roots y2,3=  — 1 ±  2 ] /2 . 

Since x =  --- , we have: x i = ---- , x2t3 = #

Example 7. Solve the equation 4a;3 — 10a;2 +  14a; — 5 =  0. 
Solution. Here, we apply another method of transforming a non- 

reduced equation to a reduced one (the purpose of the transformation 
is clear: only integers serve as rational roots of a reduced equation, 
and we do have a method of finding integer roots). Let us multiply 
both sides of the given equation by a number such that the coefficient 
of x3 becomes the cube of some whole number. In our case, the number 
2 may serve as such a multiplier:

8a;3 — 20a:2 +  28a; — 10 =  0.

We now set y =  2a;, then the equation takes the form:

y3 — by2 +  14 y — 10 =  0.
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The same as in the previous examples, we find the roots of the 
reduced equation: y 4 =  1, y 2 ,3 =  2 ±  i ] /6 . Since x =  - | - ,  the roots

of the original equation are: =  j;2>3 = .
Example 8 . Solve the equation

3*4 _  2x3 +  Ax2 -  Ax +  12 =  0. (5)

Solution. The equation has an interesting peculiarity: the ratio of 
its first coefficient to the constant term is equal to the square of the 
ratio of the second coefficient to the last but one. Such equations 
are called reciprocal. This example will illustrate the method of 
solving a reciprocal equation of the fourth degree.

Dividing both sides of the equation by x2 (this does not lead to 
a loss of a root since the value x =  0 is not a root of the given equa­
tion), we get:

3x2 —2x +  4 — ^- +  4  =  0,1 X  1 X 2 ’
and further

3 '(* 2 +  - r ) - 2 ( * + - f ) + 4 =  0 ' <«>
2 / 2 \ 2 4Setting x-\ -=  y , we get: ( x -)------------) =  z/2, and therefore x2 -j— ^ —
X  \  X  J X

y2 — A. Replacing in Equation (6) £ +  by y, and x2jr by
y2 — A, we get: 3 (i/2 — 4) — 2y +  A = 0, whence we find: y i =  2, 

4
2/2- — — •

The problem is thus reduced to solving the following collection of 
equations:

x +  —  =  2; x +  —  =■• —1 X  X

From this collection we find: x lt2 = l d z  i, 

which are the roots of Equation (5).

4_
3 *

3̂,4 —
2_
3

i Y 14 
3 ’

Example 9. Solve the equation x2+  ( -̂43)2 = 27 .
Solution. The left-hand side of the equation represents the sum 

of two squares. This suggests that we should add to both sides of 
the equation a function such that the left-hand side turns into a
perfect square of a sum. Thus, adding — 2x j -̂ , we get:

3* \2
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and further

Let us now set y =  — 7— 5 .  Then the equation takes the form:
X  —p o

y2 +  Qy — 27 =  0, whence yx =  —9, y 2 =  3.
The problem has been reduced to solving the collection of equations

ar +  3 - 9 ;
x  -j~ 3 =  3.

From the first equation we find xlt2 =  — =h - , from the

second: x 3i4 =  y  ±  All the found values satisfy the con­
dition x +  3 =̂= 0, and therefore they are the roots of the original 
equation.

EXERCISES
In Problems 331 through 348, solve the indicated equations by factoring

331.
333.
335.
337.
339.
340.
341.
342.
343.

332. a:6 — 64 =  0. 
334. a;6 +  1 =  0.

a:4 -  1 =  0. 
a;4 +  16 =  0.
x3 +  x  — 2 =  0. 336. a;3 — 4a;2 +  x +  6 =  0.
*3 +  9 x 2 +  2 3 x  +  15 =  0. 338. (x  — l)3 +  ( 2 x  +  3)3 =  27a;3 +  8.
2 x 4 — 21a;3 +  74a;2 — 105a; +  50 =  0. 
x4 +  5a;3 +  4a;2 — 24a; — 24 =  0.

— 4a;4 +  4a;3 — x 2 +  4a: — 4 =  0.
xs +  4x4 ___ 6 x 3 __ 24a;2 — 2 7 x  — 108 =  0.
(x  +  1) ( x2 +  2) +  ( x  +  2) ( x2 +  1) =  2.

3 4 4 . 3 ( x + A . )  - 7  ( l  +  — ) = 0 .  345. (3 + * )(2 + * )( l  +  «)_
(3 — x) (2 — x) (1 — x)

— 35.

x  — 2 . x  -f- 2 x  — 4 ■ x  —f- 4 28
x ^ l ' “f" x +  i  =  a ^ 3 z  +  3 ~  15 • 
2a;4 — a;3 +  5a;2 — x  -f- 3 =  0.

346.
347.
348. 2a;4 — 4a;3 +  13a;2 — 6a; +  15 =  0.

In Problems 349 through 362, solve the given equations by introducing an 
auxiliary variable:

349,
351

352.

354.

x s — 15a;4 — 16 =  0. 350. ( x2 — 5a; +  7)2 — (x  — 2) (x  — 3) =  1.
(x2 — 2a; — 5)2 — 2 ( x2 — 2 x  — 3) — 4 =  0.
a;2 +  l

x

X 2 — X
x 2-\-1 =  2.9. 353.

r2_ x  -j- 2
r2_ a;-|-l

356. x3 — x2-

x 2 — x —2 
8

=  1. 355.

1 +  a: +  a:2 
1

=  3 — x  — x 2. 

, 2
r2 — 3a; -f- 3 ' x 2 — 3a; +  4 x 2 — 3a; +  5 *

r3 — r 2
=  2 .

357. x  (x  — 1) (x — 2) (x  — 3) =  15.
358. (x  —  1) x ( x  +  1) (x  +  2) =  24.
359. (x  +  1) (x  +  2) (x  +  3) (x  +  4) =  3.
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360. (8* +  7)2 (4x +  3)(x +  1) =  4.5.
361. (x — 4.5)4 +  (x — 5.5)4 =  1. 362. (x +  3)4 +  (x +  5)4 =  10. 

In Problems 363 through 383, solve the given equations:

363. 10x3 — 3x2 — 2x 1 =  0. 364. 4x3 — 3x — 1 =  0.
365. 38x3 +  7x2 — 8x — 1 =  0. 366. 4x3 +  6x2 +  4x +  1 =  0.
367. 16x3 — 28x2 +  4x +  3 =  0. 368. 100x3 — 120x2 +  47x — 6 =  0.
369. Ox3 — 13x2 +  9x — 2 =  0. 370. 4x3 +  6x2 +  5x +  69 =  0.
371. 3x3 — 2x2 +  x — 10 =  0. 372. 32x3 — 24x2 — 12x — 77 =  0.
373. 4x3 +  2x2 — 8x +  3 =  0.

374. 2 ( x H - ) - 7 ( I + i - ) + 9  =  0. 375. 4x2 +  1 2 x + ^  +  ±  =  47.

376. x2+ x + x - i  +  x-2 =  4. 377. -^- +  ̂ -  =  5 +  .

378.
380.

382.

<r4— 2x3— x2 — 2x-\-i =  {). 379. +  +  +  +  =
x* +  2x3 — lx2 — 4* +  4 =  0. 381. 16^4 +  8r3 —7x2 +  2x +  l = 0 .

.z4 — 8z +  63 =  0. 383. x2 — 6x — 9_x2 — 4.r — 9
x x2 — 6.r — 9

SEC. 9. EQUATIONS CONTAINING MODULUS 
OF THE VARIABLE

When solving equations containing modulus of the variable, the 
following methods are applied most frequently: (1) using the definition 
of the modulus; (2) squaring both sides of an equation; (3) subdivid­
ing into intervals.

Example 1. Solve the equation
| 2x -  3 | =  5. (1)

!/(*)! =

Solution. First Method. Since, by hypothesis,
f(x) if / ( * ) >  0,

—/(*) if / ( * ) <  0,
Equation (1) is equivalent to the collection of two mixed systems: 

|  2x — 3 ^ 0   ̂ f 2x — 3 <  0 
l2;r —3 - 5  ’ i — (2x—3) =  5.

From the first system of this collection we find xx — 4, and from 
the second x 2 =  —1.

Second Method. Since both sides of Equation (1) are nonnegative, 
the equation is equivalent to the following: \2x  — 3 |2 =  25. But 
I /  (x) I2 =  (/ (x))2- Therefore Equation (1) is equivalent to the 
equation (2x — 3)2 =  25, whence we get: xx — 4, x 2 =  —1.

Example 2. Solve the equation
| 2x — 3 | — x +  1. (2)
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Solution. This equation, like the preceding one, can be solved 
by two methods. When solving by the first method, we get the col­
lection of mixed systems (equivalent to Equation (2)):

j 2x — 3 ^ 0  J 2x — 3 <C 0
I 2z — 3 =  x +  l ’ I — (2x — 3) =  x +  1,

2
whence we find: xx =  4, x 2 =  -j.

When solving by the second method, it should be borne in mind 
that the expression x +  1 on the right-hand side of Equation (2) 
must be, by the sense of the equation, nonnegative: # +  1 ^ 0 .  
On this condition, squaring both sides of the equation results in 
an equation equivalent to the original one. Hence, Equation (2) 
is equivalent to the mixed system

|  z + l > 0
( (2x — 3)2= (x~\-1)2.

2
Solving this system, we get: xx =  4, x 2 =

Example 3. Solve the equation

| 2x -  3 | =  | x +  7 |. (3)

Solution. It is easy to get convinced that squaring as the method 
of solution (the second method) is the most advisable here. Indeed, 
when solving by this method, we get one equation equivalent to
Equation (3): (2x — 3)2 =  (x +  7)2, whence xx =  10, x 2 =  — •

Example 4. Solve the equation
| 3 — x | — | x +  2 | =  5. (4)

Solution. In this case, the method of subdividing into intervals 
(the third method) is preferable.

We mark on the number line the value of x for which 3 — x =  0 
and the value of x for which x +  2 =  0. The number line is thereby 
subdivided into three intervals: (—oo, —2), [—2, 3], (3, oo). We 
then solve Equation (4) on each of these intervals, that is, solve the 
collection of mixed systems equivalent to Equation (4):

| —oo <  x <  —2 |  —2 ^  x ^  3
I 3 — £ +  £ +  2 =  5 ’ | 3 — x — x — 2 =  5 ’

f 3 <  x <  oo 
I —3 -\- x — x — 2 =  5,
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or
x <  —2 |  —2 ^  x ^  3 [ x >  3
5 =  5 5 U  =  - 2  ’ 1 - 5  =  5.

The solution of the first system of this collection is the ray 
(—oo, —2), from the second system we find that x =  —2, while the 
third system has no solution. Combining the solutions of these 
three systems, we get the solution of Equation (4): (—oo, — 2].

Example 5. Solve the equation
| x  — 2 | +  | # — 1 | — £ — 3. (5)

Solution. Equation (5) is very much akin to the equation solved 
in the preceding example, that is, it may seem at first glance that 
the most suitable way of solution is applying the method of sub­
dividing into intervals. But from Equation (5) it is clear that x — 3 >  
0, that is, x >  3, and then also x — 2 >  0 and x — 1 >  0. Thus, 
Equation (5) is equivalent to the mixed system

{

{

x  — 2 +  x — 1 =  x — 3, 
x >  3 which is equivalent To the system

x — 0, 
x >  3 having no solution. Thus the equation has no roots.

EXERCISES
In Problems 384 through 417, solve the indicated equations:

384.

386.
388.
390.
392.
394.
396.
398.
400.
402.
404.
406.
407.
408.
409.
410. 
412.
414.
415.

i  | +  x3 =  0.
4 x - 8

| x — 2 
7 — 4x =

— x.

385.

387
4 x — 7

— 3x +  3 | =  2.

(x +  1) (| x | -  1) =  -0 .5 .  
7x +  4 _ | 3x —5 |

5
389.

391. I
+  x — 1 I =  2z — 1. 393.

3x — 5 | =  5 — 3x. 
2x — x2 +  3 | =  2.r2

2 | x2 +  2x — 5 | =  x 395. x2 +  3
3 | =  —x — 1. 

x | +  2 =  0.
+  3 =  0.(x +  l)2 — 2 | a; +  1 I +  1 =  0. 397. x2 +  2x — 3 | * +  1

| x J -f- { x +  1 | =  1* 399. | x -{- 1 | T" I % “b 2 | =  2.
\ X  —  i  \ —  \ X  —  2 | =  1. 401. \ X  —  2 |  +  | 4  — *1 =  3.
I ar — 1 I +  \ x — 2 | =  1. 403. | x - 2 |  +  | x  — 3 |  +  |2x  — 8 |  =  9.
|2 x  +  l |  — | 3 — s |  =  l *  — 4 |. 405. \ x — i \  +  \ i — 2x\  =  2 \ x \ .
\ x \ — 2 \ x  +  i \  +  3 \  x +  2 \  =  0.
I x +  1 \ — \ x \ +  3 \ x — 1 | — 2 \ x — 2 \  =  \ x +  2 \ .
\ x \ - 2 \ x  +  i \  +  S\  x +  2 \  =  0.
\ x \ +  2 \ x +  1 \ — 3 \ x  — 3 | =  0.
\ x 2 — 9 |  +  | x  — 2 | =  5. 411. \ x 2 - i \ + x  +  i  =  0 .
| x2 — 4 | — | 9 — x2 | =  5. 413. | x2 — 9 | +
j x — x2 — 1 | =  | 2x — 3 — x2 |.
| x2 +  2x | — | 2 — x | =  | x2 — x\.

| x2 —4x |+ 3

-7*2 — 4| = 5 .

416. ||3 — 2x I— 11 = 2  | x |. 417. x2+ |  x — 5 | 1.
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SEC. 10. SYSTEM OF RATIONAL EQUATIONS

1. Basic Concepts. Several equations in two variables x, y form 
a system if the problem is posed to find all such pairs (,x , y) which 
satisfy each of the given equations. Each pair is called a solution 
of the system. To solve a system of equations means to find all 
of its solutions. The set of solutions of a system may be, in partic­
ular, empty. In such a case, we say that the system has no solution 
or that the equations are incompatible.

Several systems of equations in two variables x, y form a collection 
of systems if the problem is posed to find all such pairs (x, y) each 
of which satisfies at least one of the given systems. Each of the pairs 
is called a solution of the collection of systems.

The process of solving a system of equations consists, as a rule, 
in a subsequent passage, with the aid of certain transformations, 
from one system to another, more “convenient”; then to a still more 
“convenient” system, and so forth. If as a result of some transfor­
mations of the system

fi {x, y) = gi (x, y).
fz (x, y) =  g2 (x, y)

'/n  (x, y) =  gn (x, y)
we passed to the system

f'l (x, y) =  g't (x, y)
ft (x > y) = g'z (*. y) (2)

fn (x, y) = g'n (*, y)
and if each solution of System (1) is at the same time a solution of 
System (2), then (2) is called a consequence of System (1) (or a derived 
system). A consequence may sometimes consist of only one equation. 
For instance, the equation 3x — 2y =  3 is a consequence of the 
system

l2x +  y = 5 
[x — 3y =  —2

(as the sum of the equations entering this system). In general, a 
derived system of equations may contain either less or more equations 
than the original system. Thus, the system

(2x +  y = 5 
l x  — 3 y =  —2 
13a; — 2y =  3
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is derived from the system

(2x +  y =  5 
[x — 3y =  —2

which, in turn, is derived from the system

l2x +  y = 5
l x  — 3 y =  —2
\3x  — 2y =  3.

Two systems of equations are called equivalent if the sets of their 
solutions coincide. It is clear that two systems are equivalent if 
and only if the systems can be derived from each other. Hence, in 
particular, it follows that the addition of one more equation to a 
system of equations yields a new system, equivalent to the original, 
provided that this equation is derived from the given system. And 
if one of the equations of a system is omitted, then the remaining 
equation (or a system of equations) is a consequence of the original 
system, or a derived system. If it is not stipulated on what set a 
system of rational equations is required to be solved, then the system 
is supposed to be solved on the set of complex numbers.

Let us formulate two theorems used for solving systems of equa­
tions.

Theorem 1. I f  the equation f x (x, y) =  gx (x, y) is equivalent to
(derived from) the equation f[ (x, y) = g[ (x, y), and the equation
f 2 (Xy y) = g2 (x, y) is equivalent to (derived from) the equation 
f'2 fa* y) — £2 (#» y)j then the systems

(A (*, y) = gi (*, y) and j / i  (*, y) =  g[ (*, y)
I/2 (*» y) =  gz (x, y) 1 f't (x, y) =  g’% (x, y)

are equivalent (the second system is derived from the first).
Theorem 2. I f  the equation f  (x , y) =  g (x, y) is derived from the 

equations f x (x, y) = gx (xy y) a n d f2 (x, y) = g2 (x , y), then the system

| / i  (X, y) =  gi (x, y) or [fz (x, y) =  g2 (x, y)
1/ (*. y) = g {x, y) I /  (*, y) =  g (x, y)

is a consequence of the system

j/i (x, y) =  gi (x, y) 
l/z (x, y) =  gz (x, y). (3)
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while the system
h  (*. y) =  gi (*. y)
fz (x, y) =  g2 (x, y) 
■ f ( x , v ) = g  (X, y)

is equivalent to System (3).
In particular, the following systems are consequences of System

(3):
I /1 (x, y) =  g i  ( X ,  y)
\ f i  (x, y) ±  f2 (x, y) =  gi (x, y) ±  g2 (x, y), 

I fi (x, y) =  gi (x, y)
1 fi (x, y) fi  (x, y) =  gi (X, y) g2 (x, y),

I fi (x, y) =  gi (x, y) 
t (fi(x, y))2 =  (gi(x,  y))2.

(4)

(5)

(6)

If there are no such pairs (x, y) for which both f 2 (x , y) and g2 (x, y)
1 1vanish simultaneously, then the equation ^  ̂   ̂ ^  ^  is

equivalent to the equation / 2 (x , i/) =  g2 {x, y). Then the following 
system is equivalent to System (3):

{fi (x, y) = gi (X, y)
l _  l

U (x, y)— g2 (*. y) ’
the following system being, in turn, a consequence of this system 

\ h  (x, y) = gt (x, y)
i lI fi (x, y) /a  ( i -  y) ■gifx, y) g2 (x, y) *

Thus, we come to the following conclusion: if there are no such 
pairs (x, y) for which both f 2 (x, y) and g2 (x, y) vanish simultaneously, 
then the system

(fi (x, y) =  gi (x, y)
h  (x, y ) _ g i  (*, y) ( 7 )
h  (*, y) gi (x, y)

is a consequence of System (3).
If in the process of solving a system we transformed it into a 

consequence of the original system, then the found solutions of 
the new system must be undoubtedly checked (say, by substituting
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the found values of the variables into the original system). The 
following statements will be useful for future considerations:

1. System (4) is equivalent to System (3).
2. If there are no such pairs (x, y) for which both sides of the

equation (x, y) =  g1 (,x , y) vanish simultaneously, then System
(5) is equivalent to System (3).

3. System (6) is equivalent to System (3) over the field of real
numbers if for any x , y from the domain of definition of System (3) 
the inequality f 2 (x, y) g2 (x, y) ^  0 is fulfilled.

4. If there are no such pairs (x, y) for which both sides of the
second equation of System (3) vanish simultaneously, then System 
(7) is equivalent to System (3).

Let us note one more result of Theorems 1 and 2.
Theorem 3. I f  the collection of equations

is equivalent to the equation f 2 (,x , y) =  g2 (x , y) or is its consequence, 
then the collection of systems

j / i  (*, v) =  gi (x, y) 
t / 2 1  (x, y) =  g21 (x, y) 
J/i (x, y) =  gl (x, y) 
I /22 (*. y) =  £22 (x, y)

{ fi (x, y) = gi (x, y) 
f  2 h (x, y) = gzk (x, y)

is equivalent to System (3) (or is its consequence). 
In particular, derived from the system

J/i (*. y) =  gi (*. y)
t / 2 1  (* »  y)*fz 2 (x , y ) - .  . .-fzh (x ,  y )  =  0  

is the collection of systems

h  (*» y) =  gi (x* y). (A (x> y) =  gi (*. y),
h i  (X, y) =  0 ’ I / 2 2  (X, y) =  0

' / 2 1  (X, y) = gzi (x, y) 
h% (x, y) =  g2 2 (x, y)

W2 k (x, y) = gzk (x, y)

h  (x, y) =  gi (x, y) 
f 2h (x, y) =  0.

5-0840
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Example 1. Solve the system

f xv e = -j-

xy +  24 =  -
(8)

on the set of real numbers.
Solution. Multiplying together the equations of System (8), we 

get the system:
ij3

x y - G  =  —

(xy +  24) (xy — 6) =  — ,

which is a consequence of the original system. The second equation 
of System (9) is reduced by rather simple transformations to the 
equation xy =  8, which is a consequence of the second equation of 
System (9). Then, by virtue of Theorem 1, the system

(10)

will be a consequence of System (9), Subtracting the first equation 
of System (10) from the second, we get:

(xy  = 8
Tl3

6 =  8 — — ,

and further
xy =  8

(11)

By virtue of Theorem 2, System (11) is a consequence of System (10) 
Multiplying together the equations of System (11), we get the 

system
xy = 8 
y* = 16,

(12)

which is a consequence of System (11). From the second equation of 
System (12) we find: yx =  2, y 2 =  —2 (here we confine ourselves to 
real roots), and from the first equation: xx =  4, x 2 =  —4.

Thus, System (12) has the solutions: (4, 2) and (—4, —2).
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Check. Since System (12) is in the long run a consequence of System 
(8), the found solutions of the system must undergo a check which 
may be carried out by substituting the found solutions of System 
(12) into System (8). This check shows that both solutions of System 
(12) are at the same time solutions of System (8). Thus, the solutions 
of System (8) are: (4, 2), (—4, —2).

Example 2. Solve the system (xy  +  xz =  —4
< yz +  yx =  — 1 
' zx +  zy =  —9.

Solution. Adding together all the three equations, we get: xy +  
xz +  yz =  —7. Joining this equation to the equations of the given 
system, we get a system equivalent to the given (by Theorem 2):

xy +  xz +  yz =  — 7
xy +  xz =  —4
yz +  yx =  —1
zx +  zy =  —9.

We replace the second equation of this system by the difference 
of the first and second equations, the third one by the difference of 
the first and third equations, and the fourth one by the difference 
of the first and fourth equations. Besides, we omit the first equation 
and finally get the system:

yz =  —3 
xz =  —6
xy =  2,

which is equivalent to the given system, by virtue~of Theorem 2 and 
Statement 1. Multiplying together all the three equations, we get: 
(xyz)2 =  36. Joining this equation to the equations of the preceding 
system, we arrive at the equivalent system:

(xyz)2 =  36 
yz =  —3 
xz =  —6 
xy = 2
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(here Theorem 2 is used once again), to which, in turn, by Theorem 3, 
the following collection of systems is equivalent:

txyz =  6 fxyz = -6
yz =  —3. 
xz =  —6 
xy =  2

yz = —3 
xz =  —6 
xy =  2.

Let us solve the first system of this collection. Dividing the first 
equation of this system, in succession, by the second, third, and 
fourth, we get: x =  —2, y =  —1, z =  3.

Similarly, from the second system we find: x =  2, y =  1, z = —3. 
Thus, the collection of systems, and thereby the original system 
(which is equivalent to this collection), have the solutions: 
( - 2 ,  - 1 ,  3), (2, 1, —3).

2. Basic Methods of Solving Systems. Let us dwell on three basic 
methods of solving systems of equations: (1) linear transformation 
of a system (or algebraic addition); (2) substitution; (3) change of 
variables.

The method of a linear transformation of a system is based on the 
following theorem.

Theorem 4. I f  A f 1 ?2 0, then the systems
°2 I

fi (x, y) =  0 |  axfx (x, y) +  a2f 2 (x, y) =  0
f i  (x, y) =  0 UiA (x, y) +  62/2 (x, y) =  0

are equivalent.
In particular, if a1 =  1, a2 =  0, bx =  1, b2 =  ± 1 , then we get 

the system
f/i (x, y) =  0 
l/i (*, y) ±  h  (x, y) =  0, 

which is equivalent to the original system (by Statement 1).
This theorem is extended to the case when the number of equations 

is greater than two. Say, for three equations in three variables the 
following theorem holds.

Theorem 4'. I f  A =
a1 a2 a$ 
bi h  b3
c1 C2 C3

{/, (x, y, z) =  0 
h  (*, y, z) =  0 and 
fs (x, y, z) =  0 

a re equivalent.

=7̂=0 , then the systems

f aifi +  +  ^3/3 =  0
, bJi +  b2f2 +  b3f 3 == 0 
<cifi +  c2f2 +  c3f3 = 0
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The substitution method is based on the following theorem. 
Theorem 5. The systems of equations

ix  = F (y) ix  = F{y)
I 1(x, y) = g(x,  y) an \ f ( F ( y ) , y )  = g(F{y),  y)

are equivalent.
Thus, the following systems are equivalent:

\x = 2y— 5 
[x2-\- y2 — 2x-j-y and

x = 2y — 5
( 2 y - 5 ) 2 +  y2 = 2(2y~-5) +  y.

Corollary. I f  the equation cp (x, y) =  0 is equivalent to the equation 
x  =  F (y) (or y =  F (x)), then the system

j<p(x, y) = 0
1 /(* , y) =  g(x,  y)

\x = F (y)
is equivalent to the system y) =  g (F (y), y) °r

y = F(x)
f ix,  F(x))=g(x,  F(x)).

For instance, the system of equations
(y2 +  x = 2  (x—-5)

x + j = x2 +y*
is equivalent to the system

f x =  y2 ”-|— 10
y . y 2 + 10

h /2 +  10 y
(1/2+ 10)2+1/2.

For a system of three equations in three variables the corresponding 
theorem is formulated as follows:

Theorem 5 '. The system of equations

[A (*, y . z) =  gi (*> y> z)
fz (x, y, z) =  gz (x , y, z)

U =  F (x, y) 
is equivalent to the following:

ffi (x, y, F (x, y)) =  gi (*> y. F (x, y))
fz (x, y , F (x, y)) =  gz (x, y, F (x, y))

lz =  F (x, i/).
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The method of change of variables consists in the following. I f  
Fi (x, y) =  fi I<Pi (x, y), <p2 (x , y)] and

F2 (x, y) =  / 2 [<Pi (X, y), q>2 (x , y)],
then the system

p i  {x, y) =  o
1^2 (x , y) =  0,

with the aid of new variables (x, y) =  u, <p2 (x, y) =  v, can be
written in the form I ^  ^U'

I fi (u, v) =  0.
Let (ult v2), (u2, v2), . . (un, vn) be solutions of the last system. 

Then the problem is reduced to solving the collection of systems:

=  f <Pi (*,*/) =  2̂ b # r /)= u n
<P2 (*>*/)= *>1 ’ \q>2 (x*y) = V2 ’ W 2 (x i y) = Vn-

The solutions of this collection are simultaneously solutions of 
the system:

[Fi (*, y) =  0
IF2 (xy y) =  0.

Consider several examples illustrating the application of these 
methods to solving systems of equations.

(x2 =  13x +  4 y
Example 3. Solve the system |^ 2__ 4^ ^

Solution. Subtract the second equation from the first. Then, by 
Theorem 4, the system

ix 2 — y2 = (13:r +  4y) — (4z +  13y)
\y* = 4 x + l3 y

is equivalent to the original one. Consider the first equation of the 
obtained system. We have: (x — y) (x +  y) =  9 (rc — y), and fur­
ther (x — y) (x +  y — 9) =  0.

Finally, we arrive at the system which is equivalent to the original 
one (by Theorem 1):

r (x — y) (x +  y — 9) =  0 
\y 2 =  4x +  13y.

By Theorem 3, this system is equivalent to the collection of 
systems:

ix  — y =  0 p  +  y — 9 =  0
|z/2 =  4* +  13y’* ly 2 =  4* +  13y.
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We solve each of these systems by the substitution method. The 
first system is transformed as follows:

ix  = y
\y 2 =  Ay +  13 y,

whence we find:

\xi =  0 r x 2 =  17
\y i  =  0 I y 2 =  17.

The second system of the collection is transformed as follows:
( x =  9 — y
\y 2 =  4 (9 — y) +  13y.

From the equation y2 =  4 (9 — y) +  13y we find: y 3 =  12, y4 =  
—3, and, further, from the relationship x =  9 — y we get: x 3 =  
—3, x 4 =  12.

As a result, we have found the four solutions: (0, 0), (17, 17), 
( - 3 ,  12), (12, - 3 ) .

Check. Since in the process of solving the given system only equiv­
alent transformations were carried out, the found solutions are just 
solutions of the given system.

Example 4. Solve the system of equations

(x +  y +  z =  2
a 2,x -J- 3y -f- z =  1
L 2 +  (y +  2)2 +  (z -  l)2 =  9.

Solution. Let us apply the substitution method. We have:
(x  =  2 — y — z
<2 (2 — i/ — z) +  3y +  z =  I
1(2 -  y -  z)2 +  (y +  2)2 +  (z -  l)2 =  9,

and further
{ x  =  2 — y — z 

y — z =  — 3 
y2 +  z2 +  yz — 3z =  0.

The last two equations of the obtained system, in turn, form a 
system of two equations in two variables. Let us solve this system 
using the substitution method. We have:

iy =  z — 3
l(z — 3)2 +  z2 +  (z — 3) z — 3z — 0,
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that is,
i y  =  Z —  3

U 2 _  4z +  3 =  0.

From the last equation we find: zx =  1, z2 =  3. From the equation 
y = z — 3 we get: z/x =  —2, z/2 =  0, and from the equation x =  
2 — y — z we find: ^  =  3, — —1.

Thus, we have obtained the following solutions: (3, —2, 1), 
( - 1 ,  0, 3).

f xy +  z2 =  2
Example 5. Solve the system of equations <yz-{-x2 = 2

U* +  */2 =  2.
Solution. Let us replace the first equation by the difference of the 

first and second equations, the second one by the difference of the 
second and third equations, leaving the third one unchanged. Then 
we get the system:

{ xy — yz +  z2 — x2 =  0 
yz — xz x2 — y2 =  0 
xz +  y2 =  2,

that is, the system
{ (z — x) (z +  x) — y (z — x) =  0 

{x — y) (x +  y) — z (x — y) =  0 
xz +  y2 =  2,

which is equivalent to the given system (by Theorem 4). We further 
have:

! (z — x) (z +  X  — y) =  0 
(x — y) (x +  y — z) =  0 
xz y2 =  2.

By Theorem 3, the following collection of systems is equivalent 
to this system:

! z — x = 0 (z — x = 0 cz + x — y =  0 (z +  x — y = 0
x — y =  0 ; | a ; + i / - z  =  0; <z — y = 0 ; +  —z =  0

£z +  z/2 = 2  [x z + i/2 =  2 [.xz~\-y2 — 2 [a;z+ i/2 =  2.

We are going to solve the systems of this collection using the 
substitution method. From the first system we find: (1, 1, 1),
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(—1, —1, —1); from the second: ( ] /2, 0, ]/2 ), (—1/2, 0, — 1^2); 
from the third: 0^2, Y 2, 0), (—]^2, ~ Y 2, 0); from the fourth:
(0, V 2 ,  1/ 2), (0, - 1/ 2, - 1/ 2).

Check. In the process of solving all transformations are equivalent 
therefore all the found solutions are just solutions of the given 
system of equations.

3. Homogeneous Systems. A system of two equations in two 
variables of the form

is called homogeneous (the left-hand sides of both equations are 
homogeneous polynomials of degree n in two variables). Homogene­
ous systems are solved using the combination of two methods: 
linear transformation and introduction of new variables.

Example 6. Find real solutions of the system

Solution. The first equation of the system is homogeneous (we call 
so equations of the form /  (x, y) =  0, where /  (x , y) is a homogeneous 
polynomial). Note that if we set y =  0, then from the equation 
3x2 +  xy — 2y2 =  0 we find: x =  0. But the pair (0, 0) does not 
satisfy the second equation of the system, therefore y =̂= 0, andr 
consequently, both sides of the homogeneous equation 3x2 +  xy — 
2y2 =  0 may be divided by y2 (this does not lead to a loss of roots)

Now the problem is reduced to solving the collection of systems 
of equations

The first of these systems is incompatible, and the second has two- 
solutions: (2, 3), (—2, —3). These are just solutions of the given 
system.

a0xn +  a ^ x ^ y  +  a2xn~2y2 +  . . . +  an^ x y n 1 +  anyn =  c 
b0xn +  b jp - 'y  +  b2xn~2y2 +  . . . +  K -iW 71'* +  K y n = d

3x2 -\-xy — 2 y2 =  0 
2x2 — 3xy +  y2 =  — 1.

x =  — y
2x2 — 3xy -f y2 =  — 1

x = 2yl3
2x2 — 3xy +  y2=  — 1.
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Example 7. Solve the system
3x2 — 8 xy +  4 y2 =  0 
5x2 — Ixy  — 6 y2 =  0.

Solution. Note first of all that the pair (0, 0) satisfies this system. 
Let now y 0. Dividing by y2 both sides of each homogeneous 
second-degree equations forming the given system, we get

p  ( f ) 2- 8 ( f ) + 4 - °  

l 5  ( f ) 2 - 7

whence we find
9 #   2

’ T
9  x _ 3

’ y ~  5 *

Hence, — =  2.
y

Let us set y =  t, then x =  21. Note that for t =  0 and x =  0, 
we get y =  0. Thus, the solutions of the given system are pairs of 
the form (2£, t), where t £ R.

Example 8. Solve the system of equations
3x2 —2 xy =  160 
x2 — 3 xy — 2 y2 =  8. (13)

Solution. Let us multiply both sides of the second equation by 
20 and subtract the obtained equation from the first equation of the 
system:

3x2 — 2xy =160 
20x2 — 60xy — 40 y2 =160 

— 17x2+  58xy +  40z/2 =  0

We have obtained the system equivalent to System (13): 

j3a;2 —2 xy = 160
|l7 x 2 — 58xy — A0y2 =  0. (14)

Consider the homogeneous equation

I7x2 -  58xy -  40y2 =  0. (15)
If y =  0, then from this equation we get x =  0. But the pair 

{0, 0) does not satisfy the original system. Hence, y ^  0 and, there­
fore, dividing both sides of Equation (15) by y2, we get the equation
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which is equivalent to (15):

i 7 ( f ) 2- 5 8 ( f ) - 4° = ° -
Setting u =  we get the quadratic equation

17u2 — 58u -  40 =  0,
10whose roots are: ux =  4, uz = — yj. Hence Equation (15) is equiv-

x x 10alent to the collection of equations: — =  4; y  =  — ^  and, 
accordingly, System (14) is equivalent to the collection of systems:

—  =  4 y
3x2 — 2xy = 160

( x _  _ 10J y  “i7
\3 x 2 — 2xy =  160.

Applying the substitution method to each of these systems, we 
find the following solutions: (8, 2), ( — 8, —2), ^5, — y j

Since in the process of solving the given system we used only 
equivalent transformations, the found roots are also solutions of 
the original system.

Example 9, Find the real solutions of the system
a? +  ys =  1
x2y +  2 xy2 +  y3 =  2.

(16)

Solution. Multiplying the first equation by 2 and subtracting the 
second equation from it we have:

2r* — x2y — 2 xy2 +  y3 =  0.

We get the system:
(2x* — x2y — 2 xy2 +  y3 =  0 ^
U 3 +  y3 =  1,

which is equivalent to the given system.
Consider the equation 2#3 — x2y — 2xy2 +  y3 =  0.
As in the preceding example, we might divide both sides of the 

equation by y2. But in the present case it is simpler to factorize the 
left-hand side:

z2 (2x -  y) -  y2 (2x -  y) =  0,
and further

(2x — y) (x — y) (x +  y) =  0.
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Hence, System (17) is equivalent to the following collection:
(2x— y = 0  ̂ ix — y = 0 (X +  y =  0
1 x3 +  y3 =  l ’ 1 rc3 -j- =  1 ’ |x 3 +  i/3 =  l.

Applying the substitution method to each of these systems, we 
find the solutions of System (16):

(Vs 2 |/~3 \ [Y 4 V&\
\ 3 * 3 / ’ \ 2 ’ 2 / *

Example 10. Find the real solutions of the system of equations
x4 +  x2y2 +  y* =  91 
x2 — xy +  y2 = 7. (18)

Solution. This system is not homogeneous. To make it homoge­
neous, we square both sides of the second equation. We get the system:

x* +  x2y2 + y* =  91 
(x2 — xy +  y2)2 =  49,

which is a consequence of the original system. Further, we have: 
rx4 +  x2*/2 +  y* =  91
1 x4 +  x2y2 4- z/4 — 2x3y +  2x2y2 — 2xy3 =  49.

Replacing the second equation of this system by the difference 
of the first and second equations, we get:

x* +  x2y2 +  y* =  91 
x3y — x2y2 +  xy3 =  21. (19)

Multiplying the first equation by 3 and subtracting from it the 
second equation multiplied by 13, we get:

3x4 — 13 x3y +  16 x2*/2 — 13 xy3 +  3i/4 =  0. (20)

If y =  0, then x =  0. But the pair (0, 0) does not satisfy System 
(18). If y += 0, then the division of both sides of Equation (20) 
by y4 leads to the equation

3 ( f ) > + i 6 ( f ) 2- i 3 ( f ) + 3 - ° ’
which is equivalent to Equation (20).

Setting u =  y ,  we get the equation

3 a4 — 13a3 +  16a2 — 13a +  3 =  0.
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Dividing both sides of this equation by u2, we get:

3u2 -  13u + 1 6  -  +  4 -  =  0,1 U U* 1

and further

3 (“! + - ? ) - 1 3 (“ + v )  +  16- ° -
1 1Let us set v — u +  —, then u2 +  ^  =  i>2 — 2, and we have: 

3 (i>2 — 2) — 13i; +  16 =  0 or 3v2 — 13i> +  10 =  0, 

whence vt =  1, f 2 =  -^-.

Let us now solve the collection of equations: u-i-----=  1; u +
J _ =

u 3
The first equation of the collection has no real solutions; from the 

second equation we find: ux =  3, u2 =  y . Thus, Equation (20)
gg 37 1is equivalent to the collection of equations: y  =  3; y  =  y ,  and 

System (19) to the collection of systems:

{—  =  3 ( x = 1
y ; { v 3 (21)

a? +  x2y2 +  y* = 91 +  y4=  91.

This collection has the following solutions: (3, 1), (1, 3), (—3, —1), 
( - 1 ,  - 3 ) .

Check. In the process of solving all the transformations, except 
the first one, led to equivalent systems. Substituting the found 
solutions into System (18), we get convinced that it is satisfied by 
all the four solutions of Collection (21).

4. Symmetric Systems. Let us recall the fundamentals of sym­
metric expressions. The expression F (x, y) is said to be symmetric 
if it remains unchanged when the variables x and y are interchanged. 
Given below are examples of symmetric expressions:

F (x , y ) = x 2 +  3xy +  y \

y) = V x  +  y +  2xy +  -j- +  -^-.

The basic symmetric polynomials in two variables are: x +  y 
and xy . The rest of symmetric polynomials in two variables can be 
expressed in terms of the basic ones. Setting for brevity u = x +  y,
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v = xy, we get, for instance: 
x2 +  y2 = (x +  y)2 — 2 xy = u2 — 2v,
Xs +  y3 =  (x +  y) (x2 — xy +  y2) =  u (u2 — 3y) =  u3 — 3uv, 
x* +  y* = (x2 +  112)2 — 2x2y2 - (u2 — 2v)2 — 2v2 

=  u* — 4 u2v +  2y2, 
x5 +  y6 = (x2 +  y2) (x? +  y3) — x2y2 (x +  y)

= (u2 — 2v) (u3 — 3uv) — v2u =  u5 — 5u*v +  5uv2, 
x2 +  xy +  y2 = (x2 +  2xy +  y2) — xy =  u2 — v and so forth.

A system all equations of which are symmetric is called symmetric. 
It can be solved by the method of change of variables, by choosing 
the basic symmetric polynomials as new variables.

Example 11. Solve the system of equations
|  x2 +  xsy3 +  y3 =  17
\x  +  xy +  y =  5.

{x -4“ y — u
* Since xz +  y3 = u3 — 3uv,

xy =  v.
the given system is reduced to the following: 

lu3 — 3 uv +  v3 =  17 
\u  +  v =  5.

From this system we find:

{ ut =  3 (u 2 =  2
vx = 2* ii>2 =  3.

It now remains to solve the following collection of systems: 

ix  +  y =  3 ix  +  y =  2 
I xy =  2 ’ \xy  =  3.

The solutions of this collection and, hence, of the original system
are: (1, 2), (2, 1), (1 +  i 1^2, 1 -  i / 2 ) ,  (1 -  i V ? ,  1 +  i ]/2). 

Remark. Let us return to the system considered in Example 10:
|  a:4 +  x2y2 +  z/4 =  91
U 2 — xy +  y2 = 7.

This system is symmetric, and therefore, much like the preceding 
one, can be reduced to a simpler form by using new variables:

ix  +  y = u
(xy =  v.
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We get: 

and further

((u2 _  2 v f -  2u2) +  i;2 =  91
(u2 — 2l?) — l? =  7,

(w2 — 2v)2 — v2 =  91
u2 — 3u = 7.

From the second equation of this system we find: u2 =  3v +  7. 
With the aid of this substitution, the first equation of the system 
is transformed to (3z; +  7 — 2v)2 — v2 =  91, whence we find: 
v =  3.

From the equation u2 = 3v +  7 we find: ult2 =  ± 4 . Thus, the 
system has two solutions:

ur =  4 |  u2 =  —4
v1 =  3 ’ \v 2 =  3.

Hence, the original system is equivalent to the collection of 
systems:

\ x + y  = 4  p  +  ? /=  — 4 
la:!/ =  3 ’ U i/ =  3.

This collection yields the same solutions as were obtained in Exam­
ple 10.

EXERCISES

In Problems 418 through 452, solve the given systems of equations:
418. fxa +  j/2 +  6x+2y =  0

U + y + 8 = o .
419.

OtHII1H (2x2—3y =  23
[x2-{-y2 — Al. i.3ir2—8x =  59. '

421. ( 5x2 +  iky =  19 422 . f x2 (x+ y) =  80
I7y2+ 10x  =  17. I*2 (2x—3y) =  80.

423. fx — y =  2 424. |fx +  y +  z =  3
x-\-2 y — z =  2

1,x +  yz +  zx =  3.
425. (*2 +  3y2— xz =  § 426. f 9j:2 +  y2=  13

<2x—y + 3 z = l l \x y  =  2.
\x-\-2y — 2z =  i.

427. (x2+ y 2 — 2x+ 3y  — Q = 1C4HOOo

■xy — y2 +  x — 2y =  — 2
\2 x t -\-2y2-\-x—hy — 1 == 0. \  3xy-— 5y2Jr3 x —6 y =  —5.

429. fx-\-yz =  2 430. .r 1 431. r 1 . 1
< y + z x = 2  1\ x —y =  - j - x y \x  +  y x — y
lz + x y = 2 . \ „ , . 5 | 3 4

1x2 +  y2= — xy. x̂-\-y x —y
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432.
f 4 1 4 - 3

433. (x-\-y j x — y 5
\ x + y ' x —y <x —y ' x +  y ~  2
l(x +  j/)2 +  (x - y ) 3=  20. U 2 +  ya =  20.

434. f 0r +  y)2 +  2z =  35 — 2y 435. (12 (x +  y)a+ x = 2 .5 —y
\{x — y)2 — 2y =  3 — 2x. 16 (x — y)2+ x  =  0 .125+y.

436. ry2 (x2—3 ) + x y + l  =  0
li/2 (3x2- 6 ) + x y + 2  =  0.

437. f 3 4- 2y =  l 
I x2 +  y2- l  1 x

438. r6x2 +  xy— 2ya =  0
13x2 — xy — 2y2 =  0.

[x2 +  y2+  —  =  22.

439. f 56x2 — xy — y3 =  0 440. r4x2 —3xy —ya =  0
\  14x2+  i9xy — 3y2 =  0. \  32x2 — 36xi/ -f- 9y2 =  6.

441. f15x2 ~\-xy — 2y2 =  0 442. rx2 +  xy +  4y2 =  6
\7x2-4 x jr -3 i/2 =  —32. I3x2 +  8y2= 14.

443. fx2 —3 xy +  !/2=  —1 
\  3x2 — xy +  3y2 = 13 .

444. f5x2— 6xy +  5y2 =  29 445. fx3 +  y3 =  35
\7 x 2- 8 x y + 7 y 2 =  43. lx 2y +  xya =  30.

446. fx3— y3=  19 (x— y) 447. fx 4 — y4 =  15
lx* +  j/# =  7 (x+ y). \ x 3y — xy3 =  6.

448. f x4 +  6x2y2 +  V4 —136
tx3y +  xy3 =  30 (find only real solutions).

449. fx2 +  xy +  y2 =  19 (x — y)2 450. Jx2 +  4xy —2y2 =  5 (x-f y)
lx 2 —xy +  y2 =  7 (x — y). \5 x 2 — xy — y2 =  7 (x+y).

451. ja;a +  ya =  34 4 5 2 . fx  +  y +  x2 +  y2= 18
15; y xy =  23. \xy +  x2 +  y2 =  19.

In Problems 453 through 479, find the real solutions of the given systems 
of equations:

453.

454.

456.

458.

460.

rx3 +  y3 =  19 
l(*y +  8)(x+y) =  2.

{x2 | 455- |’*y(*+») =  20
y 1 * < 1 | 1 ^ 5

_1_ J _  1  I x ' j/ ' 4
x +  y 3 •

rx2 +  y2 =  7 + x y  457.
\ x 3+ y 3 =  Qxy — i. 
fx4 — *aya +  y4 =  601 459.
\x 2—x y +  ya =  21.

( x3y + x y 3 =  y ( x + y ) 2 

| x 4y + x y 4 =  -|-(x + y )s.

( x + y  =  5 
\x* +  y* =  97. 
f x8 +  y8 — 33 
\ x + y  =  3.

461. (x8+ j /8_31_  
s x8 -j- y3 7 
lx2-|-xy+ y2= 3 .
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462. 'x3— y'3 =  26 463. (x2 — y z  —  3
1.x 4 — y 4 =  20 (x +  y). <i/2- z x  =  5

[ z 2 —  x y =  —1.
464. rx2 +  x// +  i/2 =  7 465. 72x2 +  t/2-f-z2 =  9 +  i/z

y  2 +  y z  +  z 2 = 3 < x2 +  2 y 2 +  z2 =  6 +  zx
1[z2-[-zx + X 2-= 1. lx 2 +  y 2 +  2z2 =  3 +  x y .

466. |( x 2y  =  x  +  y  —  z 467. fx +  y +  z =  6
\ z 2x  =  x  —  y  +  z < x ( y  +  z) =  5
1Ly 2z =  y  —  x - \ - z . I*/ (x +  z) =  8.

468. |f x - y - \ - z  =  6 469. ( y  +  z =  x y z
x 2 +  y 2 +  z 2 =  14 < z +  x =  x y z

1̂x3— y3 +  z3 =  36. [ x  +  y  =  x y z .

470. y z  10 471. ( x —{— ?/ —|— z =  13 472 • f2x -f- y  -f- z =  6
x 2 +  y 2 + z 2 =  91 h x + 2 y  +  z =  7

. zx _  15 I y 2 =  x z .  l ( x -  l)3+ (y +  2)3+(z -
y 2

x y  _  6 
{ z  5 *

7

473. [ 3 x y

I *+*/

475.

=  3

=  6.

474.

4 xz 
x +  z
5 y z  

 ̂+  2
— - f — +  — =  3x 1 y 1 z
1 1 1

— + — + —  =  3x y  y z  z x  

1

— =  3 y z  ' x

^ + — + —  =  3
x  ] y  1 z

x + i/  +  z =  3.

476.
x y z 

, , 7
* +  */ +  * =  -7T
xyz =  l .

7_
2

x  y z

477. p 2 +  i/2 =  z2
< x y  +  y z  +  z x  =  47 
l(z —x) (z —  y )  =  2.

479. fx — z =  j/2
< x2 — z2 =  3i/4
U 3 +  3 y -fs  +  z =  26.

478. fx-|-i/ =  3z 
< x2 +  y2 =  5z 
tx3 +  I/3 =  9z.

SEC. 11. PROBLEMS ON SETTING UP EQUATIONS 
AND SYSTEMS OF EQUATIONS

The solution of textual problems by setting up equations is usually 
realized in four subsequent steps: (1) denoting the unknown quan­
tities of a problem by the letters x, y, zy . . .; (2) setting up a system 
of equations (or one equation) using the introduced variables and
6 - 0 8 4 0



82 Part I. Algebra

quantities known from the conditions of the problem; (3) solving 
the obtained system of equations (or one equation); (4) choosing 
the solutions according to the sense of the problem.

1. Problems on Numerical Relations. When solving such prob­
lems, we use the following facts:

1. If we add to the right an /z-digit number y to a natural number 
x y then we get the number iOnx +  y-

2. If a and b are natural numbers, where a >  b and a is not multiple 
of by then there is only one pair of natural numbers q and r such 
that a = bq +  ry where r < ib  (a dividend, b divisor, q quotient, 
r remainder).

Example 1. Find the two-digit number if it is known that its units 
digit exceeds by 2 its tens digit and that the product of the desired 
number and the sum of its digits is equal to 144.

Solution. Let x  be the tens digit, y the units digit of the desired 
number. Then the number itself has the form iOx +  y. I t follows 
from the conditions of the problem that, firstly, y — x =  2 and, 
secondly, (10a: +  y) {x +  y) =  144. Thus, we obtain the system 
of equations

\y  — x =  2
( (10.r +  y) (x +  y) =  144.

( 2 2  \—3 —1 j j J •
The second pair does not satisfy the conditions of the problem. 

Hence, the sought-for number is equal to 24.
Example 2. Find two two-digit numbers A and 5  if the following 

is known. If the number B  and then the digit 0 are annexed to the 
number A on its right, and the resulting five-digit number is divided 
by the square of the number 5 , then 39 is obtained as the quotient 
and 575 as the remainder. Let the number B  be annexed to the 
number A on its right. Further we subtract from the resulting four­
digit number another four-digit number which is obtained by annex­
ing the number B to the left of the number A. The difference is 1287.

Solution. Annexing the digit 0 to the right of the number By we 
get the number 105. Annexing this three-digit number to the number 
Ay we get 1000A +  105.

By the hypothesis, the five-digit number 1000A +  105 is the 
dividend, 5 2 the divisor, 39 the quotient, 575 the remainder, that is, 
1000A +  105 =  3952 +  575.

Further, if the two-digit number 5  is annexed to the number A 
on its right, then the number 100A +  5  is obtained. And if the two- 
digit number A is annexed to the number 5  on its right, then the 
number 1005 -f- A is obtained. By the hypothesis, (100A +  5) — 
(1005 +  A) =  1287.
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Thus, we have obtained the system of equations 
110004 +  105 =  3952 +  575 
1(100A + B) - (1 0 0 5  +  A )=  1287.

Solving this system, we find:

i41 =  48 
B t =  35 ’

A 152
2 _  39

355 
39 •

Obviously, the second pair does not satisfy the conditions of the 
problem. The sought-for numbers are 48 and 35.

2. Problems on Progressions. A sequence of numbers (an) is called 
an arithmetic progression if there is a number d such that for any 
n £ N  the equality an+1 = an +  d is fulfilled; the number d is the 
common difference, or simply the difference. The sequence (&n) in 
which bx =7̂  0 is termed a geometric progression if there is a number 
q =?£= 0 such that for any n £ N  the equality 6n+1 =  bn*q is ful­
filled; the number q is the common ratio, or simply the ratio.

The basic properties of the arithmetic progression:
(1) an =  ax +  d (n — 1).
(2) S n =  where S n = ax +  a2 +  . . . +  an.
(3) A sequence (an) is an arithmetic progression if and only if for

any n £ N  the equality an+1 =  fln is fulfilled (the characteris­
tic property of an arithmetic progression).

The basic properties of the geometric progression:

(1) bn = biq* -\
(2) S n =  -1 \  where S n =  bx +  b2 +  b3 +  . . . +  6n, 

q ^  1.
(3) A sequence (bn) is a geometric progression if and only if for any 

n the equality | bn+1 | =  Y b nbn+2 is fulfilled (the characteristic 
property of a geometric progression).

In practice, it is more convenient to use the equivalent equality
6n+1 =  M n+2 instead of the equality | bn+l | =  Y b nbn+2.

(4) I f  a geometric progression is infinitely decreasing, that is, | q | <
oo

1, then S  , where £ = 2
n= 1

Problems on numerical relations involving progressions are re­
duced, as a rule, to solving systems of equations.
6*



84 Part I. Algebra

Example 3. Find the fifth term of an infinitely decreasing geometric 
progression if its sum is known to be equal to 9, and the sum of the 
squares of all of its terms to be equal to 40.5.

Solution. By the hypothesis, S = 9, that is, =  9. Consider
the series bl +  bl +  b l+  ••• +  bn+  ••• • We know that its sum is 
equal to 40.5. Note that the terms of this series form a geo­
metric progression with the first term b\ and the ratio q2. Hence

b2
the sum of this progression is equal to 2 . As the final result,

b i

we may write the system of equations

I
this system, we get: b{ =  6, q = — .

\ — q 
b'\ —■ 40.5.

Solving

Thus , bs = b t f  = 6 =
Example 4. Three numbers form a geometric progression. If 

4 is subtracted from the third number, then the numbers form an 
arithmetic progression. And if 1 is subtracted both from the second 
and third terms of the obtained arithmetic progression, then a geo­
metric progression is obtained once again. Find these numbers.

Solution. Let x , y, z denote the sought-for numbers. Since they 
form a geometric progression (or more precisely, they are successive 
terms of a geometric progression), we may use its characteristic 
property and get: y2 =  xz. Further, since the numbers x, y, (z — 4) 
form an arithmetic progression, taking advantage of its characteristic
property, we get: y =  —— - — -. Finally, since the numbers
x i (y — 1), (z — 5) form a geometric progression, we have (y — l)2 =  
x  (z — 5).

{ y2 =  xz
x~j- z — 4 = 2 y 
(y — i)2 =  z (z — 5).

( 1 7 49 \
- g -  * - y  , - g - J  .

These values of x, y, z satisfy the conditions of the problem. Thus,
the desired numbers are 1, 3 and 9 or and

Example 5. Find the three-digit number whose digits form an 
arithmetic progression and which is divisible by 45.

Solution. Let x be the hundreds digit, y the tens digit, and z 
the units digit of the sought-for number. Since the numbers x, y, z
form an arithmetic progression, we have: y = X  —{— z

2
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By the hypothesis, the sought-for number is divisible by 45, 
that is, both by 5 and 9. Hence, the number ends in either the digit 
0 or in 5, and the sum of the digits of the sought-for number is divis­
ible by 9. Thus, we have arrived at the collection of two systems:

z =  0

x +  y +  z =  9& 
From the first system we find:

z = 5

y
x-\-z
T "

x +  y +  z =  9/c.

x = 2y
x +  y = 9&.

When trying all possible values for y from 1 through 9, we see 
that the last system is satisfied only by the pair (6, 3).

f 2y =  x +  5
From the second system we find: | - _  Q,I x -f- y -f- u — yii.
Similarly, when trying all possible values for y from 1 through 9, 

we get convinced that this system is satisfied by the pairs (1, 3) and 
(7, 6).

Thus, the conditions of the problem are satisfied by the numbers: 
630, 135, 765.

3. Problems on Motion. When solving such problems, we assume 
the following:

1. Motion is uniform unless otherwise stated.
2. Velocity is a positive quantity.
3. Turns of moving bodies and changes in conditions of motion 

occur instantaneously.
4. If a body with proper speed# moves along a river whose rate of 

flow is y, then the speed of the body with the stream is equal to (x +  y), 
against the stream to (x — y).

Example 6. A tributary flows into a river. A motor-boat puts 
out from the point A situated on the tributary, goes with the stream 
80 km to reach the point B, where the tributary flows into the river, 
and then goes upstream of the river to the point C. It takes the boat 
18 hours to cover the path from A to C and 15 hours to cover the way 
back. Find the distance from A to C if it is known that the rate of 
flow of the river is 3 km/h and the proper speed of the boat is 18 km/h.

Solution. Let x denote the rate of flow of the tributary in kilo­
metres per hour. Then from A to B  the motor-boat goes with the 
speed (18 +  x) km/h, while from B  to A with the speed (18 — x) km/h,

80covering the path from A to B  during-^   ̂ hours, and the path
80from B  to A during hours.
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Let y be the distance from B  to C in kilometres. Moving from B 
to C, the boat goes with a speed of 15 km/h and from C to B  with a
speed ofj 21 km/h, covering the path BC for ^  hours and CB for

kt hours. It takes the boat -----b te hours to cover the entire21 18+ 2  15
path from A to C, which, by the hypothesis, amounts to 18 hours, 
and ^  hours to cover the way back, which, by the hy­
pothesis, amounts to 15 hours.

Let us write the system of equations

f w - ^ = 18

which is readily solved by the substitution method (for instance, it 
is possible to express y in terms of x  using the first equation). We 
find: x =  2, y =  210.

Since the distance from A to C is equal to the sum of the distances 
from A to B  (80 km) and from B  to C (210 km), the whole path from 
A to C is equal to 290 km.

Example 7. A truck left the point A for the point B, and an hour 
later a car left the point A in the same direction. The truck and the 
car reached the point B  simultaneously. If they had left the points 
A and B simultaneously to meet each other, the meeting would have 
taken place in an hour and 12 minutes after the start. How much 
time does it take the truck to cover the path from A to 5?

Solution. Let x denote the speed of the truck in kilometres per 
hour, y the speed of the car, and z the path from A to B  in kilometres.
Then it takes the truck ~  hours to cover the path from A to By and

it takes the car— hours to cover the same path. From the conditions
y

of the problem it follows that — — — =  1. Starting from A and Bx y
both vehicles move during — — hours before they meet each other

x “r  y 8
that, by the hypothesis, lasts 1 hour and 12 minutes, that is, -g hours. 
Thus, we write the system of two equations in three variables:

( 1 )
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Although the number of unknowns exceeds the number of equations, 
the problem can be solved since we should find not each of the vari­
ables x, y , z, but the ratio ~  (the time during which the truck was in 
motion). Transforming the second equation of the system to 5z =
6x +  6y, we then write: 5 = 6 — +  6—.z z

Setting u =  , v = , we rewrite System (1) as

(u — v =  1

Solving this system, we get: u =  3, v =  2. Hence, it takes the truck 
3 hours to cover the path from A to B.

Example 8. The path of a cyclist comprises three sections, the 
length of the first section being 6 times the length of the third section. 
What is the speed of motion of the cyclist averaged over the entire

, 6y km z km t y km
a \------------- :---------------------------- 1--------------------------  1 B

(x + 2) km/h X km/h (2x_ 20Jkm/h

Fig. 1

path if it is equal to his speed along the second section, is 2 km/h 
less than the speed of his driving along the first section, and is 10 km/h 
greater than half the speed on the third section?

Solution. Let x  denote the average speed of the cyclist in kilo­
metres per hour, y is the length of the third section, and z the length 
of the second section, in kilometres. Then the speed of the cyclist on 
the first section is equal to (x +  2) km/h, on the second to x  km/h,
and on the third to (2x — 20) km/h (since, by hypothesis, the speed v 
of the cyclist on the third section is related with the average speed x 
by the formula: x  =  y  +  10 j .  Figure 1 represents the scheme of cy­
clist’s motion. The time of his motion from A to B  in terms of the 
introduced variables can be expressed in two ways:

(a) by adding together the time of riding along each of the three 
sections:

6 y 
x + 2 2x^ 20) hours;

(b) by dividing the whole path by the average speed of the 
cyclist: hours.
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Thus, we write the equation

6y | z | V 7v+z
x-\~2 ' x ' 2x — 20 x

Transforming Equation (2), we have:
6y | y __ 7 y + z ____z_

x-\-2 2x — 20 x x ’

(2)

and further
6y . y _  ly

x  —J— 2 2 x  — 20 x

Dividing both sides of the last equation by y (this does not lead 
to a loss of solutions since, from the physical point of view, y ^  0), 
we get:

6 . 1 _  7
x - \ - 2  ‘ 2 x  — 20 x  ’

whence we find: xx =  14, x 2 =  —20. The second root does not satisfy 
the conditions of the problem. Hence, the average speed of the cyclist 
is equal to 14 km/h.

Remark. Equation (2) contains three variables, but in the process 
of transformations two of them (y and z) were eliminated. Such vari­
ables may be called auxiliary (we had not to find their values).

Prior to considering the next example, we should like to note that 
the problems in which certain work is done (for instance, some amount 
of parts are finished by grinding, a reservoir is filled by a liquid, 
and so on) may be conventionally regarded as belonging to the class 
of problems on motion. In problems of this type, the total amount 
of work done (the number of parts, capacity of the reservoir, etc.) 
plays the role of distance, while productivity of labour (that is, 
the amount of work done per unit time) plays the role of speed.

Example 9. Two pipes of different diameters supply a tank with 
water. On the first day, both pipes, working simultaneously, fed 
14 m3 of water. On the second day, only the smaller pipe was brought 
into use. It fed another 14 m3 of water, but operated 5 hours longer 
than on the first day. On the third day, the operation of the pipes 
lasted as long as on the second day, but at first both pipes were 
brought into use and fed 21 m3 of water and then only the larger pipe 
continued operating and fed another 20 m3 of water. How much 
water is fed by each pipe per hour?

Solution. Let x denote the capacity of the larger pipe, measured 
in m3/h, y the capacity of the smaller pipe, measured in m3/h, t the 
operation time in hours of both pipes on the first day. Then, on the 
first day, both pipes fed (x +  y) t m3 of water that, by hypothesis, 
amounts to 14 m3. Thus, we get the first equation: (x +  y ) t =  14.
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On the second day, the smaller pipe operated for (t +  5) hours 
and supplied y (t +  5) m3 of water that, by hypothesis, is 14 m3. 
Hence, we get the second equation: y (t +  5) =  14. On the third 
day, both pipes fed 21 m3 of water, hence, their joint operation lasted 

21—-7— hours. Then only the larger pipe continued operating andx +  y
20fed another 20 m3 of water, hence, its operation lasted — hours.

Since on the third day the operation lasted as long as on the second
21 20day, we get the third equation: — r— -\---- =  t +  5. Thus, we have-x y x

the following system of equations:

( x+y)  *=- 14 
y( t  +  5) =  14 

21 , 20
x+y = t + 5.

14From the second equation we find: t +  5 — — , then the first
14 14equation can be rewritten as follows: =  —-----5, and the third?

one in the form: 21____  20
x+y  ~r  x

14
x +  y y

Thus, we get the system of two equations:

14 14
x  +  y  

21
y
20
x

14
y

Getting rid of the denominators in both equations, we have: 
f 5xy -f 5y2 = i4x 
114a:2— 21 xy — 20y2 =  0.

The second equation of the system is homogeneous. Dividing both 
of its sides by y2, termwise and setting z =  —, we get the quadratic

5 4equation 14z2 — 27z — 20 =  0, whose roots are: zx =  y , z2 =  — j .
The second root does not satisfy the conditions of the problem, hence, 

5 . x  5
’ 1,e* 7  =  2'

{x  _

y 2 wlience 2 =  5,.

5xy +  5y2 = l i x ,
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# =  2, that is, the capacity of the larger pipe is 5 m3/h, and 
that of the smaller is 2 m3/h.

4, Problems on Joint Operation. The contents of problems of this 
type is usually reduced to the following. Some work whose amount 
is not indicated and is not sought for (for instance, typing a manu­
script, digging a pit, filling a reservoir, etc.) is done by several per­
sons or mechanisms operating uniformly (that is, with a constant 
output for each of them). In such problems, the total amount of 
work to be done is taken as 1 (as a unit of measurement).

If productivity of labour, that is, the amount of work done per unit 
time, is denoted by v, and the time required for completing the total

I
amount of work by t , then v = -j.

Example 10. It takes the first tractor 2 hours less than the third, 
and 1 hour more than the second tractor to plough the entire field. 
If the first and second tractors operate together, then the field can 
be ploughed for 1 hour and 12 minutes. How much time does it 
take the three tractors to plough the field if they operate jointly?

Solution. Let x hours denote the time necessary for the first trac­
tor to plough the field, y hours for the second, and z hours for the 
third one. The amount of work (here, this is the area of the field) is

1 1taken as 1. Then — is the output of the first tractor, — is that of thex yI
.second, and — is that of the third. By the hypothesis, z — x =  2
and x — y =  1. Besides, it is known that if the first and second trac­
tors operate jointly, the entire field can be ploughed for 1 hour and

6 (312 minutes, that is, in -r- of an hour. But in — hours, the first tractor0 o
•does — x  — of the entire job and the second one does — X —. o x o y
Hence, =  1.5a; 1 5 y

In the final analysis, we obtain a system of three equations in 
three variables:

z — x = 2
x — y = 1 

I 5a: ^ 5  y
Solving this system, we get: (3, 2, 5), (—0.4, —0.6, 2.4). Obviously, 
only the first solution satisfies the conditions of the problem.

Let us now answer the question of the problem. The output of
1 1 1  31the three tractors operating jointly amounts to y  +  +  -jr, i.e. ^

30Hence, it takes the three tractors of an hour to plough the field.
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Example 11. When operating together, the combines possessed 
by a State farm can complete harvesting for 24 hours. But, according 
to the schedule, they began working in succession: only one com­
bine operated for the first hour, two combines for the second hour, 
three for the third, and so on, until all the combines were put in op­
eration to work jointly for several hours to complete harvesting. 
The schedule operation time could be reduced by 6 hours if all the 
machines, with the exception of five, harvested continuously from 
the very beginning. How many combines does the State farm have?

Solution. Let us assume the total amount of work to be 1 and in­
troduce three variables, n denoting the number of combines in the 
State farm, x the output of a combine per hour, and t the time of joint 
operation of all the combines according to the schedule (in hours). 
By the hypothesis, n combines, each having the output equal to x, 
can complete harvesting during 24 hours, that is, 24nx =  1.

According to the schedule, only one combine operated for the first 
hour, the work done during this hour being equal to x. Two com­
bines operating for the second hour did the work 2x. The work done by 
three combines for the third hour is equal to 3x, and so forth. Dur­
ing the (n — l)th  of an hour (n — 1) combines did the work equal 
to (n — 1) x. Then all n combines took part in harvesting during 
t hours. The work done by them is equal to ntx. Thus, the schedule 
operation of the combines is described by the equation:

x +  2x +  . . . +  (n — 1) x +  ntx =  1. (3)

Note that x +  2# +  . . . +  (n — 1) x is the sum of (n — 1) terms 
of the arithmetic progression (an), in which ax =  x, d =  x. Hence,

and Equation (3) takes the form: nx ( n~ 1 + * ) = ! •

Finally, the hypothesis implies that if (n — 5) combines had op­
erated from the very beginning, the harvesting would not have lasted 
(n — 1 +  t) hours, as stipulated by the schedule, but 6 hours less, 
that is, ((n — 1) +  t — 6) hours. Therefore, (n +  t — 7) (n — 5) x =  
1.

As a result, we get the system of three equations in three variables 
n , x y t: /

24nx =  1

• nx(JLirL + t) =1
(n -{-t — 7) (nx — 5x) — 1.
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1
From the first equation we find: nx =  Substituting this ex­

pression into the second and third equations, we get:

nX =  ~24~

^n + t — 1) — 5 l)  =  1.

Then the system is readily solved by the substitution method. From
I 49   ix

the first equation we find: x =  from the second: t = ----^— •
Substituting these expressions into the third equation, we get:

(rc +  35) { n — 5) ,

48/z — 1’

whence we find: n =  25 (the second solution does not satisfy the cone 
ditions of the problem). Hence, there were 25 combines in the State 
farm.

5. Problems on Alloys and Mixtures. Problems of this type are 
concerned with making up mixtures, alloys, solutions, etc. The solu­
tion of such problems is connected with notions such as concentration, 
percentage, sampling, humidity, and so on, and is based on the 
following assumptions:

1. All mixtures (alloys, solutions) obtained are homogeneous.
2. No distinction is made between a litre as a unit of capacity and 

a litre as a un it of mass.
If a mixture (alloy, solution) of mass m consists of substances A , 

B , C (whose masses are m11 m2, m3, respectively), then the quantity
— respectively^ is called the concentration of the substance

A (.B , C, respectively) in the mixture. The quantity —100% ^^100% ,

^100% , respectively j is called the percentage of the substance A (.B , C,

respectively) in the mixture. It is clear that — +  — +  — =  1, v j / m m m
that is, the concentration of the third substance depends on the con­
centration of the first two.

Example 12. A 12-kg piece of alloy of copper and tin contains 45% 
copper. How much pure tin should be added to this alloy to get a 
new alloy containing 40% copper?

Solution. Let the mass of tin to be added to the original alloy 
be x kg. Then we get a new alloy, whose weight is (12 +  ^) kg, con-

12 xtaining 40% copper. Hence, the new alloy contains —7—— 40 kg
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of copper. The original alloy (whose mass was 12 kg) contained 45%
12copper, that is, its copper content amounted to - ^ 4 5  kg. Since the

mass of copper remains unchanged in both alloys, we may write the 
following equation:

(12 +  *) 40 _  1 2 , .
100 100

Solving this equation, we get: x =  1.5. Thus, 1.5 kg of tin must be 
added to the original alloy.

Example 13. There are two sorts of steel with nickel contents 5% 
and 40% by mass. How much steel of each sort must be taken for 
remelting to get 140 tonnes of steel containing 30% nickel?

Solution. Let the mass of the steel of the first sort be x tonnes. Then 
we must take (140—x) tonnes of the steel of the second sort. The steel 
of the first sort contains 5% nickel, hence, x tonnes of steel contain 
x  X 0.05 tonnes of nickel. The nickel content of the steel of the 
second sort is 40%, hence, (140 — x) tonnes of this steel contain 
(140 — x) 0.4 tonnes of nickel. The question states that after re- 
melting the two steel samples, we get 140 tonnes of the steel containing 
30% nickel, that is, 140 X 0.3 tonnes of nickel. But we know that 
this mass of nickel is the sum of the mass contents of the metal in 
both sorts of steel, that is, 0.05* tonnes and (140 — x) 0.4 tonnes. 
Thus, we write the equation

0.05* +  (140 -  *) 0.4 -  140 x  0.3,
whence we find: * =  40. Consequently, we must take 40 tonnes of 
the steel containing 5% nickel and 100 tonnes of the steel with 40% 
nickel.

Example 14. Several litres of acid was poured from a 54-litre ves­
sel and the same volume of water was added instead, after which 
the same volume of mixture was poured again. As a result, the mix­
ture in the vessel contained 24 litres of pure acid. How much acid 
was poured initially?

Solution. Let x litres of acid be poured out initially. Then (54 — *) 
litres of acid remained in the vessel. Having added water, we obtained 
54 litres of the mixture containing (54 — *) litres of acid. Hence, one
litre of the mixture contains —^ —  litres of acid (concentration of

the solution). Then * litres of the mixture containing 54 x litres
of acid was poured off the vessel. The total amount of acid removed 
from the vessel is equal to 54 — 24 =  30 litres. Hence, we get the 
equation:

*■+
54 — x x =  30.54
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Solving this equation, we find two roots: x1 =  90, x 2 =  18. It is 
clear that the value =  90 does not satisfy the conditions of the 
problem. Consequently, 18 litres of acid was poured initially.

Example 15. An 8-litre vessel is filled with a mixture of oxygen 
and nitrogen, the oxygen content by volume being 16%. Some of 
the mixture is released from the vessel, and nitrogen is added instead. 
Then the same amount of the mixture is released, and nitrogen is 
added for the second time. As a result, the oxygen content in the ves­
sel became 9%. How many litres of the mixture was released each 
time?

Solution. Suppose that each time x  litres of the mixture was re­
leased, and x litres of nitrogen was added. After the first discharge the 
vessel contained (8 — x) 0.16 litres of oxygen dissolved in 8 litres 
of the mixture (after adding nitrogen initially). The oxygen con­
centration at this step was (8 —  ̂ ^  After x
litres of the mixture was let out for the second time, (8 — x) litres 
of the mixture remained in the vessel with the oxygen concentration 
equal to (8 — x) 0 .02, that is, (8 — x) (8 — x) 0.02 litres of oxygen 
was dissolved in 8 litres of mixture. The concentration of oxygen at
this step was (8 °‘02, its percentage being ^  • 0.02 X 100%.
Hence, we get the equation

(8 — f  O'02 1Q0 =o 9,

whence we find: xx =  2, x 2 =  14. It is clear that it is impossible 
to release 14 litres from an 8-litre vessel. Hence, 2 litres of the mix­
ture was released from the vessel each time.

Example 16. Two alloy samples with masses a and b kilograms 
contain different percentage of copper. Two pieces of equal masses 
were cut from each of the alloy samples and fused together with the 
remainders of the other samples. The copper content of the two new 
alloys then turned out to be the same. Find the mass of each of the 
pieces that were cut.

Solution. Let x  be the mass of each of the cut-off pieces in 
kilograms, y the copper percentage in the first alloy, and z the 
copper percentage in the second alloy.

After the z-kg pieces were switched around, the first new alloy
(see Fig. 2) contained y +  ^ z kg of copper, the percentage

— X  X

~ m y + m z 100%, that is, to (a—x) y + x zof copper being equal to a a
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The second new alloy (Fig. 3) contained z + m y kg of
b — x , x
too Z ' too y

copper, the percentage of copper being equal t o ------- -— — 100%,.

that is, to ~ x^z x y . By the hypothesis, the two newly obtained

alloys have an equal copper percentage. Hence, we get the equa­
tion

(a — x)y +  x z _  (b — x) z-j-xy 
a b *

We have in succession:

aby — bxy -f bzx = abz — axz +  axy,
(aby — abz) — (bxy — bxz) — (axy — axz) =  0 , 

ab (y — z) — bx (y — z) — ax (y — z) =  0 ,
(y — z) (ab — ax — bx) =  0 .

By the hypothesis, y z, hence, ab — ax — bx =  0, whence we 
find:# =  ~ £ 'b • The variables y and z were eliminated in the process 
of solving the obtained equation (auxiliary variables).

Hence, the mass of each of the cut-off pieces is equal to — b kg.

EXERCISES

480. The sum of the squares of the digits of a two-digit number is equal to 10. 
Subtracting 18 from the original number, we obtain a number written, 
with the same digits but in the reverse order. Find the original number.

481. What two-digit number is four times the sum of its digits and three times 
the product of its digits?

482. Find two integers whose sum is equal to 1244. If the digit 3 is annexed 
to the right of the first number, and the last digit 2 is rejected from the 
second number, then the newly obtained numbers will be equal to each 
other.
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483. A three-digit number ends in the digit 3. If this digit opens the number, 
then the newly obtained number will exceed the triple original number 
by 1. Find the original number.

484. A six-digit number begins with the digit 2. If this digit is moved from the 
first to the last place without violating the sequence of the remaining 
digits, then the newly obtained number will be three times the original 
number. Find the original number.

485. The sum of all even two-digit numbers is divided without a remainder 
by one of them. Find the divisor if it is known that the sum of its digits 
is equal to 9, and that the quotient differs from the divisor only by the 
sequence of the digits.

486. The division of a two-digit number by the sum of its digits yields 7 with 6 
as a remainder. If this two-digit number is divided by the product of its 
digits, then we get 3 as a quotient with a remainder equal to the sum of 
the digits of the original number. Find the original two-digit number.

487. The sum of two three-digit numbers is equal to 1252; both numbers are 
formed by the same digits following in reverse order. Find these numbers 
if the sum of the digits of each number is equal to 14, and the sum of the 
squared digits is 84.

488. A sportsman climbing a mountain reaches an altitude of 800 m by the 
expiry of the first hour. Each subsequent hour he ascends to a height by 
25 m less than during the preceding hour. How many hours does it take 
the sportsman to reach an altitude of 5700 m?

489. The division of the ninth term of an arithmetic progression by its second 
term yields 5, and the division of the thirteenth term of this progression 
by its sixth term yields 2 as a quotient and 5 as a remainder. Find the sum 
of the first 20 terms of this progression.

490. The sum of an infinitely decreasing geometric progression is equal to 4, 
and the sum of its cubed terms is equal to 192. Find the first term and the 
common ratio of the progression.

491. Find four numbers, the first three of which form an arithmetic progression 
and the last three numbers form a geometric progression; the sum of the 
first and fourth numbers is equal to 66, and the sum of the second and third 
to 60.

492. The sum of the first three terms of a geometric progression is equal to 91. 
Adding 25, 27, and 1 to these terms, respectively, we get three numbers 
forming an arithmetic progression. Find the seventh term of the geometric 
progression.

493. Find a three-digit number whose digits form a geometric progression. 
Subtracting 792 from this number, we get a number written with the 
same digits but in reverse order. Subtracting 4 from the hundreds digit of 
the number to be found and leaving the rest of the digits unchanged, we 
get a number whose digits form an arithmetic progression.

494. Find the four-digit number, the first three digits of which form an increas­
ing arithmetic progression if it is known that it is divisible by 225.

495. Three brothers share some money in proportion to their age. The numbers 
expressing their age form a geometric progression. If they shared this 
money in proportion to their age in three years, then the youngest would 
get 105 roubles more and the middle brother 15 roubles more than now. 
How old is each brother if it is known that the difference in age between 
the oldest and youngest is equal to 15 years?

496. Find the number of terms of the arithmetic progression if the ratio of the\
sum of the first 13 terms to the sum of the last 13 terms is equal to , 
and the ratio of the sum of all the terms, less the first three, to the sum

4
of all the terms, less the last three, is equal to
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497. The sum of all the terms of a decreasing geometric progression is equal
16 1 to -g- . The progression contains a term equal to -g-. The ratio of the sum

of all the terms preceding this term to the sum of those following this
term is equal to 30. Determine the number of the term equal to -g-.

498. The mass of an alloy is 2 kg. It consists of silver and copper, the mass of
2

silver amounting to 14 — % of the mass of copper. How much silver is 
there in the alloy?

499. One metre each of two different kinds of cloth cost a total of 15 roubles 
and 20 kopecks. If the price of the cloth of the first kind were higher and 
of the second kind lower than the real price by the same percentage, then 
one metre of the cloth of the first kind would have cost 15 roubles and of 
the second—2 roubles and 40 kopecks. What is the price of one metre of 
cloth of the first kind?

500. A one-digit number was increased by 10. If now the obtained number is 
increased by the same percentage as in the first increase, then the result 
will be 72. Find the original one-digit number.

501. According to their plan, two plants had to turn out 360 machines during 
a month. The first plant fulfilled its plan by 112%, and the second by 
110%, having produced collectively 400 machines during this month. How 
many machines were manufactured in excess of the plan by each plant?

502. To bake wheat-bread, a baker took a certain amount of flour equal (in kg) 
to the percentage of the gain in weight of bread for this amount of flour. 
To bake rye-bread, he took 10 kg more flour than for wheat-bread so that 
the mass of the flour (in kilograms) was equal to the gain for rye-flour. How 
much wheat- and rye-flour was taken if the total amount of baked bread 
was 112.5 kg?

503. The working day of eight hours is reduced by an hour. How many percent 
should productivity of labour be increased so that the overall wages in­
crease by 5% without changing the piece-rates?

504. At the beginning of a year, 1600 roubles was deposited in a savings-bank, 
and at the end of this year 848 roubles was withdrawn. At the close of the 
second year, 824 roubles turned out to be in the savings account. What 
is the interest rate set by the savings-bank per annum?

505. At the end of a year a savings-bank calculated the interest due to the 
depositor as 6 roubles. Adding another 44 roubles, the depositor left his 
money for another year. At the end of the second year the due interest 
was calculated once again, and now the deposit together with all the due 
interest amounted to 257 roubles and 50 kopecks. How much money was 
deposited originally?

506. The price of an item was reduced by 20%, then the new price was reduced 
by 15%; finally, after taking a fresh inventory of the goods, the price was 
cut by another 10%. By how many percent was the original price reduced 
as a result of the three cuts?

507. The number of students at an institute, increasing by the same percentage 
each year, grew from 5000 to 6655 over a three-year period. By how many 
percent did the number of students increase yearly?

508. The volume of substance A is half the sum of the volumes of substances 
B and C, and the volume of substance B is 20% of the sum of the volumes 
of substances A and C. Find the ratio of the volume of substance C to the 
sum of the volumes of substances A and B.

509. As a result of reconstruction of a factory, the number of the disengaged 
workers was within the limits from 1.7% to 2.3% of the total number of 
the personnel. Find the minimal number of workers which could be em­
ployed before the reconstruction.

7 - 0 8 4 0
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510. The number of the students in the group having passed the exams is within 
the limits from 96.8 to 97.2% of the total number of the students. Find 
the minimal number of the students in such a group.

511. A man had to cover the distance from a village to a railway station. Having 
covered 3 km during the first hour, he understood that he could be late 
for the train and began walking at a speed of 4 km/h. He reached the station 
45 minutes before the train departed. If he had gone at a speed of 3 km/h, 
he would have been 40 minutes late for the train. Determine the distance 
from the village to the station.

512. A passenger in a train which moves with a speed of 40 km/h noted that 
another train passed his window in the opposite direction for 3 seconds. 
What is the speed of the second train if its length is 75 metres?

513. A cyclist had to ride 48 km with a certain average speed. But for some 
reason the first half of his way he rode with a speed reduced by 20%, and 
the second half with a speed exceeding the supposed average speed by 
2 km/h. It took the cyclist 5 hours to cover the entire distance. Find the 
supposed average speed.

514. Three bodies move in the same straight line from point A to point B. 
The second body began moving 5 seconds, and the third body 8 seconds 
later than the first one. The speed of the first body is less than that of the 
second body by 6 cm/s. The speed of the third body is equal to 30 cm/s. 
Find the distance AB and the speed of the first body if it is known that all 
the three bodies reach the point B at the same instant of time.

515. A plane first flew with a speed of 220 km/h. When it still had to fly 385 km 
less than the covered distance, its speed became equal to 330 km/h. The 
average speed of the plane during the flight was equal to 250 km/h. What 
distance was covered by the plane?

516. Two trains left points A and B simultaneously to meet each other. The 
speed of the first train exceeded the speed of the second by 10 km/h. The 
trains met at a point 28 km away from the midpoint of AB. If the first 
train had left A 45 minutes later than the second, then the trains would have 
met at the midpoint of AB. Find the distance AB and the speeds of both 
trains.

517. Two schoolboys left their house at the same time and walked to school 
at the same speed. Three minutes later one of them remembered that he 
had forgotten a necessary book and ran home at a speed exceeding the 
initial speed by 60 m/min. He took the book and ran to school at the same 
speed. He caught up with his friend, who was walking at a constant speed, 
at the school’s entrance. Find the speeds of the schoolboys if the distance 
from the school to their house is equal to 280 m.

518. Two pedestrians start simultaneously from points A and B which are 
27 km apart and move along straight line AB. If they move in opposite 
directions, they meet in 3 hours, while walking in the same direction, one 
catches up with the other in 9 hours. Find the speed of each pedestrian.

519. Two bodies move along two sides of a right angle towards its vertex. 
At the initial instant the body A was 60 m away from the vertex, while 
the body B—80 m. In 3 seconds, the distance between A and B became 
equal to 70 m, and in another 2 seconds to 50 m. Find the velocity of each 
body.

520. The distance between two towns situated on the bank of a river is equal 
to 80 km. It takes a motor-boat 8 hours and 20 minutes to cover this dis­
tance twice (upstream and downstream). Determine the speed of the motor- 
boat in stagnant water if the rate of flow of the river is 4 km/h.

521. A motor-boat went 8 km against the stream, then turned and went 36 km 
with the stream. The whole trip lasted for 2 hours. Then the motor-boat 
went 6 km against and 33 km with the stream. This second trip lasted for 
1 hour and 45 minutes. Find the speed of the launch in stagnant water.
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522. Two rivers flow into a lake. A motor-boat leaves the landing-stage A 
situated on the first river, goes 24 km downstream to reach the lake, sails 
along the lake for two hours, and then goes 32 km along the second river and 
reaches the landing-stage B. It took the motor-boat 8 hours to cover the 
whole path from A to B. If the motor-boat had sailed 18 km more along 
the lake, it would have covered the whole path in 10 hours. Find the rate 
of flow of each river if the rate of flow of the first river is known to be 2 km/h 
greater than the rate of flow of the second river.

523. Two pedestrians started simultaneously from points A and B to meet 
each other. When the first pedestrian covered half the path, there remained 
24 km for the second pedestrian to complete his walk. When the second 
pedestrian covered half the path, the first was at a distance of 15 km from 
the finish. How many kilometres will it remain for the second pedestrian to 
reach A after the first completes the path from A to B?

524. Two trains left from points A and B to meet each other; the second 
train departed half an hour later than the first. In two hours after the depar-

19ture of the first train the distance between them was equal to gg the

distance between A and B. The trains met at the midpoint of the path A 5 . 
How much time will it take each train to cover the distance AB?

525. The distance between two towns A and B is equal to 60 km. Two trains 
start simultaneously: one from A to B, the other from B to A. Having 
covered 20 km, the train moving from A to B stopped for half an hour and 
then, continuing its movement for 4 minutes, met the train coming from B. 
Both trains reached their destination simultaneously. Find the speed of 
each train.

526. Two cyclists started simultaneously from points A and B to meet each 
other. The one driving from A reached B in four hours, and the other 
driving from B reached A in nine hours alter they had met. How much 
time does it take each cyclist to cover the distance?

527. A motor-boat left point A to go against the stream of a river, and a raft 
started simultaneously from point B situated upstream from point A. 
In a hours they met and continued moving without stops. Having reached 
B the motor-boat, without any delay, turned, began its return trip, and 
caught up with the raft at point A. How much time does it take the raft and 
the motor-boat to meet at point A if the proper speed of the motor-boat 
is known to be constant?

528. A fast train covers the distance between two towns 4 hours faster than 
a goods train and 1 hour faster than a passenger train. It is known that the

speed of the goods train is of the speed of the passenger train ando
50 km/h less than the speed of the fast train. Find the speeds of the goods 
and fast trains.

529. A passenger train and a fast train left simultaneously two points which 
are 2400 km apart to meet each other. Each of them moves with a constant 
speed, and at a certain instant they meet. If both trains had moved with 
the speed of the fast train, then they would have met three hours earlier. 
If both trains had moved with the speed of the passenger train, then their 
meeting would have taken place five hours later than it actually did. Find 
the speeds of the trains.

530. Two points move in a circle whose circumference is equal to 360 m, th4 
first point completing the circle 1 second earlier than the second point. 
Find the velocity of either point if it is known that during one second the 
first point covers 4 m more than the second point.

531. When moving in a circle in the same direction, two points meet each other 
every 20 seconds, and when moving in opposite directions, they meet

7 *
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532.

533.

534.

535.

every 4 seconds. Find the velocity of either point if it is known that the 
circumference of the circle is equal to 100  m.
When moving in a circle in the same direction, two points meet each 
other every 56 minutes, and when moving in opposite directions—every 
8 minutes. Find the velocity of each point and the circumference of the
circle if it is known that during one second the first point covers — m
more than the second point.
When moving in a circle in the same direction, two points meet every 
12 minutes, the first point completing the circle 10 seconds faster than the 
second point. What part of the circumference does each point cover per 
second?
A ship left port A for port B, and 7.5 hours later a motor-boat followed 
the ship in the same direction. Halfway between A and B the boat caught
up with the ship. When the boat reached B, the ship had still to cover --
of the entire distance. How much time will it have taken the ship to cover 
the distance from A to B?
A stopping train left point A for point B; three hours later an express 
followed the stopping train. The express overtook the stopping train 
halfway between A and B. By the time the express reached B , the stopping 

13train had covered of the total route. How much time will it have taken
the stopping train to travel from A to B?

3
536. A pedestrian left A lor B and -^-hour later a cyclist followed him. When

the cyclist reached point B, the pedestrian had -5- of the entire path too
walk. How much time would it take the pedestrian to walk from A to B 
if the cyclist caught up with the pedestrian halfway between A and B?

537. A cyclist left point A for point B, which are 70 km apart; some time later 
a motor-cyclist followed him having also started from point A and travelled 
at 50 km/h. The motor-cyclist caught up with the cyclist 20 km away from 
point A. He reached point B and 48 minutes later turned back toward A. 
He again came across the cyclist, who had by then been travelling from 
A to B for 2 hours and 40 minutes. Find the speed of the cyclist.

538. A boat and a raft started simultaneously moving downstream from a 
landing-stage A on the bank of a river. The boat reached another landing- 
stage B, 324 km away from A , and after 18 hours left B to return to A. 
When the boat was 180 km away from landing-stage A a second boat having 
left A 40 hours later than the first one overtook the raft which had by then 
covered 144 km. Find the speeds of each boat if it is known that they are 
equal, and the speed of the current.

539. A tributary flows into a river. A boat leaves a landing-stage situated on 
the tributary and moves 60 km downstream to reach the junction. It then 
moves 65 km downstream along the river to reach another landing-stage B. 
Then following the same route the boat returns to landing-stage A. It takes 
the boat 10 hours to return. Find the proper speed of the boat if it is known 
that it takes the boat 3 hours and 45 minutes to get from A to the river, 
and that the flow rate of the river is 1 km/h less than that of the tributary.

540. Two swimmers started one after the other in a 50-metre pool to cover a 
distance of 100 m. The speed of the second swimmer was 1.5 m/s. Having 
covered 21 m he caught up with the first swimmer, reached the opposite

2
wall of the pool, returned back, and met the first swimmer -g- second after
the turn. Find the time interval between their starts.
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541. Two skiers started from point A in the same direction, the second skier 
starting six minutes after the first and overtook the first skier 2 km from 
the start. Having covered 5 km in all, the second skier returned back and 
met the first skier 4 km from the start. Find the speed of the second skier.

542. Two cyclists started, the second 2 minutes after the first. The second cyclist 
overtook the first 1 km from the start. If the second cyclist, having covered 
another 5 km, returned back, then he would meet the first cyclist 20 minutes 
after the first cyclist had started cycling. Find the speed of the second 
cyclist.

543. A cyclist and a pedestrian simultaneously leave A for B. The cyclist can 
go twice as fast as the pedestrian. At the same time, another pedestrian 
leaves B for A to meet them. The time interval between the moment he
meets the cyclist and the moment he meets the first pedestrian comprises jg
of the time it takes him to walk from B to A. Which of the pedestrians 
walks the faster and by how many times, given that both of them had 1
walked more than -^-of the distance from A to B before they met?

544. A ship left point A lor point B. At 8  o ’clock the ship overtook a boat moving 
at 3 km/h in the same direction. Having stayed for 10 minutes at B , the 
ship returned to A, meeting the boat at 8:20. The ship reached A at the 
same time the boat reached B. Determine the time the boat arrived at 
point B if it had been 1.5 km from point A at 8:10.

545. If a passenger goes from point A by train, he will reach point B in 20 hours. 
If he goes by plane, he will have to wait for two hours, but he will reach B 
in 10 hours after the train has departed. How many times faster is theg
plane than the train if — of an hour after the plane has taken off both
of them are at the same distance from A?

546. A pedestrian and a cyclist simultaneously left point A for point B. Having 
reached B, the cyclist turned and an hour after starting met the pedestrian. 
The pedestrian continued walking toward B, while the cyclist turned 
once more and also rode toward B. Upon reaching B , the cyclist turned 
and rode back to A to meet the pedestrian 40 minutes after their first 
meeting. How much time does it take the pedestrian to walk from A to B?

547. Three cyclists started from point A. The first cyclist left an hour earlier 
than the other two, who started together. Some time later the third cyclist 
caught up with the first, while the second cyclist overtook the first two 
hours alter the third cyclist had done so. Determine the ratio between the 
speeds of the first and third cyclists if the ratio between the speeds of 
the second and third cyclists is 2:3.

548. Two points A and B are 105 km apart. A bus left A for B at a speed v km/h. 
Thirty minutes later a car travelling at 40 km/h followed the bus. Having 
overtaken the bus, the car returns to A at the same speed. For what range 
of values of v will the bus reach B before the car arrives at A?

549. Two messengers left points A and B simultaneously to meet each other. 
After some time they met. Had the first messenger started an hour earlier, 
and the second messenger half an hour later, then they would have met 
48 minutes earlier. Had the first messenger started half an hour later, 
and the second messenger an hour earlier, then the place where they met 
would have been 5600 m closer to A. Find the speed of each messenger.

550. Point C lies between points A and B, viz. AC — 17 km, BC =  3 km. 
A car left A for B. Having covered less than two kilometres, it stopped for 
some time. When it started moving again toward B, a pedestriapi and 
a cyclist left C for B and, after having reached B, turned toward A. Who 
will meet the car first if the car is four times faster than the cyclist and 
eight times faster than the pedestrian?
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551. A pedestrian left point A for point B. At the same time a motor-cyclist 
started from B toward A to meet the pedestrian. After meeting the pedes­
trian the motor-cyclist took the pedestrian to B and returned to A at once. 
As a result, the pedestrian got to B four times faster than he had planned. 
How many times faster would the motor-cyclist have reached point A 
if he had not had to return?

552. A load was delivered from point A to point B. First it was transported by 
van and then by truck. The distance between where the load was transferred 
and point B is one-third of the distance between it and point A. The time 
it took for the load to be taken from A to B is the same as the time it could 
have taken had the load been taken directly from A to B at 64 km/h. How 
fast did the truck travel if the speed of the van is known not to have 
exceeded 75 km/h? In addition, if the van and the truck had left A and B 
to meet each other, then they would have met after a time interval that 
would have elapsed had the load been taken directly from A to B at 
120  km/h.

553. Two cyclists started simultaneously from points A and B and met each 
other 2.4 hours later. Had the first cyclist travelled 50% faster and the

2
second 2 0 % faster, then it would have taken the first cyclist -g- hour more
than the second cyclist to ride from A to B. How much time does it take 
each cyclist to ride from A to B?

554. A motor-cyclist left point A for point B. Two hours later a car followed 
him and reached B at the same time as the motor-cyclist. Had the car and 
the motor-cyclist started from A and B simultaneously to meet each other, 
then they would have met 1 hour and 20 minutes after they started. How 
much time does it take the motor-cyclist to travel from A to B?

555. A cyclist left A for B. Simultaneously, a motor-scooter started from B 
and met the cyclist after 45 minutes. How much time does it take the 
cyclist to ride from A to B if the motor-scooter can travel the same distance 
2 hours faster?

556. It takes a ship three hours to go from A to B and 4 hours to return. How 
long would it take a raft to float from A to B?

557. A maintenance man takes 30 seconds to run down a moving escalator. 
It takes him 45 seconds to descend along the escalator when motionless. 
How long would it take him to descend by simply standing on the escalator 
when moving?

558. A lorry left point A for point B. An hour later it was followed by a car 
which also started from A. Both vehicles reached point B simultaneously. 
Had they started simultaneously from A and B to meet each other, they 
would have met 1 hour and 12 minutes after the start. How much time 
does it take the lorry to ride from A to B?

559. A cyclist and a bus simultaneously left points A and B to meet each other. 
It takes the cyclist 2 hours and 40 minutes more to go from A to B than

16the bus to go from B to A , and the sum of the times they take is -g- times
the time it takes for them to meet after starting. How much time does it 
take the cyclist to go from A to B and the bus to go from B to A?

560. Some mail was delivered from point A to point B. First it was carried by
2

a motor-cyclist who, having covered -g-of the distance from A to B, handed
it over to a cyclist who was waiting for him. The mail was at B as if it 
had been taken at an average speed of 40 km/h. Had the motor-cyclist and 
cyclist left A and B simultaneously to meet each other, they would have 
met after an interval of time that would have been required to move from 
A to B at 100 km/h. Find the speed of the motor-cyclist supposing that he 
is faster than the cyclist.
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561. Two sections of a coal mine were in operation when a third was opened. 
The third section raised the output of the mine by 1.5 times. If the first 
and third sections together produce for four months as much coal as the 
second section does in a year, what is the percentage output of the 
second section in terms of the first section’s produce?

562. Two teams began working at 8 a.m. Having made 72 parts together, they 
continued working separately. At 3 p.m. it turned out that whilst the 
teams worked separately the first team manufactured 8 parts more than 
the second team. Next day the first team manufactured one part more per 
hour, and the second team one part less per hour than on the first day. 
They began working together at 8 a.m. and after 72 parts had been ready, 
continued working separately as they had done the day before. This time, 
the first team manufactured 8 parts more than the second team already 
by 1 p.m. How many parts were manufactured by each team per hour?

563. A pool is filled with water through one pipe 5 hours faster than it is when 
the water is passed through a second pipe, and 30 hours faster than when\
through a third pipe. The capacity of the third pipe is of the capacity

of the first pipe and 24 m3/h less than the capacity of the second pipe. 
Find the capacities of the first and third pipes.

564. Three workers have to make 80 identical parts. Together they manufacture 
20 parts per hour. Initially, the first worker got to work and made 20 parts 
in over three hours. The remaining parts were made by the second and 
third workers. It took them 8 hours to complete this job together. How 
much time would it have taken the first worker to make all 80 parts?

565. A tanker was filled with oil through two pipes, each of which having filled1
more than of its volume. If the amount of oil supplied per hour through
the first pipe were increased by 1.5 times, and the amount of oil supplied1
per hour through the second pipe of its actual capacity, then the time re-

1
quired to fill up the tanker would have been -g- of the time necessary to fill
up the tanker through the first pipe only. Which pipe supplies more oil 
and by how many times?

566. Oil is pumped into a tank through three pipes and pumped out through 
a fourth pipe. On the first day, the third and fourth pipes operated for 
six hours each, the second pipe for five hours, and the first pipe for two 
hours. As a result, the oil level rose 4 m. On the second day, the first and 
second pipes operated for three hours each, the third for nine hours, and 
the fourth during four hours. As a result the oil level rose a further 6 m. 
On the third day, the second and fourth pipes operated for six hours each. 
Did the oil level rise or fall on the third day?

567. Two workers, operating together, carried out a job in 12 hours. Had the 
first worker done half the job, and then the second worker the remaining 
half, the whole job would have been carried out in 25 hours. How much 
time would it have taken each worker to do the job separately?

568. Two workers fulfil some job. After 45 minutes’ joint operation the first 
worker was given another job, and the second worker completed the remain­
ing part of the job 2 hours and 15 minutes. How much time would it have 
taken each worker to complete the whole job alone if the first worker had 
been able to do this an hour earlier than the second worker?

569. Two turners had to manufacture a number of parts. After 3 hours of work­
ing together, the second turner, only, continued working for another 4 
hours. As a result, he did 12.5% more than was assigned. How much 
time would it have taken each turner to complete the initial assignment
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alone if the second turner could complete it 4 hours earlier than the 
first turner?

570. A pool is filled with water from two taps. The pool can be filled if the first 
tap is opened for 10 minutes and the second for 20 minutes. If the first 
tap is opened for 5 minutes, and the second for 15 minutes, the pool will

3
be -g- filled. How much time would it have taken to fill the whole pool by
using each tap singly?

571. Two teams worked together for 15 days. A third team then joined them as 
a result of which in 5 days the whole job was completed. The daily output 
of the second team is 20% higher than that of the first team. The second

9
and third teams together could have fulfilled the whole job in ^  of the
time it would have taken the first and third teams to do so together. How 
much time would it have taken the three teams to do the job had they 
worked together from the start?

572. Two teams of stevedores were to unload a barge. The sum of the times 
it would take each team working individually to unload the barge is 
12 hours. How much time would it take each team to unload the barge if 
the difference between these times is 45% of the time it would take both 
teams working together to unload the barge?

573. Two excavators were used to dig a trench. The first excavator needs three 
hours less to dig the whole trench than the second excavator needs. How 
many hours does it take each excavator working separately to dig the

144trench if the sum of the two times is of the time (in hours) it wouldoo
take the two excavators, operating jointly, to dig the trench?

574. A ship is being loaded by cranes. Four similar cranes worked for the first 
two hours, then another two smaller cranes joined them, and in three 
hours the loading was over. If all six cranes had begun operating simul­
taneously, the loading would have been completed in 4.5 hours. How much 
time would it take one of the more powerful cranes and one of the less 
powerful cranes working together to load the ship?

575. Water gradually enters a pit. Ten pumps of equal capacity operating 
together can pump the water out of the full pit in 12 hours, while 15 such 
pumps would need six hours. How much time would it take 25 such pumps?

576. Two factories have to process some raw material. If the output of the 
second factory were doubled, the time needed for the two factories to

2
fulfil the assignment would be --p of the time needed for the first factory10
to complete the work alone. Which factory has more output and how many1
times more if each factory processed at least — of the total input?o

577. Two teams of workers together dug a trench in two days. Then they began 
digging another trench of the same depth and width, but five times longer 
than the first. The first team began digging the trench alone and was then 
relieved by the second team. The first team dug 1.5 times more than the 
second team. The second trench was dug in 21 days. How many days would 
it have taken the second team to dig the first trench if the first team can 
dig faster than the second team?

578. A tank is filled with water through five pipes. Water flowing through the 
first pipe fills the tank in 40 minutes, through the second, third, and fourth 
pipes together in 10  minutes, through the second, third, and fifth pipes 
together in 20  minutes, and through the fourth, and fifth pipes jointly in 
30 minutes. How much time would it take to fill the tank using all five 
pipes?
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579. Three automatic assembly lines turn out the same product, but they each 
have different outputs. The output of all the three assembly lines, oper­
ating simultaneously, is 1.5 times the output of the first and second lines 
operating jointly. A task assigned to the first line can be carried out by 
the second and third lines operating simultaneously 4 hours and 48 minutes 
faster than it can be done by the first line. The same task is fulfilled by 
the second line 2 hours faster than by the first line. How much time does 
it take the first line to do the task?

580. Two tractors plough a field separated into two equal areas. Both tractors 
began working simultaneously, each ploughing its half. Five hours later

1
they had ploughed half of the whole field, leaving jq of the area for the

2
first tractor to complete, and — for the second tractor to finish. Howo
much time would it take the second tractor to plough the whole field?

581. Three excavators are busy digging a pit. The difference between the out­
puts of the first and third excavators is three times the difference between

4
that of the third and second excavators. The [first excavator does —o
of the whole job within a period of time that would be needed lor the

1
second excavator alone to fulfil 7-  of the whole job and the third exca-15g
vator alone to do 7̂  of the remaining work. How much faster than the Zo
second does the first excavator work?

2
582. The same work can be done by three teams. The first team can do —

of the work in the time it takes the third team alone to do of the
9

work and the second team to do — of the rest. The third team can do
10

half as much as the first and second teams working together. How many 
times greater is the output of the second team over that of the third?

583. Two teams of plasterers, working jointly, plastered a house in six days. 
Then they plastered a club, doing three times as much work as when they 
plastered the house. One team began plastering the club and was then 
relieved by the second team, which completed the job, the first team doing 
twice as much work as the second. It took both teams 35 days to plaster 
the club. How many days would it have taken the first team to plaster 
the house if the second team could have done it in more than 14 days?

584. Someone purchased three items: A , B , and C. If A had been five times 
cheaper, B two times cheaper, and C 2.5 times cheaper, then the purchase 
would have cost eight roubles. If A had been two times cheaper, B four 
times cheaper, and C three times cheaper, then the purchase would have 
cost 12 roubles. What did the purchase actually cost and which, A or B , 
is more expensive?

585. When mixing a 40% solution of acid with a 10% solution of acid, 8Q0 g of 
a 21.25% solution was obtained. How many grams of each solution were 
mixed?

586. We have 735 g of a 16% solution of iodine in alcohol. We need a 10% 
solution of iodine. How much alcohol must be added to the solution?

587. There are two sorts of steel, one of which contains 5% nickel by mass 
and the other 10%. How much steel (in tons) of each sort is needed to 
obtain an alloy containing 8 % nickel if the second steel contains 4 tons 
more nickel than the first?
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588. 500 kg of ore contained a certain amount of iron. After removing 200 kg 
of slag which contains on average 12.5% by mass of iron, the percentage 
of iron in the remaining ore increased by 20%. How much iron in mass 
percent remained in the ore?

589. An ore contains 40% mass impurity, while the metal smelted from it 
contains 4% impurity. How much metal will 24 tons of the ore yield?

590. When smelted, 40 tons of ore yield 20 tons of metal containing 6% mass 
impurity. What is the percentage of impurity in the ore?

591. As a result of processing, 38 tons of a second grade raw material con­
taining 25% mass impurity yields 30 tons of the first grade material. 
What is the percentage of impurity in the first grade material?

592. Fresh mushrooms contain 90% water, while dried mushrooms contain 
12%. What mass of dried mushrooms will be obtained from 88 kg of fresh 
mushrooms?

593. When processing flower nectar into honey, bees extract a considerable 
amount of water. How much flower nectar must be processed to yield 1 kg 
of honey if nectar contains 70% water, and the honey obtained from this 
nectar contains 17% water?

594. Two alloys each contain two metals. The ratio of the metals contained 
in the first alloy is 1:2, and in the second 3:2. In what ratio must these 
alloys be taken to obtain a new alloy with a ratio of the metals of 8:7?

595. We have four litres of acid in one concentration and six litres of acid 
with a different concentration. If all the acid is mixed together, a 35% 
solution of acid is obtained, and if equal volumes of these solutions are 
taken, then a 36% solution of acid is obtained. How much acid (in litres) 
is contained in each of the original solutions?

596. 40 kg of a salt solution is poured into two vessels so that the second vessel 
contains 2 kg more pure salt than the first vessel. If 1 kg of salt is added to 
the second vessel, then it will contain twice the amount of salt than is in 
the first vessel. Find the mass of the solution in the first vessel.

597. There are three ingots. The mass of the first is 5 kg and that of the second 
3 kg, and both contain 30% by mass of copper. If the first ingot is smelted 
with the third, a new ingot containing 56% of copper will be obtained, 
and if the second ingot is smelted with the third, then a new ingot con­
taining 60% of copper will be obtained. Find the mass of the third ingot 
and the percentage of copper in it.

598. There are two ingots of a gold and silver alloy. The percentage of gold 
in the first ingot is 2.5 times that in the second ingot. If both ingots are 
smelted together, then a new one containing 40% by mass of gold is ob­
tained. How many times more massive is the first ingot than the second 
if when equal masses of the first and second ingots are smelted together, 
a new alloy containing 35% by mass of gold is obtained?

599. An alloy of copper and silver contains 2 kg more copper than silver. If
9

a further ^  of the silver in the alloy is added, then the percentage of

silver in the new alloy will be equal to that of the copper in the original 
alloy. Find the mass of the original alloy.

600. One liquid has a temperature a°, the other b°. Mixing certain amounts of 
the two liquids, we get a mixture of temperature c°. What will be the tem­
perature of a new mixture if the taken amounts of liquid are interchanged?

601. A 12-litre vessel was filled with acid. Some of the acid was poured from 
this vessel into another of the same capacity, and the second vessel filled 
with water. After this the first vessel was topped up with the solution 
from the second vessel. Then 4 litres of the solution was poured from the 
first vessel into the second vessel, as a result of which the solutions in both 
vessels turn out to contain equal amounts of pure acid. How much acid 
was originally poured from the first vessel into the second?
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602. Six litres of 64% alcohol was poured into a vessel containing water. After 
it had been thoroughly stirred, 6 litres of the resultant solution was re­
moved. This operation was repeated three times. How much water did the 
vessel contain originally if the final alcohol concentration in it was 37%?

603. Six kilogrammes of alloy contains a certain percentage of copper. Eight 
kilogrammes of another alloy contains one-half the copper in percentage 
than in the first alloy. A fragment of the first alloy, and a fragment twice 
the mass of the second were broken off. The fragments were each smelted 
with the rest of the other alloy. As a result, two new alloys were obtained, 
which each had the same percentage of copper. Determine the mass of 
each fragment separated from the two initial alloy bars.

604. Two litres of glycerin was poured from a full vessel, the vessel topped 
with two litres of water. After stirring, two litres of the mixture was 
poured from the vessel and another two litres of water was added instead. 
The mixture thus obtained was stirred up and again, two litres of the mixture 
was replaced with two litres of water. As a result of these operations, the 
volume of water in the vessel exceeded the volume of the remaining glycerin 
by three litres. How many litres of glycerin and water was left in the 
vessel at the end?

605. We have two tanks, one filled with pure glycerin, and the other with water. 
Using two three-litre scoops, one for ladling glycerin from the first tank, 
the other for ladling water from the second tank, glycerin was transferred 
from the first tank to the second tank, and a scoop-full of the contents of 
the second was transferred to the first tank. The mixtures were stirred in 
both tanks and the operation was repeated. As a result, half the volume 
of the first tank was pure glycerin. Find the capacities of the tanks if their 
total capacity is 10 times the capacity of the first tank.

606. By fusing together two ingots of pig iron of equal mass and different 
chromium contents, a new alloy was obtained containing 12 kg of chromium. 
If the mass of the first ingot had been doubled, the alloy would have con­
tained 16 kg of chromium. The chromium content of the second ingot exceeded 
that of the first by 5%. Find the percentage of chromium in each ingot 
of pig iron.

607. There are three alloys, one containing 60% aluminium, 15% copper, and 
25% magnesium, the second 30% copper and 70% magnesium, and the 
third 45% aluminium and 55% magnesium. The alloys must be combined 
to prepare a new alloy containing 20% copper. What are the minimal 
and maximal percentages of aluminium that the new alloy might have?

608. Three alloys contain respectively 45% tin and 55% lead; 10% bismuth, 
40% tin, and 50% lead; and 30% bismuth and 70% lead. The alloys are 
to be combined to obtain a new alloy containing 15% bismuth. What are 
the maximal and minimal percentages of lead that the new alloy might 
have?

SEC. 12. IRRATIONAL EQUATIONS
Equations containing the variables under the radical sign or raised 

to a fractional power are said to be irrational. Such equations are con­
sidered over the field of real numbers. When solving irrational equa­
tions we use the following two basic methods: (1) raising both /sides 
of an equation to the same power; (2) introducing new (auxiliary) 
variables. Sometimes we have to apply some artificial methods. 
When raising both sides of an equation to the same power, the reader 
should bear in mind that for an odd n the equations /  (x) =  g (x) 
and (/ (;r))n =  (g (z))71 are equivalent, while for an even n, the latter
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is a consequence of the former, that is, when passing from the equa­
tion f  (x) = g (x) to the equation (/ (,x))n = (g (x))n we can have 
extraneous roots. For instance, the equation x — 1 =  3 has one root 
x =  4, whereas the equation (x — l )2 — 32 has two roots: x1 =  4, 
x 2 =  —2, one of which (namely, x =  —2) is extraneous for the 
equation £ — 1 = 3 .

When solving irrational equations, we frequently use the formula 
(V /  (#))” =  /  (x)- fhe case of an even n, its application may lead 
to extending the domain of definition of the given equation (for 
(V /  («£))n the constraint /  (#) ^  0 is naturally used for an even n, 
whereas with (”/  f  (£•))'* replaced by /  (x) this constraint is removed)-

For this (and some other) reasons, when solving irrational equa­
tions, we must check found solutions in most cases. Depending on 
the kind of found solutions (prime or composite) and also on the meth­
od of solving an equation, one or another checking technique may 
be chosen.

1. Solving Irrational Equations by Raising Both Sides of an 
Equation to the Same Power.

Example 1. Solve the equation
y  x — i +  y  2 x +  6 =  6. (i)

Solution. Squaring both sides of the equation, we get:

£ — 1 +  2 Y  (x — 1) (2# +  6) %x -f 6 =  36,

and further 2 y  2x2 +  4x — 6 =  —3x +  31.
Squaring the last equation, we get:

&z2 +  16* — 24 =  9£2 -  186£ +  961,
and further x2 — 202^ +  985 =  0, whence we find: xx =  5, x 2 =  197.

Check. The found roots are readily checked directly by substituting 
them into Equation (1).

(1) Y x ^ i  + y  2x1 +  G = l/5  —1 + l / 2 x  5 +  6 =  6.
Thus, £4 =  5 is a root of the given equation.

(2) l / J ^ l  +  y  2*2 +  6 =  y  197 — 1 + 1 /2  x 197 +  6 ^=6,
that is, x 2 =  197 is an extraneous root. Thus, x = 5 is the only root 
of the given equation.

Example 2. Solve the equation

y x2-\~ x — 5 + y  £2 + 8 £ - 4  =  5. (2)
Solution. Transforming Equation (2) to the form

y  £2+ £ —5 = 5 —y  £2 -|- 8£—4
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and squaring both sides of the obtained equation, we get:

*2 +  * — 5 =  25 — 10 Y  x2 +  8x — 4 +  x2 +  8x — 4.
We then single out the radical and collect like terms:

10 "j/"x2 -(- Sx — 4 =  7* +  26, (3)
squaring both sides of Equation (3), we get:

100 (x2 +  8* -  4) =  (lx +  26)2 or 51*2 +  436* -  1076 =  0.
5 3 8From the last equation we find: xx — 2, *2 =  —

Check. The first of the found roots is readily checked by substitu­
tion into the original equation. Such a check shows that *x =  2 is 
a root of Equation (2). The attempt to check the second root using 
the same method leads to awkward computations. However, it is 
possible to proceed in a different way. Let us find out whether x 2 =  

5 3 8---- jrj- is a solution of Equation (3). Note that for this value the
left-hand side of Equation (3) is positive, as opposed to the right-

5 3 8hand side. Hence x 2 =  — is not a root of Equation (3). But Equa­
tion (3) is a consequence of Equation (2), and a fortiori x 2 is not a 
root of Equation (2). Thus, the only root of Equation (2) is x = 2. 

Example 3. Solve the equation ]/ x +  1 -  p 2x -  6 =  2. 
Solution. Isolating 3/  2x — 0, we get: 3/  2x — 6 =  ]/̂ a: +  l — 2. 

Cubing both sides of this equation, we get:
2x — 6 =  (* -j- 1) "j/* * +  1 — 6 (* +  1) -r 12 "j/" * -j- 1 — 8.

On collecting like terms and isolating the radical, we get the equa­
tion (* +  13) "j/ * +  1 =  8 (* +  1), whence we have: (x +  13)2(* +  
1) =  64 (* -f- l)2, and further, (* +  1)((^ +  13)2 — 64 (* +  1)) =  0 
or (* -j- 1)(*2 — 38* +  105) =  0.

Thus, the problem is reduced to solving the collection:

x \ — 0; *2 — 38* -f- 105 =  0,

whence we find: x1 =  —1, *2 =  3, *3 =  35.
Check. Substituting the found values of * into the given equation, 

we make sure that all of them are its roots.
Example 4. Solve the equation

3/ r +  3/ 2 x -  3 =  3/ l 2  (X -  1). ' (4)
Solution. Let us cube both sides of Equation (4) using a somewhat 

modified formula for the cube of the sum of two numbers, namely,
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the formula (<a -f b)3 = a3 +  b3 +  3ab (a +  6). We get:
x-\-2x — 3 +  3 y  x (2x — 3) (3/  x - \-3/ 2x — 3) =  12 (x— 1). (5)

Using Equation (4), we replace the expression Y x +  V 2 x  — 3 
by 3/ 12 (* — 1). We get:

3* — 3 +  3 3/ x (2x — 3) 3/ l 2  ( x - 1) =  12 (x— 1), (6)
or

Y x  (2x — 3) 12 (a;— 1) =  3 (a:— 1).
Cubing both sides of the last equation, we get:

12* (2a: — 3) (* — 1) =  27 (* -  l)3,
and further (x — 1) (4a: (2a: — 3) — 9 (x — l)2) =  0, whence we find: 
xi =  1, x 2.3 =  3.

Check. Substituting the found values of x into Equation (4), we 
make sure that they satisfy it.

Remark. Since, when solving Equation (4), we used the operation 
of cubing both sides of the given equation and, as is known, raising 
to an odd power does not violate the equivalence of an equation, it 
might seem that the found solutions require no check. But this is 
not so. When passing from Equation (5) to Equation (6), we replaced 
the expression Y x +  V 2 x  — 3 by Y  12 (x — 1). It is clear that 
any root of Equation (5) is at the same time a root of Equation (6), 
but the converse is, generally speaking, not true. Hence, Equation
(6) is a consequence of Equation (5), and therefore the check is needed. 
The following example confirms this thought.

Example 5. Solve the equation ^ 2 *  — 1 + 3/ *  — 1 =  1. 
Solution. We have:
(2x —l) +  (x —1) + 3 Y (2* - 1 )  (*— 1) (3/ 2 x ^ T  +  =  1,

3 Y (2*—1) (x — 1) =  3 — 3x, ( 2 i - 1 ) ( x - 1 1  =  ( 1 - i ) 3,
( x - 1) ((2x - l )  +  ( x - l ) 2) = 0 ,

whence xx =  1, x 2 =  0 .
Check. Substituting the found values of * into the original equa­

tion, we get convinced that the value x 2 =  0 does not satisfy the 
given equation. The latter has the only root x =  1.

2. The Method of Introducing New Variables.
Example 6 . Solve the equation

*2 +  3 — ]/r2o:2-—3* +  2 =  1.5 (* +  4). (7)

Solution. Isolating the radical and squaring both sides of Equa­
tion (7) would lead to an awkward equation. At the same time, we
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can easily grasp that Equation (7) is readily reduced to a quadratic 
equation. Indeed, multiplying both of its sides by 2, we get:

2x2 +  6 — 2 y  2x2 -  3x +  2 =  3x +  12,

and further 2x2 — 3x +  2 — 2 Y  2x2 — 3x +  2 — 8 =  0.

Setting j/ =  Y 2 x 2 — 3x +  2, we get: j/2 — 2y — 8 =  0, whence 
yx =  4, y2 =  —2. Hence, Equation (7) is equivalent to the following 
collection of equations:

y  2x2—3x +  2 =  4; V 2x2- 3 x  +  2 =  - 2 .

From the first equation of this collection we find: ^  =  -y , x2 = —2. The
second equation has no roots.

Check. Since Equation (7) is equivalent to the equation 
V  2x2 — 3x +  2 =  4 (because the second equation of the collection has 
no solution), the found values can be checked by substituting them 
into the equation ]/ 2x2 — 3x +  2 =  4. This substitution shows 
that both values of x are roots of the indicated equation, and, hence, 
of Equation (7).

Example 7. Solve the equation

2x—5 +  2 ] /  z2 — 5 x - \-2 Y  x — 5 +  2 ] /  a; =  48. (8)
Solution. The domain of definition of the equation is x ^  5. Un­

der this condition we have: x  ^  0 and x — 5 ^ 0 ,  and therefore

Y x 2 — 5x = Y x ( x — 5) =  y  x Y x — 5.
Since 2x =  x +  x. Equation (8) may be rewritten as follows: 
x +  x — 5 +  2 y  x Y  x — 5 +  2 Y  x — 5 +  2 Y  x — 48 =  0,

or

(V x)2jr 2 Y  %Y x — 5 +  (]/ a; — 5)2 +  2 ( Y  x — b +  Y x) — 48 =  0,
that is,

{ Y & ^  +  V x)2 +  2 { Y & ^  +  V x) — 48 = 0.

Setting y =  Y x  — 5 +  Y  x, we get the quadratic equation y2 +  
+  2y — 48 =  0 wherefrom we find: y1 — 6, y 2 =  —8. Thus, the 
problem has been reduced to solving the collection of equations:

Y x ^ b  +  Y x = 6 ;  Y ^ 1 ~5 +  Y * =  —8.
( 41 \  2 /

> the second equation

having no solution.
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/ 41 \ 2Check. We can easily show that x =  ( is a root of the equation 
y x  — 5 Y x  =  6. But this equation is equivalent to Equation

(
41  v 2

is a root of Equation (8) as well.

When solving irrational equations, we sometimes prefer to introduce 
two new auxiliary variables.

Example 8 . Solve the equation

V  l ^ x  +  V  15 +  z -  2. (9)

Solution. Let us set:
( U ’-■= Y  \ — x
{*; =  Y 15 +  ^-

Then Equation (9) takes the form: u +  v — 2. But to find the values 
of the new variables, one equation is not sufficient. Raising both 
sides of each equation to the fourth power, we get

{ u* =  1 — x 
v* = l5 + x.

We then add together the equations of the last system: u4 +  
v4 =  16.

Thus, for finding u, v we have the following symmetric system of 
equations:

lu +  v = 2 
1 u*-\-v*= 16.

Solving this system (see Item 4 of Sec. 10) we find (confining our­
selves to real solutions):

| =  0 (u2 =  2
1^!== 2 ’ \ v 2 = 0.

The problem has been reduced to solving the collection of the systems:

j 4/ t ^ x = 2
( /  15-\-x--=2 ’ 15 +  2 ==0.

Solving this collection, we find: xx =  1, x 2 =  —15.
Check (the simplest way to carry out the check is to substitute the 

found values into the original equation). The check convinces us 
that both found values of x are roots of the original equation.
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set

Remark. This method might also be used for solving some of the 
equations considered above. Thus, when solving the equation

V *  +  1 — f 2 x  — 6 = 2  (see Example 3), we could
[u = Y x +  l . ,
|  —_ _ a n d  arrive at the system of equations

i u — v — 2 
[2u2— v3 = 8.

Example 9. Solve the equation

V +X - V * y  *2 +  2B2- 3? = 3.

Solution. Setting

* X

v =  V x  Y x2-f-282 — x2,

( 10)

(11)

we get the equation u — v =  3. Multiplying together the right- 
hand sides of the equations of System (11), we get:

] /  Y * + 2 & + x  Y x  y  x2 +  282 — x2

=  y  V**+2& + x x ( y x2 +  282 — x) =  V (Yx2 + 282)2 — x2 =  28.

The obtained result leads to another equation in new variables: 
uv =  28. Solving the system

(u — u = 3 
\ u x  v =  28, 

we find:
[ ui —- 7 f u9 =  —4p i  =  7 p 2 =  — 4 
U  =  4 ; k = - 7.

Thus, we come to a collection of systems of equations. From this 
collection we take only the system corresponding to positive values 
of ux and vx (the system corresponding to negative w2,, v2 a fortiori 
has no solution, therefore we omit it):

j / ~  Y s» +  28» +  x 

l V x V ^ 2+ 282- x 2 =  4 .

( 12)

8 - 0 8 4 0
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We now solve the second equation of System (12). Squaring both 
sides of this equation, we get: x Y x2 +  282 — x2 =  16, and further

xVx*  +  282 =  x2 +  16. (13)
Let us now square both sides of Equation (13):

z2 (.x2 +  282) =  (x2 +  16)2, (14)
and further: 752a:2 — 256 =  0.

From the last equation we find:

4 / 4 7  4 / 4 7
X l ~  47 ’  * 2  47

Check. It is clear that x 2 does not satisfy Equation (13) and, hence, 
the second equation of System (12). Let us check xv  Since for x >  0 
Equations (14), (13), and the second equation of System (12) are
equivalent, x =  is a solution of the second equation of Sys­
tem (12). Now we must get convinced that the found value of x1 
also satisfies the first equation of System (12) (only in this case we 
may regard this value as the solution of System (12)). Let us reduce 
this equation to a simpler equivalent. We have:

_  7, y  x2-\- 282 +  x =  49x, Y  x2 +  282 = A8x, 

x2 -f 282 =  482x2, (482 - 1 )  x2 =  282, 

whence x2 =  —  .47

The value of xx satisfies the last equation and at the same time the 
first equation of System (12).

Thus, x =  is the solution of System (12), and, hence, of
Equation (10).

Example 10. Solve the equation

5/  (x -  2) (x -  32) — Y  (x — 1) (x -  33) =  1. (15)

Solution. Let us set

ju  = V  (x — 2) (x — 32)
=  4/  (x— 1) (x —33).

Then Equation (15) takes the form: u — v =  1. To obtain the 
second equation in new variables u and v> let us raise both sides of 
the first equation of System (16) to the fifth power and those of the
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second equation to the fourth. We get:
iuh = x2 — 34x +  64
{v* = x2 — 34r +  33,

whence ub — v* =  31. Thus, for finding u and v, we have the fol­
lowing system of equations:

{u — v =  1 (v = u — 1
ub — v4 =  31 °r (u 6 —(u— 1)4 =  31,

whence
iv = u — 1
|  u5 — u* +  4^3 — 6 u2 -\-4u — 32 =  0.

From the second equation of System (17) we find: ux=  2. Dividing 
the polynomial ub — u* +  4u3 — 6u? +  4w — 32 by the binomial 
u — 2, we get: u4 +  u3 +  6u2 +  6u +  16.

Thus, System (17) is equivalent to the collection of systems:
{V=U~— 1 | v = u — 1
u — 2 =  0 ’ \w4 +  u3-f 6m2 +  6w +  16 =  0.

From the first system we find: Wj =  2, =  1.
The second system is more complicated. In the process of solving 

this system the following should be taken into consideration. Since 
V  (x -  i) ( x -  33) =  v, V >  0.

Since u — v =  I, u =  i; +  1, and, consequently, u ^  1. It is 
obvious that the equation

u* +  u3 +  6 u2 +  6u +  16 =  0
has no solutions which satisfy the inequality u ^  1. 

iui = 2
Thus,  ̂ is the only solution of System (17), and it re­

mains to solve the following system:

I / ( x — 2) (x — 32) =  2 
(x— 1) (x — 33) =  1.

We have:
\ y / x 2- 34x +  64 =  2 
( 4/ x 2—34x +  33 =  l.

If we set y =  x2 — 34a: +  33, then the system takes the form:

\ V  y +  31 =  2

lV T = i-
H *
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From this system we find: y =  1. Then x2 — 34r +  33 =  1, 
whence xlt2 =17 ±  1/257.

Check. Analysing the transformations carried in the course of so­
lution (all of them are equivalent—make sure that this is so), we 
conclude that the found values of x are roots of Equation (15). 

Artificial Methods of Solving Irrational Equations.
Example 11. Solve the equation

• V 2 x 2 +  3x +  5 +  / 2 x 2 -  3x +  5 =  3x. (18)

Solution. We m ultiply both sides of the given equation by the

function <p (x) =  Y 2x2-f3 x -)-5— ]/ 2 x 2 — 3x +  5, conjugate to
Y  2x2 +  3x +  5 +  Y 2x2 — 3x +  5.

Since ( |/2 x 2 +  3x +  5 +  Y%x2 — 3x -f- 5) ( ] /2x2 +  3x -f 5 —
V 2x2 -  3x -f 5) =  (2*2 +  3x +  5) -  (2x2 -  3x +  5) =  6x, Equation (18) 
takes the form:

6x =  3x 0 /2 x 2 +  3x +  5 -  Y ^  -  3x +  5),
or

X  (y 2 x 2 +  3x +  5 -  l/2 x 2 —  3x +  5 -  2) =  0. (19)
As is easily seen, xx =  0 is one of the roots of Equation (19). It 

remains to solve the equation

Y  2x2 +  3x +  5 -  Y 2^2 — 3x +  5 =  2. (20)

Adding together Equations (18) and.(20), we get the consequence:

2 ]/2x2 +  3x +  5 =  3x +  2. (21)

Solving Equation (21) by squaring we get:

8x2 +  12x +  20 =  9x2 +  12x +  4,

and further: x2 =  16, whence x2 =  4, x3 =  —4.
Check. Substituting the found values xx =  0, x2 =  4, x3 =  —4 

into Equation (18), we see that it is satisfied only by the value x2 =  4. 
Thus, x =  4 is the only root of Equation (18).

Example 12. Solve the equation

4/ ^ T  +  2 Y  3x +  2 =  4 +  Y  3 ^ ~ x .  (22)

Solution. In this case, neither of the above methods proves to be 
successful. Let us make an attempt to find some solution of the given 
equation using the trial method. The domain of definition of the
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fx  — 1 0
equation is given by the system of inequalities: |g  ^ >  0 w^ence
we get: Hence, solutions should be sought for only in
this interval. Trying the integral 
values of x from the indicated in­
terval, we find that x =  2 is a root 
of the given equation. If we now 
prove that the original equation has 
no other roots, the solution of the 
equation will be thereby completed.

On the interval [1, 3] the function 
f  (x) =  Y x  — 1 +  2 y  3x +  2 is 
increasing, while the function 
g ( x ) =  4 +  V  3 — x is decreasing.
But in this case, if the equation 
f  (x) — S (̂ )» has, in general, roots, then there is only one root (see 
Fig. 4). Hence, x =  2 is the only root of Equation (22).

4. Systems of Irrational Equations,
Example 13. Solve the system of equations

3x —2 y ■|/ — —  
V 3x—22x 1 V 3x — 2y

1 =  3y (z —1).
(23)

Solution. Let us set u =  j /  ^  . Then the first equation of

the system takes the form: u H—  = 2, whence we find: u =  1.
Thus, the solution of System (23) is reduced to solving the following 

system:
J / 37^27 i

{ V  2x (24)
I4y2— i=--3y (x— i).

Squaring both sides of the first equation of System (24) and getting 
rid of the denominator, we obtain:

13x — 2 y =  2x 
1 Ay2 — i = 3y ( s — 1),

whence we find:

Check. System (23) is equivalent to System (24). Since for x 0 
and 3x ^  2y both sides of the first equation of System (24) are non-
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negative, System (24) is equivalent to System (25). Thus, the solu­
tions of System (25) are also solutions of System (23). Hence, the
pairs (2, 1) and ( l ,  are solutions of System (23).

Example 14. Solve the system of equations

J2  y  x —y + Y x  + 2y = A

I V ( x —y) +  2y)2 =  2.

{u =  y  x — y
, _____  we get the system of equa­

ls =  y x-\-2 y,
[2m  +  z; =  4

tions: { 0 from which we find: u =  1, u= 2.[uv =  2,

Thus, the problem has been reduced to solving the following 
system:

f y  x — y — i. [x — y=  1

{Yx-\-2y = 2 la: +  2y= 16 ,

whence x =  6, y =  5.
It is easy to check that the found solution of the last system is 

also the solution of the original system. Thus, the pair (6, 5) is the 
solution of the given system of equations.

EXERCISES

In Problems 609 through 678, solve the indicated equations:

609. | / * ^ 1  +  Vr2 ^  =  3. 610. Y ‘'x +  i ^ y m9 ^ x = Y  2 x - l 2 .
611. /2 x + 5 + /5 x + 6  = /  12z+25.
612. / J - / 5 + I  +  1A 7 + 9 - / i + 4  =  0. 613. V 2x +  V  6** +  l =  * + l .  

614. ( l + i a) /{+**■ =**  —1. 615. / ^ + I  +  / * « _ 8  =  3.

616. 1—x = V l  — Y i x *  — 7*4. 617.
618. Vr7+i/^*Tf =  3. 619. / 5  +  ̂ + / 5 - | / I = v ^ .
620. y  3i*—2x+15+Vr3x2-2x+ 8=7.
621. Y  3a;a+5x-+-8-y 3*a+5*+ 1 =  1.
622. y  ** —3x +  3 + y * * —3x+6=3. 623. x i J r Y  ** +  20 = 22.
624. y ^ + 8 + y P + 8  =  6. 625. Y~x— V  x  y*=56.
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626- V 4 + f + K & = 2 - K l + f + K - S - - 2-
628. x / x *  +  15 — Y x  yrx* +  l5 =  2. 629. x» —4x—6 =  Y 2x«—8x+12.

630. (x+4) (x + 1 )  — 3 Y xs +  5 x + 2  =  6. 631. Y *a—3x +  5+x® =  3x +  7.

632. x®—3x—5 Y 9x® +  x —2 =  2.75 — x. 633. x + Z x —2 =  0.
y

634. x—4 y x ® + f /x + 6  =  0. 635. 4x—3 > / i —1 =  0.

636. x10—x5 — 2V 'xr+ 2  =  0. 637. / x ® + x + 4 + /x ®  +  x +  l= y 2 x ® + 2 x + 9 .

638. / x ® + x + 7 +  /  x ® + x+ 2  =  /  3x® +  3x+TtT.

639. V x + 2 Y x —l + V  x —2 Y  x —l =  x —1.

64Q> | / 5 - V x + l  +  / 2x® +x+3 = 1 .

641. V x + 8 + 2  y ^ + 7 + ^ x + l  — = 4 .

642. ] / x  —2 + V 2 x^ 5  + l / x + 2 + 3  > ^ 2 x ^ 1 =  7 / 2 .

643. v/ 2x(4x* +  3) — l  — 12x*+x =  x* —11.

644. /  xa— 4 x + 3 + / — x® +  3x —2 = Y  x®—x.
645. / x®—x — 1 + y x ® + x + 3 =  y2x® +  8 (find the positive solutions).

646. / x® +  x —2 + y x ®  +  2x—3 = y x a—3 x+ 2. 647. > / x + 2 4 + / 12—x =  6.

648. y i .5  j /" x — ^— J /^ x — = 0 .

649. /  x + 2 —y ij x + 2 = 0 .  650. Y ^ + V x —1 =  1.

651. y 2 = I = l - y i = l .  652. y j + 7 + y 2 8 = ^ = 5 .
653. y i® ^ I + |/x ®  +  18 =  5. 654. y j + T + y j + 2 + y j 4 I3 =  0.

655. ^ + y ^ H l 6 = y ^ .  656. /  9 — y + + t + 3/ 7 + / x  +  l =  4.

657. V  5 4 + y S + 3/ 5 4 - y j = y i 8 .

658. j / ~ 78+  V 2 4+  / x  —| /  84— ^ 30 — y i  =  0.

659. l / - 20+X + ] / " ^ H ± = y 6 .  660. / x3+x® —1 + / x 3 +  x« +  2 =  3.
» 3? r X  iI

661. x 3/ 3 5 —x3 ( x + y 3 5 —x®) =  30. 662. x +  / 1 7 —x®+x / 1 7 — x® =  9.

663. > / x ^ 2 + / 6 ^ x =  / 2 .  664. Y f f + x + y r2 0 ^ x = b .

665. Y 97—x + / x = 5 .  666. Y ^ x + Y  x ^ 2  +  2*Y(6 — x) (x—2) =  2.

667. y / 33—x +  y i  =  3. 668. / ( x -2 )  (x —32)—/ (x —1) (x—33)= 1.
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669. ] /  y * » + j> 6 « + «  _ y x y * q P 6 p - « « = 5 .

670. 4 ( ] / ' l+ x  — 1) ( y i ^ x + l )  =  x.

671. z + / i + / z + 2 + / z a  +  2 z= 3 .
672. Y  i 3—4x2+ x + 1 5 + y  x3 —4s4—x + 1 3  =  * + l .
673. V  (x—1) ( i —2) +  V" (x—3) ( i —4) =  Y 2.
674. y  4 —4 i + z 2 +  f / 49 +  14x+x2 =  3 + y  14 — 5x— x2-

675. y  x— l +  Y x + 3 + 2 Y  (x —1) (*+3) =  4 —2x.
676. Y 2 x + 3 + y x + l  =  3 x + 2  V 2i* +  5 x + 3  —16.

677. Y x + 4 + Y * —4 =;g_ j _ / . ,g _ 16_ 6.

678. y i + y x + 7 + 2 y x 2+ 7 i  =  35—2x.

In Problems 679 through 700, solve the given systems of equations:

679.
X  V y

[V  5 x + y + Y  5x — y = k.
680. z*_ /~ y3 _  65

J ~ ~ V  X  — 6

681. ( » ’ +  'A3»*-
{3x — 2i/ =  5.

— 2a; +  3 =  — z + 5 682. | 5 ^ - 2  ̂+  3 ^ + ^  =  
| 3 y ^ - 4 ^ + i /  =

=  13
2 .

683.

684.

686.

688.

690.

692.

[ V2x +  y _  81
) y "*■ 2a; 182
I >/2j  —i/  Y2x —y _  1
\ y 2x 182

y  2x — y + H  — Y  3 x + y  —9 =  3 
y 2 x - j , +  U  +  y 3 x + j , - 9  =  3.

y  x + y  +  Y x  — y =  & 

V ( *  +  V)* (*-</)2 =  8.

fx +  y + y x j , =  14 
\  a;2 +  z/2 +  xy =  84.

rx Y y + y  y x = 6
\x 2̂  +  i/2x =  20.

687.
{ x y = 9 .

—  _ A  
y ^  3

689. ( V x  +  V H - 3
\x y  =  S.

V x +  >^1/ — 3
y  x* — Y  x y + V  y2=  3.

691.

l l / ‘ a:

y + l 3 /-2V y + 1
= i

* + y + l +V**—y+l0=5.

a;2 —J— re xy2 =  S 0 

y2+ i / f rx2y =  5.

693.
l y x + i + y  y = i .
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694.

696.

698.

700.

V  ~ ~ = z'yrx+ y+ yr x —y 

y r ^ ±  = Y 7 + ' y - Y ~ y

V  g +  Y y + V  x—Y y = 2

V y-\-Y*—Vv — Y*=i'
Y x ~{-y't~Yy-hz= 3
V  j/ +  z + / z + i  =  5 699.
Yz-\-xJr Y x+y= 4.

( Y  i x + y - 3 z  +  7=2  
Y2y +  5 x + z  +  2S.5 =  3

[Y y-\-z—> ^ 6i= o .

695 /  ^  y  ̂̂
' \2 x + i/  =  7.

!Y * v + Y  yz = 9
j/z+V ' zz =  5

/ S + V ^  =  8.

/ ^ 4 + / ^ + / r + 4  =  6
2 Y ^ —Z — Y j - 4 / : T 4  =  - 1 2
x-\-y-\-z = 14.

SEC. 13. EXPONENTIAL EQUATIONS

When solving exponential equations we use two basic methods:
(1) replacing the equation a/(*> =  a8 x̂) by the equation /  (a;) =  g (x);
(2) introducing new variables. Sometimes, we have to use artificial 
methods.

1. Exponential Equations. Consider equations of the form af{x) =  
a8<x\  where a >  0 and a 1 and equations which can be reduced 
to them. The solution of such equations is based on the following 
theorem.

Theorem. I f  a >  0 and a =̂= 1, then the equation af x̂) =  a8{X> 
is equivalent to the equation f  (x) = g (x).

Example 1. Solve the equation 2x2~2x = 23x~6.
Solution. The given equation is equivalent to the equation a:2 — 

2a: =  3a: — 6, and therefore the roots of the last equation xx =  2 
and x 2 =  3 are also roots of the original equation.

0.2*"°•5Example 2 . Solve the equation - =  5 xO.04*”1.
y  s

Solution. We reduce all the powers to the same base -g-:

Further, we have: -J* =  ("jf) 2*~3 *
The last equation is equivalent to the equation x — 2a: — 3, where­
from we find: x — 3. Thus, x =  3 is the only root of the given equa­
tion.
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Exam ple 3 . Solve the equation
3**-4 =  52*. (1)

Solution. Since 5 =  3l0̂ 5, Equation (1) can be transformed to
3 * * -4  =  (3iO g,5)2*#

This equation is equivalent to the following:

x2 — 4 =  2x log3 5. (2)

The roots of the quadratic equation (2) and, at the same time, of 
the given exponential equation (1) are: xlt2 =  log3 5 ±  ] / log2 5 +  4. 

Exam ple 4 . Solve the equation

51+2* +  6i +* =  30 +  150*. (3)

Solution. Since 51+2* =  5 X 25*, 61+* =  6 x 6* and 150* =  
6* X 25*, Equation (3) can be transformed to:

5 X 25* +  6 x 6* -  6* X 25* — 30 =  0,

and further 5 (25* — 6) -  6* (25* — 6) =  0, (25* — 6) (5 — 6*) =
0 .

The last equation is reduced to the collection of equations 

25* — 6 =  0; 5 — 6* =  0,
which has the following solutions: x± =  log25 6, x 2 =  log6 5.

The found values of x are roots of Equation (3).
Example 5. Solve the equation

4* +  2*+1 — 24 =  0. (4)

Solution. Let us apply the method of introducing new variables. 
Since 4* =  (22)* =  (2*)2 and 2*+1 =  2 x 2*, Equation (4) can be 

rewritten in the following way:

(2*)2 +  2 x  2* -  24 =  0.

Setting u =  2*, we get the quadratic equation u2 +  2u — 24 =  0, 
whose roots are: ux — 4 and u2 =  —6. Therefore the problem is 
reduced to solving the collection of equations: 2* =  4 ; 2* =  —6.

From the first equation of this collection we get: x =  2. The second 
equation of the collection has no solutions since 2* >  0 for any 
values of x. Thus, the root of Equation (4) is x = 2.

Example 6 . Solve the equation
2* +  (0.5)2*“3 -  6 (0.5)* -  1.
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Solution. Since (0.5)2*"3 =  23"2x=  - - a n d  6 (0.5)*= , we have:

2X 4- 8
22x __ ^- — 1 = 0.2 X 1 V -

8 6Setting u =  2X, we get: u +  ^  — — — 1 = 0 ,  and further w3 — 
u2 — 6u +  8 =  0, that is, (u — 2) (u2 +  u — 4) =  0.

The last equation has three roots: ui = 2, u2 — l +  Y  17
2

u3 — \ — Y  17
2

Now, the problem is reduced to solving the collection of equations:

2X = 2- 2X = ^— — • 2X =   ̂ 1^17

From the first equation we find: x x == 1, from the second: —x2 =  
Y i 7 _1log2 ——5----  . The third equation has no solution since£

< 0  and 2X> 0  for x ^ R .

Hence, the original equation has the following roots: xt =  l

and x2 =  log2 .
Example 7. Solve the equation

6 x  32* -  13 X 6* +  6 X 22x =  0. (5)
Solution. Since 6X =  3* X 2X, we have:

6 x  32* -  13 x  3X X 2* +  6 X 22* =  0.
Setting u =  3X, v =  2X, we get the equation:

6u2 — 13 uv +  6i>2 =  0, (6)
which is a homogeneous equation of the second degree in two var­
iables u and v. Since v =  2X does not vanish for any values of x, 
dividing both sides of Equation (6) by v2, we get the following equa­
tion which is equivalent to (6):

6 (-£■)2- 1 3 -|J--f6 =  0.

Setting z =  , we get: 6z2 — 13z-f 6 =  0, whence zx =
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u i 3 \ *Taking into account that z =  — =  (y l  > we write the collection of 

equations:

( 2 J 2 * V 2 / “ 3 ’

wherefrom we find: xx =  1, x 2 =  — 1.
Hence, Equation (5) has two roots: ^  =  1, x 2 =  —1. 
Example 8 . Solve the equation

(7)

Solution. No method of those considered in the previous examples 
is suitable for solving this equation. Let us try to find a solution of

Equation (7) by trial and error meth­
od which readily yields. In this 
case: x1 =  1. Of course, we are not 
sure that the equation is already 
solved since it may have some other 
roots. Let us prove that there are 
no other roots.

( 3 \ x  7
-H  +  -g- decreases,

and the function 2X increases 
throughout the number line. Hence, 
Equation (7) cannot have more 
than one root (see Fig. 5). Thus, 
x  =  1 is the only root of Equa­
tion (7).

2. Exponential-power Equations. 
These are equations of the form 
(/ (*))*<*>= (/ (*))*(*>. If it is known 

that /  (x) >  0 and /  (x) =̂= 1, then this equation, like an exponen­
tial one, is solved by equating the exponents: g (x) = h (x). If the 
possibility of relations /  (x) ^  0 or /  (x) =  1 is not excluded by 
the hypothesis, we have to consider several cases as in the fol­
lowing example.

Example 9. Solve the equation

(x2 +  x -  57)3*2+3 =  (x2 +  x -  57)10*. (8)
Solution. When solving the given exponential-power equation, 

we have to consider four cases:
(1) x2 +  x — 57 =  1, that is, x2 +  x — 58 =  0.

In this case Equation (8) takes the form 13*2+3 =  l 10x, i.e. 1 =  1. 
Hence, the roots of the equation x2 +  x  — 58 =  0 are also roots of 
Equation (8). From the equation x2 +  x — 58 =  0 we find:
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(2) x2 +  x — 57 =  —1, that is, x2 +  x  — 56 =  0. In this case 
Equation (8) takes the form

(_!)»**+s =  (— (9)

Equation (9) can be satisfied only by those values of x for which 
3x2 +  3 and 10a; are integers (since the negative number (—1) can 
be raised only to an integer power) of equal parity (both even or both 
odd).

From the equation x2 +  x — 56 =  0 we find: xx =  —8 , x 2 =  7. 
The value xx =  —8 does not satisfy Equation (9), while the value 
x 2 = l  satisfies this equation. Hence, x =  7 is a root of Equation (8).

(3) x2 +  x — 57 =  0. In this case Equation (8) takes the form
03*2+3 =  0io*. (10)

Equation (10) can be satisfied only by those values of x for which 
3a;2 +  3 >  0 (this is true for all a:’s) and 10a: >  0; in this case Equa­
tion (10) takes the form 0 =  0 (let us recall that the expression 0r has 
sense only for r >  0).

From the equation x2 +  x  — 57 =  0 we find:
 ̂ _  -  1 d= V 229*1.2---------- o-------  •

The value xx =  — - -  ,̂ 229 does not satisfy the condition 

iOx >  0, while x 2 =  X^f-229 does. Hence, x  =  ~ 1

is a root of Equation (8).
(4) If x2 +  x  — 57 >  0 and x2 +  x — 57 =#= 1, then from Equa­

tion (8) we conclude that 3a:2 +  3 =  10a;, whence we find: xx =  3,I
x 2 = "3 ‘ Both of these values must be checked by substituting into
Equation (8). For x =  3 we get: ( - 4 5 )30 =  (—45)30 which is a true 
equality.

I
For x =  Equation (8) takes the form

10 10

This has no sense (a negative number is raised to a fractional 
power). Hence, only x  =  3 is a root of Equation (8).

Summing up, we conclude that Equation (8) has five roots:
_  - 1 ± Y  233

*1,2-----------o------ *3 — 7 y x k — — 1 +  1^229 
2 a:5 =  3.
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EXERCISES

In Problems 701 through 735, solve the given equations:

701. ( y Y  x  702‘ 2x1 X 5** =  0.00! X (103-*)2.

( 4 r ‘ *  ) * ' - " = ( - & ) * .

l /  l1/ ---------- 3-
705. y  2*V 4*X 0.125* =4^/2. 706. 10*—5*"1 X 2*-2 =  950.
707. 23* X 3*—23*-1 x  3*+1 =  — 288. 708. 2 x 7 3* —5x493* + 3  =  0.

709. 3 X 52*-1 — 2 X 5*-1 =  0.2. 710. 9*’” 1 — 36x3**"3 + 3  =  0.

711. 2" + 1 0 = _ 9 _ ,  712. 333C+1 — 4 x 27* - i 91.5*-i — 80 =  0.

713. 4V 3C+1 _ 2Vn*+i +2 =  o 714, 2*+^ * 2- 4—5(pr2)*“ 2+1/’*2” 4—6 =  0. 
715. 52* — 7*—35x52* —35x7* =  0. 716. 4* —3*-°-5 =  3*+0-5—22*"1.

717. (2+  / 3 ) *  +  (2 — / 3 ) *  =  4. 718. 4 * + 6 * = 2 x 9 * .
719. 2 x  4* +  25*+1 =  15X10*. 720. 16* +  36* =  2 x  81*.
721. 56 X4*-1 — 53xl4* +  2x49*+0-5 =  0.
722. 22* X 9* — 2 X 63*-1 +  42*"1 X 34*~2 =  0.
723. 2* — 2x(0.5)2* — (0.5)* + 1  =  0.
724. 27 X 2”3* +  9 X 2* —23* —27 X 2~* =  8.

725. ( 2 + / 3 ) * , - 2*+1 + ( 2 -Y " S ) x,- 2x- 1 = -------------- .
2 — V 3

x 3x

726. 3 * x 8 * + 2 = 6 . 727. 5*-2 x 2  *+1 = 4 .

728. (x2—x —l)*2-1 =  1. 729. |* |x'~ 2* =  l .

730. (x—2)*2"* =  (x —2)12. 731. (3x—4)2*2+2 =  (3 x -4 )8*.
732. 3*+4* =  5*. 733. 8 - x  X 2 * + 2 3"*—x = 0 .

734. Y~x (g^ *1- 3 _ =  32 V *,- 3 + 1 _ 3 V **-3+ l _|_6 Y x  — iS.

735. 2 Y * X 4* +  5x2*+1 +  2 / * =  22*+2+ 5  V^xX2* +  4.

SEC. 14. LOGARITHMIC EQUATIONS

When solving logarithmic equations, we use two basic methods:
(1) replacing the equation loga /  (a:) =  loga g (x) by /  (x) =  g (x );
(2) introducing new variables. Sometimes we have to apply artificial 
methods.
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1. Logarithmic Equations. Consider logarithmic equations of the 
form

l0ga /  fr) =  loga g (X), (1)

where a >  0 and a =#= 1.
The solution of such equations is based on the following theorem.
Theorem 1. The equation loga /  (x) =  loga g (x) is equivalent to 

the mixed system:
f /  (* )= g (*)
< / (*)>  0 (2)
U  (*)>  0.

Note that for solving Equation (1) we have not necessarily to solve 
System (2). We may proceed in a different way, namely, to solve the 
equation

f  (x) = g (x) (3)

and from the found solutions to choose those which satisfy the 
system of inequalities

/ (*) >  o
g (*) >  0,

(4)

that is, those which belong to the domain of definition of Equation (1).
When solving logarithmic equations, we use the properties of 

logarithms. Consider, for instance, the equation

loga t  (z) +  loga g (z) =  loga h (x). (5)
It is transformed to:

logo (/ (Z) g (Z)) =  l0ga h (x). (6)

But Equations (5) and (6) may be non-equivalent. Indeed, the do­
main of definition of the expression loga /  (x) +  loga g (x) is given

by the system of inequalities If (*) >  0 whereas the domain of
lg(tf) >  0 ’

definition of the expression loga (/ (x) g (#)) is specified by the in­
equality /  (x) g (x) >  0 which is, in turn, equivalent to the collec­
tion of systems of inequalities:

/ ( * ) >  0  ̂ U ( x ) <  0
g ( x ) > 0’ l g ( x ) < 0.

Thus, when passing from Equation (5) to Equation (6), we can 
encounter an extension of the domain of definition of Equation (5) 
(at the expense of the solutions of the last system of inequalities), 
and, hence, extraneous roots may appear. Therefore, on solving Equa-
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tion (6), we have to choose those of its roots which belong to the do­
main of definition of the original equation (5), that is, which satisfy

r /  (x) >  o
the system of inequalities This check is an essential

[A (x) >  0.
part of the solution of a logarithmic equation.

It is clear that the check may also be realized by a direct substitu­
tion of the found solutions into the original equation.

Now, consider equations of the form

loga(*) /  (x) =  loga(*) g (x). (7)
Their solution is based on the following theorem.

Theorem 2. Equation (7) is equivalent to the mixed system:
f ( x ) =  g (x) 
f ( x ) > 0  
g { x ) > 0  
a (x)'s> 0 
a (x) 1.

In other words, the roots of Equation (7) are represented by those 
and only those roots of the equation f  (x) = g (x) which simultane­
ously satisfy the conditions:

/  (x) > 0 , g (x) > 0 , a (x) > 0 , a (x) 1
(these conditions specify the domain of definition of Equation (7)). 

Example 1. Solve the equation
log3 (x2 — 3x — 5) =  log3 (7 — 2x). (8)

Solution. By Theorem 1, Equation (8) is equivalent to the fol­
lowing mixed system:

{ x2 — 3x — 5 =  7 — 2x 
x2 — 3x— 5 > 0  (9)

7 - 2 x > 0 .

Solving the equation of this system, we get: x± =  4, x 2 =  —3. 
Of these two values only x =  —3 satisfies both inequalities of Sys­
tem (9) (that is, the value x =  4 does not belong to the domain of 
definition of Equation (8)). Therefore, x =  —3 is the solution of 
Equation (8).

Example 2. Solve the equation
log (x +  4 ) +  log (2x +  3) =  log (1 — 2x).

(10)
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Solution. W e transform Equation (10) to  the form  

log  ((x +  4)(2x +  3)) =  log (1 — 2x),

and further
(x +  4)(2x +  3) =  1 -  2x. (11)

From E quation (11) we find: xx =  — 1, x 2 =  —5.5 .
The dom ain of definition of E quation  (10) is g iven  b y  the system  

of inequalities:

{x - f - 4 > 0  
2x +  3 >  0 (12)

1 — 2x >■ 0.

Sub stitu tin g  the found roots of E quation  (11) in to  System  (12), 
we m ake sure th a t x x — —1 satisfies th is system , w h ile  x 2 =  —5.5  
does not. Thus, x  =  — 1 is the on ly  root of E quation (10),

Example 3. Solve the equation

log2 (xa — 1) =  lo g r(x  — 1). (13
2

Solution. First of a ll, let us pass in Equation (13) to  logarithm s  
w ith  equal bases. Since logaÂ  =  lo g oft TV”, Equation (13) is trans­
formed to  th e follow ing:

lo g 2 (xa — 1) =  l o g ^ - i  (x — l ) - 1.

Further, we have: lo g 2 (xa — 1) =  —lo g 2 (x — 1),

lo g 2 (xa — 1) =  lo g 2̂ 4ri*  (14)

Solv in g  E quation  (14), we find:

* _ 0  r  -  ! +  rx i — u, x2— 2 ’ *3—-----2---- *

It  rem ains on ly  to  choose from the found va lu es 'those w hich  
sa tisfy  the system  of in eq u alities f x2 — 1 >• 0

1 x — 1 >  0.
S o lv in g  th is system , w e j in d  th a t x > l .  Of the found values x lf 

x 2, x 3, o n ly  x 2 =  — sati sfi es the in eq u a lity  x > l .  H en ce,

x  _  i +  Y 5 jjjg onjy rooj. 0j E quation  (13).

Example 4. S olve  the equation

io g *+4 (x* — 1 ) =  log«+4 (5 — x ).W-tSiO
(15)
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Solution. By Theorem 2, this equation is equivalent to the system
x2— 1 =  5 — x 
x2— 1 > 0
5 — x > 0  (16)
x-\- 4 >  0 
z +  4 ^ 1 .

Solving the equation, entering System (16), we get: x1 =  2, x 2 =  —3. 
Of these two values only x =  2 satisfies the rest of the conditions 
of System (16). Thus, x = 2 is a root of Equation (15).

7
Exam ple 5. Solve the equation log2 x +  log x +  1 = ---------- .

Solution. Since lo g ^  =  log x — 1, the given equation can be re­
written:

log2 X  +  l og X +  1 =  _  t .

Setting u =  log x, we get the equation

w2 +  “ +  1 =  - ~ T *

whence we find: u =  2. From the equation log # =  2 we find: £ =  100. 
This is just the only root of the original equation.

Exam ple 6 . Solve the equation
log2 x3 — log (0. la:10) =  0. (17)

Solution. We have:
(log x3)2 — log x10 — log 0.1 = 0,
9 log2 x — 10 log | x | +  1 =  0,

and further
9 log2 x — 10 log x +  1 =  0

(in this case | x | =  x since the domain of definition of Equation (17) 
is given by the inequality x > 0).

Setting u =  log x, we get the quadratic equation 9u2 — 10u +
1 = 0 ,  whose roots are: ux =  1, u 2 =  -g-. It remains to solve the

collection of equations: log x =  1; log # =  .
From the first equation we find: xx =  10, from the second: x 2 =  

Y 10. These values of x are also solutions of Equation (17).
Exam ple 7 . Solve the equation

logo.5* X2 — 14 log163C Xs +  40 \ogix V X  =  0.
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Solution. Changing the base of all the logarithms to 2, we get:

log2 a2_____ 14 lug2 a3 t 40 log2 V x  _  q
log2 0.5.r log2 16x 1 log2 Ax ’

and further
2 log2 \x\ _  42 log2 x , 20 log2 x = q
\og2x — 1 log2a: +  4 ”t~ log2;r +  2

From the given equation it follows that x >  0, and therefore 
| x | =  x, that is, log2 \ x \ =  log2 x. Setting u =  log2 x , we get 
the equation

2 u A2u , 20u   q
“  ~u~̂ A ' u +  2
1

whose roots are: 2̂ =  0 , i/ 3 =  2.
Now, the problem is reduced to solving the following collection 

of equations:
\

log2a : = — -y ; log2x =  0; log2x =  2.
■I f  o

From the first equation we get: , from the second: ^2 =  1,
from the third: x 3 = 4.

All the found values are the roots of the original equation (the 
reader is invited to make this sure independently).

Exam ple 8 . Solve the equation
log (20 — x) =  log3 x.

Solution. We fail to solve this equation using the methods con­
sidered in the previous examples. Let us find one of its roots using 
the trial and error method. In this case we get xx = 10. But we have 
no right to assert that the equation is already solved since it may 
have some other roots. Let us prove that there are no other roots. 
It is clear that the roots of the given equation should be sought for 
in its domain of definition, that is, in the interval (0, 20). In this 
interval the function y =  log (20 — x) decreases, while the function 
y =  log3 x  increases. But then the equation has only one root (see 
Item 3 of Sec. 12). Thus, x =  10 is the only root of the given equation.

2 . E xponentia l-logarithm ic E q uations. Here, we shall consider 
equations which may be regarded as both exponential and logarith­
mic.

Exam ple 9 . Solve the equation
x1 "i°g * =  0 .01. (18)

Solution. The domain of definition of the equation is x >  0. 
In this domain the expressions contained on both sides of Equa-
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tion (18) take on only positive values, therefore taking the decimal 
logarithms of both sides of the equation, we get the equation

log x 1 " logx =  log 0.01 
which is equivalent to Equation (18). Further, we have:

(1 — log x) log x =  —2.
Setting u =  log x , we get the equation (1 — u) u =  —2, whence 

ux =  —1, u2 =  2. It remains to solve the following collection of 
equations: log x =  —1; log x =  2.

From this collection we get: xx =  0.1, x2 =  100. These are roots 
of Equation (18).

Example 10. Solve the equation

logx (3xlogB * +  4) =  2 log5 (19)
Solution. Using thejiefinition of logarithm, we transform Equa­

tion (19) to:
x 2 l o g , * =  3£logt x 4 .

Setting u =  xlogB *, we get the equation u2 — 3w — 4 =  0, whose 
roots are: ux =  —1, u2 = 4.

Now, the problem is reduced to solving the following collection 
of equations: xlog*x =  —1; xlogiX =  4.

Since xlogt>x >  0, and —1 <  0, the first equation of this collec­
tion has no solution. Taking the logarithms to the base 5 of both 
sides of the second equation, we get:

log* x =  logs 4, i.e. log6 x =  ±  V log* 4,

whence we find: £li2 =  5 * l "̂1083 4 . These [are roots of Equa­
tion (19).

Example 11. Solve the equation

logs (5"* +125) =  log5 6 +  1 +  4 r  • (20)

Solution. Let us first consider the given equation as a logarithmic 
1 i+-Lone. Since 1 +  ^  =  logs 5 2* , we write Equation (20) in the form:

A. i+_L
log5 (5 * +  125) =  logs 6 4 -log* 5 2x-

Further, we have:
_i_ j _  ^  _i_

log* (5* +125) =  logs (6 X 5 x  5 2*), 5* + 1 2 5 =  30 x  5 2* .
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We have obtained an exponential equation which can be solved
_i_

by introducing a new variable. Setting u =  52x, we get the equation 
ua — 30u +  125 =  0, whose roots are: ux =  5, u2 =  25.

Now, the problem is reduced to solving the collection of two equa­
tions

i _ i_
5 2x = 5 ; 52* =  25.

l 1From the first equation we get: ^  =  1, whence xx — y  .
1 1 From the second equation we get: ^  =  2, whence x2 =  y  •

1 1Thus, Equation (20) has two roots: =  y  and x 2 =  y  .

EXERCISES

In Problems 736 through 805, solve the indicated equations: 
736.  log, — =  log, (4 -  s). 737. log3 ((x -  1) (2x -  1)) =  0.

X  --- 1

738. l o g y - —---- =  —2. 739. lo g (x+ 1 .5 )=  —logs.

740. log (4.5 — s) =  log 4.5 — log x.
741. log Y  5* — 3 +  log V z  +  1 =  2 +  log 0.018.
742. log Y x  — 5 +  log V"2x — 3 +  1 =  log'30.
743. log (x3 +  27) -  0.5 log (s* +  6* +  9) =  3 log VT.
744. log 5 +  log (x +  10) =  1 — log (2x -  1) +  log (21x -  20).
745. log, (3x -  11) +  log, (x -  27) =  3 +  log, 8.
n/c 1 — log x log* 14—log* 4

* ~  log 3.5*
747.

748.

loga(x+ l)*  +  log, / x * + 2 s + l  =  6. 
log (35—x8) „ log 2 + log (4—5 s—6s*)
log (5—*) ' ‘ ' log y^2x — 1

=  3.

750. logj log, }^5x =  0. 751. log! log, * = 0
T  T

752. log, log, log, (2s — 1) =  .

753. log^ l ^ l + z  +  3 log , (1 _ x) =  log i (1 _ x 2)* +  2.
2 T  16

754. (1 — log 2) log, s  =  log 3 —log (s—2).
755. log*, (s+ 2 ) =  1. 756. log*_2 (2x—9) =  log*_2 (23 — 6s).

757. log„_2 2 + 2  log,x--2 * =  log,x—2 (*+ !)•
758. log, ( s + 12)-log* 2 = 1 . 759. xM og*27-log,s =  s + 4 .
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760.

761. 

763. 

765.

767.

768.

770.

771.

773.

774.

775.

776.

778.

780.

782.

784.

786.

788.

790.

792.

793.
795.

796.
797.

798.

i +  log, =  (log x* 2 - 1 )  log* 10.

1 +  2 log* 2-log4 (10— x) = 762. log i 2 =  log* 4. 
' Tlog4a: ’ ~X+ +

log3 ( — x2 — Sx —14) logx2+4:c+4 9 =  1. 764. 0.1 log4 * * * * *a: —log2 a;+  0.9 =  0.
1

5 —4 log (a:+ 1) 1-f-4 log (a; +  l)
log2 (100s) +  log2 (10s) =  14 log a: +15.

-2. 766. 4 — log s  =  3 V^log s .

log (log x) +  log (log x3 — 2) = 0.

log* 2 +  log, x =  2.5. 772. log* _i_ 4* +  log, 4 + 8 .
a 8

log, logs (x2 —16) - lo g j_  log^  1 - — 2.2 3 S  10
3 logie (J /V  +  I +  x) +  log, ( / P + i  — x) =  log,, (4 x + 1) —0.5.

2 log* 3 +  log3* 3 + 3 log9* 3 =  0. 777. log,+i | x — 1  j =  logx_j_ (x +  1).

log3*+, (5x+ 3 ) +  log5*+3 (3x+ 7 ) =  2. 779. (0.4) ,0«' *+1 =  (6.25)2 ~ log Jr3-

(1.25)1-logi x =  (0.64)2 los*2*. 781. x'°8 * =  lOOOx2.

V xi°glT*=10. 783. xl0E^ 2X= 4 .
log x+1

X  4 = i o 10« K+1. 785. ( / x ) 1086 x~ l = 5 .
,log .*+ l =  te ,_ 787< (/J )lo g * .(* * -l)  =  5<

log* (2x*-2 — 1) +  4 =  2x. 789. 15log‘ V og‘ 9x+1 =  1.

16logx 2 =  8x. 791. *l°g,*’-lo a J * + 3 _ J _ = 0 .

xlO" X _310*̂ x — 1 __ glog s+1_5l0S s -1
8 —3 log __ 4

2xloe * +  3x- 108 * =  5. 794. ,aog. *>»-3 log, * =  3 2^2 .

, l082 w* -log» 2*-2  +  (z+ 2 )loe(*+2),4 =  3.

log2 *»+ X2 10gw“«
7x ®2 = 5 + ( x  +  7) VZ

log (3* — 2*~x) =  2+0.25 log 16—0.5x log 4. 

log, (9—2*) =  25logs " ■*.
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799. 3 log 2 + log (2^ '* - !_1 — 1) =  log (0.4^  + 4) +  l.
800. |I _ i | l ° g ! *-l°g * * = |a:_ i |» .

1 —
801. 4log’ (1“ t)=  (2i* +  2x +  5)l0's2. 802. x °gl 98 X l4 log'7 =  1.

803. 3* +  (3—x) log3 2 =  log3 ( 0X ( ~ - ) * + 2 x 6 * )  + 1 .

804. x2 log6 (5z2 — 2x — 3) — x log t (5z2 — 2x — 3) =  a:24-^.
T

805. log, _ * «  log_i_ (2 +  3x) =  x2—4 +  2 logyg W  +  l ix  +  e, _

SEC. 15. SYSTEMS OF EXPONENTIAL AND 
LOGARITHMIC EQUATIONS

When solving systems of exponential and logarithmic equations, 
we use the same techniques as were applied in solving systems of 
algebraic equations. However, we should like to underline that in 
many cases, prior to applying this or that method of solution, each 
equation of a system should be simplified.

Example 1. Solve the system of equations

1252* +  252y =  20
1253C+,/ =  5 |/5 . ^

Solution. Setting u =  25*, v =  25y, we get th6 system of equa-
(u2 -f v2 =  30 

tions \ which has four solutions:[uv — 5 y  5,

|» i =  5 _ U 2 =  ]/5 . ( “3= ~ 5 _ (u4 =  - 1 / 5
\ v i=  Y 5  ’ ly2 =  5 ’ \v3 = — ]/5  ’ |y 4 =  — 5.

But u =  25*, v =  25y, hence, u >  0, v >  0, that is, of the four 
found solutions we have to take only the first two.

Thus, the problem is reduced to solving the following collection of 
systems of equations:

125* = 5 (25* =  | /  5
125y =  ] /  5 ’ \25y =  5.

1 1From the first system we find: xx =  — , yx =  , from the second: 1
1 1

x 2 ~  x  » #2 — y #
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Thus, System (1) has two solutions: y ) .
Example 2. Solve the system

J 2*3* =  12 
12*3* =  18.

Solution. Multiplying termwise the equations of System (2), we 
get the equation

2*+*3*+v =  216 or 6x+v --=63,
whence x +  y =  3.

Dividing termwise the first equation of System (2) by the second, 
we get the equation

=  ( t T ‘
2
3 *

whence x — y =  1.

Further, from the system of equations
x +  y =  3 
x — y =  1 we find: x =  2,

V=  1-
Thus, the pair (2, 1) is the solution of System (2). 
Example 3. Solve the system

x*~2 =  4 
X2*"3=64.

Solution. Taking the logarithms to the base 2 of both sides of each 
of the equations of System (3), we get the following system of equ­
ations:

f log2 xv~2 =  2 I (y — 2) log2 x =  2
1 log2 x2*”3 =  6 °r I (2y — 3) log2 x =  6.

It is clear that x = £ l, that is, log2x=^0. Therefore, dividing 
the first equation of this system by the second, we get:

, whence y — 3. Substituting this value of y into the
equation (y — 2) log2 x =  2, we find: log2 x =  2, that is, x =  4. 

Thus, the pair (4, 3) is the solution of System (3).
Example 4. Solve the system of equations

(xlosvx . y =
llog4 j/-log„ (y — 3x) =  1. (4)



Ch. 2. Solving Equations and Inequalities 137

Solution. Let us reduce the first equation of System (4) to a simpler 
form. For this purpose, we take the logarithm to the base y of both 
sides of the equation:

_5_
\ogy{x '0?v* >y) =  \ogy x 2 ,

and further

logp XXOgV * +  logy g =  — logy X, logy +  1 =  Y  logy X.

Setting u =  logy #, we get the quadratic (with respect to u) equa-
2 1 tion u2 — $ u +  1 = 0 , whose roots are: =  2, w2 =  ^  • Hence,

either logy x = 2 and therefore £ =  y2, or logy x =  — , then x =  ] / y,
i.e. y =  x2. Thus, the first equation of System (4) is reduced to the 
collection of two simpler equations:

x =  y2; y = x2.

Let us now reduce the second equation of System (4) to a simpler 
form. To this end, we change the base of the logarithm to 4:

log4y- log4 (y—3s) 
log4 y 1,

and, further, log4 (y — 3a:) =  1, whence y — 3x =  4.
I t now remains to solve the collection of two simple systems of 

equations:
ix = y2 ' iy = x2 
l y —3a; =  4’ iy — 3z=4.

The first system has no solution, the second has two solutions: 
(4, 16), ( - 1 ,  1).

Check. The solutions of System (4) must satisfy the following con­
ditions:

x^> 0 
y >  0 
y — 3a; > 0  
y=£ 1.

The pair (4, 16) satisfies this system, whereas the pair (—1, 1) 
does not. Hence, (4, 16) is the only solution of System (4).



138 Part I. Algebra

EXERCISES

In Problems 806 through 834, solve the given systems of equations:

806.
\ x y - x - { - y  =  118.

807. (2x +  2V =  i2 
I x +  y =  b.

•808. f 642* +  642*/ =  12 
164^ =  4 \ r 2.

809 r8* =  lOy 
‘ \2 x =  5y. 810. r2^X9^==648 

13* X 4̂  =  432.

{3 * _ 2 2i/ =  77 ( x y + l =  27
x 812. I i

3 2 — %y =  7. \ x *u 5== T  ‘

*. K f - '
\ y ^ v = xK

813.

815.

817.

819.

( xx+y = y12 
\ y X +V =  X3.

nogx +  J o g ^ 1̂ 2 816>
lz2 +  2/2=5.

logy x — log* y =  —  

xy =  16.

818. I" 5 ( ^ 0 ;  + log* y) =  26

821

f log (x2+ 1/2) — 1 =  log 13 r 5 (log y x-
llog(x+ i/) —log(x —1/) =  3 log 2. ' \xy  =  64.
(2X X 4̂  =  32 R2ft rl02_1°8 (A:-,,) =  25
\lo g (x —j/)2 =  21og2. * I log (x—j/) +  log (x +  !/) =  1 +  2 log 2.

12 * *  /3*X  2̂  =  576

823

825.

826.

( U
)2  2 — (t-‘2)*-y =
[jlOg (2l/-3C)=  

f \ o g b x  +  3 [ o s * v  =  7
\ xy =  51 824.

822.

(3(2logy2x — \og { y) =  10

U o g ^  (y—*) = 4-

xy =  S 1.
1

logo.5(*/— )̂ +  log2 y  =  —2
x2 + y2=25.

827f (* +  ;/) 31/-*=
l31og5 (x +  j) =  x — y. 

(20x1oBj v +  7ylos’ x =  81

(xV =  y
tx*=!/

xV =  y*
»V (x>0, y >  0).
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830.

831.

832.

833.

834.

r log2 (X+ y) +  2 logs ( X  — y) =  5 
12* —5 x  2 o. B(*+y-i) _f-22/+1 =  0.
Jlog2 (10-210 =  4 -1 /

jlog2 " I / ! , " 1 =  l°g2 (* — 1) — log2 (3 - x) .

f log * log (s +  y) =  log 1/ log (x — y)
1 log y log (x-\-y) =  log x log (x — y).
( 4 +̂y — 27 +  9x~v
\  8X+V — 21 X 2*+v  =  2 7 x ~y +  7 X 3*"^+1. 
f x X  2 x+ l  — 2x 2 ^ =  — S y X A x + v  

\ 2 x X 2 2x+U +  3 y X 8 x + y = \ .

SEC. 16. RATIONAL INEQUALITIES

1. Basic Concepts. The domain of definition of the inequality f  (x) >  
g (x) is defined as the set of all x's where both functions f  (x) 
and g (x) are defined. In other words, the domain of definition of the 
inequality /  (x) >  g (x) is the intersection of the domains of defini­
tion of / (x) and g (.r).

A particular solution of the inequality f  (x) >  g (x) is defined as 
a value of the variable x satisfying this inequality (that is, any value 
of x for which the statement “the value of the function / (x) is greater 
than the value of the function g (x)” is true). The solution of an in­
equality is understood as the set of its particular solutions.

Two inequalities in one variable x are said to be equivalent if their 
solutions coincide (in particular, if both inequalities have no solu­
tions). If each particular solution of the inequality / x (x) >  gx (.x) 
is a particular solution of the inequality / 2 {x) >  g2 (x ) obtained as 
the result of transformations of the inequality fi'fx) >  gx (x) (that is, 
if the solution of the first inequality enters the solution of the second 
inequality), then the inequality f 2 (z) >  #2 (%) is said to be a con­
sequence of the inequality f x (x) >  gt (x). The following theorems 
dwell on transformations leading to equivalent inequalities.

Theorem 1. I f  to both sides of an inequality the same function cp (x) 
is added which is defined for all x s  from the domain of definition of the 
original inequality and the sense of the inequality is left unchanged, 
then the obtained inequality is equivalent to the given inequality.

Thus, the inequalities

/ ( * ) > £  (x) and / (*) +  <P (x) >  g (x) +  9 (x) 
are equivalent if cp(̂ ) satisfies the conditions of the theorem.

Corollary. The inequalities
f  (x) +  9 (x) >  g (x) and f  (x) >  g (x) — cp (.x) 

are equivalent.
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Theorem 2. I f  both sides of an inequality are multiplied (or divided} 
by the same function cp (:r), which for all x's from the domain of defini­
tion of the original inequality takes on only positive values, and the 
sense of the inequality is left unchanged, then the obtained inequality 
is equivalent to the given.

Thus, if cp (x) >  0, then the inequalities
f { ^ ) > g ( x )  and f(x) <p(x)>g(x)  cp (z)

( or -■ >» — ) are equivalent.\ <p (x) cp (x) I 4
Corollary. I f  both sides of an inequality are multiplied (or divided) 

by the same positive number and the sense of the inequality is left un­
changed, then the obtained inequality is equivalent to the given.

Theorem 3. I f  both sides of an inequality are multiplied (or divided) 
by the same function cp (:r), which for all x's from the domain of defi­
nition of the original inequality takes on only negative values, and the 
sense of the inequality is reversed, then the obtained inequality is equiv­
alent to the given.

Thus, if cp (x) <  0, then the inequalities
f ( x ) > g  (x) and /  (a:) cp (z) <  g {x) cp (z)

(or w <  w )  are e(iuivalent-
Corollary. I f  both sides of an inequality are multiplied (or divided) 

by the same negative number and the sense of the inequality is reversed„ 
then the obtained inequality is equivalent to the given inequality.

Theorem 4. Let there be given an inequality f  ( x ) >  g (x), where 
f  (x) ^5 0 and g (x) ^  0 for all x's from the domain of definition of the 
inequality. If both sides of the inequality are raised to the same natural 
power n and the sense of the inequality is left unchanged, then the fol­
lowing inequality is obtained:

(f (x)r  >  (g (x)r,
which is equivalent to the given inequality.

Remark. In Sec. 7 we already marked that identical transforma­
tions might cause a change in the domain of definition of a function. 
For instance, collection of like terms and reduction of a fraction may 
result in an extension of the domain of definition. When solving an 
inequality we use identical transformations which may yield a non- 
equivalent inequality. Consider, as an example, the inequality

Y  x x — — 5. (1)
Adding the same function <p (x) =  — Y  x to both sides of the 

inequality, we get the inequality

( 2)Y  x +  x — 1— Y  x > Y  x — 5 — 1/ x,
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•equivalent (by Theorem 1) to In eq u ality  (1). Further we have:

x — 1 >  —5, (3)

w hence x >  —4. B ut In eq u ality  (1) has the so lu tion  x ^  0, that 
is, Inequalities (1) and (3) are not equ ivalent (In eq uality  (3) is a 
•consequence of In eq u ality  (1)). The th in g is that the in eq u ality  
x — 1 >  —5 has a wider dom ain of definition as compared w ith  
In eq u ality  (1); th is extension is due to co llectin g  lik e  term s in In­
eq u a lity  (2). Therefore, after carrying out identica l transform ations 
resu ltin g  in an extension  of the dom ain of definition of the in eq u ality , 
we have to choose those of the found solu tions w hich belong to the  
•domain of definition of the original in eq u ality .

2 . R ational In eq u alities. Consider the function

f __ (X 1 (X *h) ak) k /^\
— — . (x — bp)mp ’

where nly n2, . . ., mx, m2, . . . »  mp are natural num bers, and 
th e  numbers ax, a2, . . ., ahl 6X, 62» • • •» are anY numbers such  
th a t at =£ bj, where i =  1 , 2 ,  . . ft, /  =  1, 2, . . ., p. An in eq u ality

- 3 0 Z 2 4

Fig. 6

o f  the form /  (x) >  0, where /  (x) is defined by (4), is called  a rational 
inequality. A t points x =  at the function  /  (z) vanishes (these points  
are called function zeros). The points x =  bj are the points of d isconti­
nu ity  of the function  /  (x). M arking all function  zeros and points of 
d iscon tin u ity  on the number lin e , we separate the la tter in to  k +  
p +  1 in tervals. As is known from the course of m athem atical anal­
y s is , w ith in  each of these in tervals the function  /  (x) is continuous 
and preserves the sign . To determ ine th is sign , it  suffices to find the  
sign of the function  at any point from the interval we are interested in .

Exam ple 1. Solve the in eq u ality  >  0.

Solution. The function  /  (x) =  vanishes at the

points xx =  0, x2 =  2, x3 =  — 3 and has a d iscon tin u ity  at point 
x4 =  4. These four points d iv id e  the number lin e  in to  five intervals  
(F ig. 6): (— 00 , —3), (—3, 0), (0, 2), (2, 4), (4, 00). Let us deter­
m ine the sign  of the function  /  (re) w ith in  each of these in tervals.

W e take the point x =  —4 in  the in terval (— 00 , — 3). W e have: 
/  (—4) <  0, hence, /  (x) <  0 in  (— 00 , —3).



142 P a r t  /. A l g e b r a

We take the point x =  —1 in the interval (—3, 0). We have: 
/  (—1) >  0, hence, /  (x) >  0 in (—3, 0).

We take the point x =  1 in the interval (0, 2). We have: /  (1) >> 0r 
hence, /  (x) >  0 in (0 , 2).

We take the point x =  3 in the interval (2, 4). We have: /  (3) < 0 ,  
hence, /  (a) <  0 in (2, 4).

We take the point x =  5 in the interval (4, oo). We have: /  (5) >  
0, hence, f  (x) >  0 in (4, oo).

We solve the inequality / (x) >  0. From the above reasoning it 
is clear that the inequality is fulfilled within the intervals (—3 , 0)T 
(0, 2) and (4, oo). The union of these intervals just presents the so­
lution of the given inequality.

The answer may be written in two ways:
(1) ( - 3 ,  0) U (0, 2) U (4, oo);
(2) —3 <  i  <  0; 0 <  £ <  2; 4 <  £ <  oo.
In practice, for solving the inequality f  (x) >  0 (and also < t 
2̂ ) ,  where /  (x) is a function of the form (4), we apply the so- 

called method of intervals—a geometric method of solution based 
on the three obvious statements:

(1) If c is the greatest of the numbers 6j, then the function /  (j) 
is positive in the interval (c, oo).

(2) If at (or bj) is such a point that the exponent nt of the function 
(x — a*)n* [or (x — bj)ni] is an odd number, then on the right and 
on the left of at (or of bj), i.e. in adjacent intervals the function has

4- + -  +

- 3  0 2 4 x

Fig. 7

unlike signs and point at (or bj) is called simple. The above statement 
means that, when passing through a simple point, the function /  (x) 
changes sign.

(3) If at (or bj) is a point such that the exponent nt of the function 
(x — ai)lli [or (x — bj)nj ] is an even number, then on the right and 
on the left of at (or of bj), i.e. in adjacent intervals the function / (x) 
has like signs and point at (or bj) is called a double point. The above 
statement means that, when passing through a double point, the 
function does not change sign.

Thus, in Example 1, the points x =  2, x =  —3, x =  4 are simple, 
while x =  0 is a double point. The signs of the function /  (x) in the 
relevant intervals are shown in Fig. 7.

Hence, /  (x) >  0 in the intervals (—3, 0), (0, 2) and (4, oo)  ̂
The same was obtained above when solving Example 1.
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The method of intervals based on the three statements formulated 
above is used for solving inequalities of the form

(x —  (x — a2)n*. • -(x  — a/?)nk 
( x - b j ”1' ( x - b 2) m > . . . {x —  b p )m p

> 0  ( < 0). (5)

It consists in the following:
(1) All zeros and points of discontinuity of the function /  (x) con­

tained on the left-hand side of Inequality (5) are marked on the num­
ber line with uninked (white) circles.

(2) From right to left, beginning above the number line, a wavy 
curve is drawn which passes through all the marked points so that,.

Fig. 8

when passing through a simple point, the curve intersects the num­
ber line, and, when passing through a double point, the curve re­
mains located on one side of the number line.

(3) The appropriate intervals are chosen in accordance with the 
sign of Inequality (5) (the function f  (x) is positive whenever the 
curve is situated above the number line; it is negative if the curve 
is found below the number line); their union just represents the 
solution of Inequality (5).

For convenience, a number corresponding to a double point will 
be underlined, and the wavy curve will be called the curve of signs. 
Figure 8 represents the curve of signs for the inequality from Exam­
ple 1.

Let us also note that in the non-strict 'inequalities /  (x) ^  0 or 
/  (x) ^  0, where /  (x) is a function of the form (4), the zeros of the 
function are marked with inked (black) circles in the figure and are 
included in the answer. Points of discontinuity are always repre­
sented by uninked circles and are not included in the answer.

Example 2. Solve the inequality ^ 5)^ ^ ' <  0.

Solution. Let us transform the inequality to
(x +  h ) ( x ~ Y $ ) ( x + Y l )  Q

2 ( * - t ) x 4 ( i + t )

A change in sign of the function /  (a:) =  (*+5) (x ^ Y 3) (J +
\ ~ ~ 2  / (* +  t )
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is illustrated by a curve of signs; here all zeros and points of 
discontinuity are simple points (Fig. 9). The values of x for

which / (x) <  0 (they are hatched in figure) lie in the intervals

<oo, - 5 ) ,  ( - / 2 ,  and V * )
The union of these intervals represents the solution of the given 

inequality.
Example 3. Solve the inequality 2x? — 5x2 +  2x ^  0*
Solution. We have: 2x(x — 2) ( x — ^  0, and further

x (x — 2) ( x — y ) ^  0.

We now draw the curve of signs (Fig. 10). Since the given inequal­
ity is non-strict, it is also satisfied by those values of x for which

Fig. 10

the left-hand member of the inequality vanishes. These points are 
marked in Fig. 10 with inked circles. Thus, the given inequality has
the following solution: (—oo, 0] (J 2 j  .

Example 4. Solve the inequality ^  0*

Solution. M ultiplying both sides of ]the inequality by — 1, 
we get:

*a — 3x — 18 
*2— 1 3 x + 4 2 < 0  or (* — 6) (*4~3) 

(* — 6) (* — 7) < 0.

Reducing the fraction on the left side of the inequality by x — 6, 
we get:^—  ̂^  0. W ith the aid of the curve of signs (Fig. 11 (a))

X —~ I

we find the interval [—3, 7).
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Excluding from the found set the value x =  6 as not belonging to 
the domain of definition of the original inequality (Fig. 11 (ft)), we 
get the following solution: [—3, 6) (J (6, 7).

(a)

(b)
- 3 X

Fig. 11

Example 5. Solve the inequality ^  <  1.

Solution. We haver* ~7XT ^  — 1 <C0, and further -— * 7 ^ , > 0 .
x 2 — 1 ’ (a: — 1) (ar-f-l)

x ■ 1— 5We draw the curve of signs for the function / (x) =

(Fig. 12) and, with the aid of this curve find the solution of this 
inequality: (— 5, — 1) (J (1, oo).

&
1 x

Fig. 12

Example 6 . Solve the inequality ——^ ^  0.

Solution. We mark on the number line the zeros of the function: 1, 
— 2, 3, an d — 6 (with shaded circles) and the points of discontinuity: 
0 and 7 (with open circles), isolate the double points: —2 and 0 , 
and draw the curve of signs (Fig. 13). We write the answer

—6 ^  x ^  —2; —2 x <C. 0\ 0 < £ ^ 1 ;  3 ^  x <Z ^

or more briefly [—6, 0) U (0> H U [3. 7).
Example 7. Solve the inequality < 0

10-0840
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Solution. The discriminant D of the denominator is equal to 
9 — 20 <  0. But, as is known, if the discriminant of the quadratic 
trinomial ax2 +  bx +  c, where a >  0 , is negative, then the in­
equality ax2 +  bx +  c >  0 is fulfilled for all x's.

Thus, the denominator of the left-hand member of the given in­
equality is positive for any values of x , therefore, multiplying both 
sides of the inequality by x2 — 3x +  5 and retaining the sense of

Fig. 13

the inequality, we get the inequality 3x +  4 <  0 equivalent to the 
given. Its solution, and, consequently, the solution of the original
inequality is represented by the number interval  ̂— oo, — y ) *

3. Systems and Collections of Inequalities in One Variable. Sev­
eral inequalities in one variable form a system of inequalities if a 
problem is posed to find all those values of the variable which si­
multaneously satisfy each of the given inequalities.

Several inequalities in one variable form a collection of inequali­
ties if a problem is posed to find all those values of the variable each 
of which satisfies at least one of the given inequalities.

Hence it follows that the solution of a system of inequalities is 
an intersection of solutions of the inequalities forming the system; 
the solution of a collection of inequalities is a union of solutions of 
the inequalities entering the collection (here, as above, the solution is 
understood as the general solution, that is, the set of all particular 
solutions).

The inequalities forming a system are united by a brace. Some* 
times, a system may be written in line. For instance, the 

\2x +  3<Zx-— 4
system | 2^ +  3 > 3,r 1 ma^ wr^ ten following way:
3x — 1 <  2x + 3  <  x — 4.

From the definition of a system of inequalities it follows that if 
the inequality f  (x) >  g (x) is a consequence of the inequalities 
fi (x) >  Si (x) and f  2, (x) >  gz (x) (or a consequence of only one of 
these inequalities), then the system of inequalities

[fi (x) >  gl (x)
\ h  (x) >  g2 (x)
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is equivalent to the following system:

r /i (*) >  gi (*)
<1 fz (*) >  gz (x)
!./(* ) >g(x)-

In other words, if a consequent inequality is appended to a given 
system of inequalities or, vice versa, a consequent inequality is 
rejected from a given system of inequalities, then the obtained 
system of inequalities is equivalent to the given system. Thus, the 
following two systems of inequalities are equivalent:

x2 — 5 x >  3 
x2- 5 z > 7
2x — i

{ *+2
{-
fx2 — 5x >> 7 

and S 2x—1
T + 2~ < i

(here, the inequality x2 — 5x >  3, which is a consequence of the 
inequality x2 — 5x >  7, has been rejected).

The inequalities forming a collection are united by a bracket. A col­
lection of inequalities may also be written in line; in such a case the 
inequalities are separated by a semicolon.

A non-strict inequality is equivalent to a collection consisting 
of a strict inequality and an equation. For instance, the inequality 
/  (x) ^  g (x) is equivalent to the collection

'  /  (*) >  g (*)
, f ( x )  =  g (*)•

Any nonequality /  (a;) =̂= g (z) can also be written as a collection 
of two strict inequalities:

f ( x ) > g  (*); / (x) < g  (*).
Several systems of inequalities in one variable form a collection of 

systems of inequalities if a problem is to find all those values of the 
variable each of which satisfies at least one of the given systems.

1x2-\-x — 4
X

x2C  64.
Solution. Let us first consider the first inequality. We have:

x2-{-x—4 ( * - 2) (* + 2) <Q

10*
x 1 < 0

X
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With the aid of the curve of signs (Fig. 14), we find the solution 
of this inequality: (—oo, —2) [j (0, 2). Let us solve the second in­
equality of the given system. We have: x2— 64 <  0 or (x — 8) (x +  
8) < 0.

With the aid of the curve of signs (Fig. 15), we find the solution 
of this inequality: (—8 , 8).

Fig. 14

Fig. 15

<?-----8 x

Fig. 16

Marking the found solutions of the first and second inequalities on 
the number line (Fig. 16), we find the intersection of the solutions. 
Answer: (—8 , — 2) (J (0, 2).

Example 9. Find the domain of definition of the function

/(Z) =  | / ——  +  V  (*4 -  5*3 +  6*2) (1 -  *2).

Solution. The problem is reduced to solving the following system 
of inequalities:

x_2
We transform the first inequality of the system to ® an »̂

with the aid of the curve of signs shown in Fig. 17, find the solution 
of this inequality: (—oo, —2) (J (2, oo).
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We then transform the second inequality of the system to:
x2 (x — 2) (x — 3) (x — 1) (x +  1) ^  0.

With the aid of the curve of signs shown in Fig. 18, we find the 
solution of this inequality: [—1, II (J [2, 3].

Fig. 18

Marking the found solutions of the first and second inequalities of 
the original system on the number line (Fig. 19), we find the inter­
section of the solutions: [2, 3].

Fig. 19

Example 10. Solve the collection of inequalities

~xb ^  100;z3 
(s +  9) (5 a -a » -1 8 )  0

x2— 1 8 a ; 45 ^  u*

Solution. Let us first transform the first inequality of the collection 
to: x3 (x — 10) (x +  1 0 ) ^ 0 .  W ith the aid of the curve of signs

s^io  o n .  x ~~~

Fig. 20

shown in Fig. 20, we find the solution of this inequality: [—10, 0] (J 
[10, oo).

Consider the second inequality of the collection. We have:

(x +  9) (x2 — 5x —18) ^  ft
(x — 3) (z —15) ^  U*

Since the discriminant of the quadratic trinomial x2 — 5x — 18 is 
negative, and the leading coefficient is positive, we have:

* 2 _ 5 x__1 8 > o
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for all values of x , and, consequently, dividing both sides of the 
inequality by x2 — 5x—18 and retaining the sense of the inequality, 
we get the equivalent inequality:

x +  9 
(*—3)(s —15) < 0.

With the aid of the curve of signs represented in Fig. 21, we 
find the solution of the last inecruality: (—oo, —9J]U (3, 15).

Fig. 21

Combining the found solutions of each of the inequalities entering 
the collection (Fig. 22), we get: (—oo , 0] (J (3, + o o ) ,  which is 
just the solution of the original collection.

Fig. 22

Example 11. Solve the collection of systems of inequalities 
(x — 2 > 0  J3x— 9 < 0
U 2< 1 6  ; i l 0 0 > * 2.

The solution of the first system is represented by the number inter­
val (2, 4); the solution of the second by the number interval [—10, 3). 
With the aid of the number line (see Fig. 23), we get the union of

-;o X

Fig. 23

the solutions of the first and second systems: [—10, 4), that is, the 
solution of the given collection of systems.

Example 12. Find for what values of a both roots of the quadrat­
ic trinomial (a — 2) x2 — 2ax +  a +  3 are positive.

Solution. Since, by hypothesis, the trinomial has real roots, 
its discriminant D ^  0, that is, the inequality 4a2 — 4 (a — 2) (a +  
3)^*0 must be fulfilled.
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By Viete’s theorem, we have:
x {x2 = g + 3

a —2

\ x i +  x 2 —
2a where and x2

are roots of the given quadratic trinomial. By hypothesis, both 
roots are positive, hence, x ^ ^ O ,  x1 +  x2> 0.

Thus, we arrive at the following system of inequalities:
4a2 — 4 (a — 2) (a +  3) > 0
a-\- 3 
a — 2 

2 a 
~ ^ 2

> 0

> 0.

Solving this system, we get:
6
—3; a >  2 whence we find: a <  —3, 2 <  a ^  6.
0; a >  2

Example 13. Find out for what values of a the inequality
x2 — 8x +  20

ax2 +  2 (a + 1 ) a; +  9a +  4 < 0

is fulfilled for any values of x .
Solution. The trinomial x2 — 8x +  20 has a positive leading co­

efficient and a negative discriminant, hence, x2 — 8x +  20 >  0 for 
all x’s, and therefore the denominator of the given fraction, that is, 
ax2 +  2 (a +  1) x +  9a +  4, must be negative for all x’s. This is 
possible if a <  0 and D <  0, where Z) is the discriminant of the 
trinomial ax2 +  2 (a +  l ) z  +  9a +  4. Hence, the problem is re­
duced to solving the system of inequalities

K +  1)' -  4 .  (9. +  4) <  0, trom which we 861 “ < — J  '
4. Inequalities Containing the Variable Under the M odulus S ign .

When solving inequalities containing the variable under the modu­
lus sign, sometimes we can successfully apply Theorem 4 (see Item 1 
of this section).

Let us, for instance, solve the inequality | /  (x) | >  | g (x) |. If 
p (x) is a function, then | p (x) 0 and | p (x) |2 =  (p (x))2.

This means that, by Theorem 4, the inequality \ f  (x) \ >  \ g (x) \ 
is equivalent to the inequality (/ (x))2 >  (g (x))2. Besides, it is 
sometimes useful to take advantage of the geometric interpretation 
of the modulus of a real number. The thing is that | a | denotes the 
distance from point a on the number line to the origin, while | a — b\ 
denotes the distance between points a and b.
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Example 14. Solve the inequality | x — 1 | <  2.
Solution. First Method. Since both sides of the given inequality 

are nonnegative for all x's, when squaring them, we get the inequality 
(x — l )2 <  4 which is equivalent to the given inequality. We then 
have: x2 — 2x — 3 <  0, whence we find the solution: (—1, 3).

Second Method. We may regard | x — 1 | as the distance on the 
number line between points x and 1. Hence, we have to indicate 
on the number line all such points x which are at a distance less

- l
Fig. 24

o-
3

than 2 (Fig. 24) from the point having the coordinate 1. The desired 
solution is: (—1, 3).

Third Method. Since

[ x — 1 if x — 1 ^  0 ,
 ̂ X ^  i  — ( x —  1) if x — 1 < 0 ,  

the given inequality is equivalent to the collection of two systems: 
( x — 1 > 0  f x — 1 <  0

U - l < 2 ; ( - ( * - ! ) <  2.

From the first system we get: 1 ^ # < 3, from the second: —1 <  x <  
1. Combining these solutions, we find the solution of the given 
inequality, (—1, 3).

Example 15. Solve the inequality | 2x — 1 | 3x +  1 |.
Solution. Squaring both sides of the inequality, we get:

(2x — l)2^  (3x +  l)2, and further x (x +  2) ^  0 ,
whence we find: (—oo, —2] U [0, + o o ) .

I2x_j_3 
2X__2

Solution. This inequality is equivalent to

> 1.

/ 2* +  3 
I 3z —2

which can be rewritten as follows:
4x2 +  i23;+9 
9x2-12x +  4 ^

5 ( x +  -L-) (* —5)

» ( * - 4 ) 2
< 0.

or — 5x2 +  24;r +  5 ^  ^ 
(3 z -2 )2 > U ’

whence
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Using the method of intervals (Fig. 25), we find the solu­
tion of the last and given inequality: ) u ( f .  5) -

Fig. 25

Example 17. Solve the inequality | x2 — 3x +  2 | ^  2x — xK  
Solution. The given inequality is equivalent to the following: 

collection of systems:
f#2 — 3a; +  2 ^ 0  j x 2 — 3x+  2 <  0
\x 2— 3 x -\-2 ^ :2x — x2 ’ 1 — (x2 — 3 x ~ -2 )^ 2 x  — x2.

Solving this collection, we find:
r ( x - l )  (* —2 )> 0  ( { x ~  1) (# — 2) <  0
( j j - { ) ( i - 2 ) < 0,  j z - 2 < 0

{

J l  < z < 2

\
whence — ^ .x ^ .1 ;  x =■ 2; 1<Zx <z 2.

Combining the found solutions, we get: , 2j .
Example 18. Solve the inequality \ x — 4 | +  | 2# +  6 | >  10*
Solution. By the definition of modulus, we have: | x — 4 | =  a: — 4 

if 4, and | x — 4 | =  — (# — 4) if x <  4. Hence, analysing the- 
function | a: — 4 |, we have to consider two possibilities: # ^ 4 ,  
x <  4. Similarly, | 2# +  6 | =  2x +  6 if x ^  — 3, and | 2x +  
+  6 | =  — (2x +  6) if x <  — 3. Hence, analysing | 2x +  6 | we 
also have two possibilities: x ^  — 3; x <  — 3. Thus, we have ta  
know the position of point x relative to points 4 and —3 on the coor­
dinate line. These points divide the number line into the following 
three intervals: (—00, —3], [3, 4], [4, 00). Considering the given 
inequality on each of these intervals, we get the collection of three- 
systems:

—3 J — 3 < z < 4
1 — {x — 4) — (2x +  6) >  10 ; I - ( ^ - 4 )  +  (2x +  6 ) > 1 0 ;;

I (# — 4) (2# -j- 6) >  10.
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From the first system we find: x <  — 4, from the second: 0 < a ; ^ 4 ,  
from the third: 4. Combining the found solutions, we get: (—oo,
—4)U(0, +oo).

5. Problems on Setting Up Inequalities.
Example 19. A boy had some number of stamps. He was present­

ed with a stamp book. If he glues 20 stamps on each sheet, then 
some stamps will have no space to be glued on, and if he glues 23 
stamps per sheet, then at least one sheet will be left empty. If the 
boy is presented with another stamp book with 21 stamps glued on 
•each of its sheet, then he will have 500 stamps all in all. How many 
sheets has the stamp book?

Solution. Let us introduce two variables: x denoting the number 
of sheets* in the book, y the number of stamps possessed by the boy.

If the boy glues 20 stamps on each sheet, then he will glue 20x 
stamps. This number is, by hypothesis, less than the number of stamps 
the boy had, that is, 20# <  y. If he glues 23 stamps per sheet, then 
it  suffices to use (x — 1) sheets for gluing the total number of stamps, 
that is, 23 (x — 1) stamps. By hypothesis, this number is not less 
than the number of stamps possessed by the boy, that is, 23 (x — 1) ^  
y. Finally, we know that if the boy is presented with a stamp book 
with 21a; stamps glued on its sheets, then the total number of stamps 
will be 500, that is, y +  21a; =  500. Thus, it is possible to write 
the following system:

r 20a; <  y 
< 23a; — 23 ^  y 
I 21a; +  y =  500.

Expressing y from the equation of the above system and substitut­
ing the result into both inequalities of the system, we get the sys­
tem of inequalities

f 20a; <  500 — 21a;
1 23a; — 23 ̂  500 — 21a;.

Solving it we find:
By hypothesis, x is an integer. The indicated interval contains 

only one integer—12. Hence, the book has 12 sheets.
Example 20. I t takes a raft 24 hours to cover the way from A to 5 , 

while a motor-boat covers the way from A to B and back for no less 
than 10 hours. If the speed of the boat (in stagnant water) is increased 
by 40%, then it will take it no more than 7 hours to cover the way 
from A to B  and back. How much time does it take the boat to go 
from A to B , and how much time does it take it to return from B to A?
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Solution. Let x  denote in kilometres per hour the rate of flow of 
the river (and, consequently, the speed of motion of the raft), and 
let y be the speed in kilometres per hour of the boat in stagnant water. 
Then the way from A to B is equal to 24r km, and the time during 
which the motor-boat moves from A to B  and returns back equals

hours. If the speed of the boat becomes equal to

iA y  km/h, then it will take the boat (l~—^  + 1 42̂ --) hours to
cover the distance from A to B  and return back. According to the 
conditions of the problem, the first time is no less than 10 hours, and 
the second no more than 7 hours. Thus, we get the system of in­
equalities

{

24*
y+x

24*

24*
y—x > 1 0

24*
\Ay-\-x  1.4 y —x< 7 .

In each of the four fractions, we divide termwise both the numera­
tor and denominator by x and introduce a new variable: t =  .
Since, according to the sense of the problem, y > x ,  we have: t >  1. 
Thus, we get the system of inequalities with respect to the variable t

t >  1 
24

t + 1 
24

24 
* —1 > 1 0

24
1.4*+ 1 1.4* — 1 ^  i.

Since t >  1, the denominators of the fractions in the second and 
third inequalities of this system are positive. Therefore, getting rid 
of the denominators in these inequalities and carrying out all neces­
sary transformations, we get:

* > 1
5*2- 2 4 * - 5 < 0  
49*2 — 240^ — 25 > 0 ,

and further

f > l
5 ( f - 5 ) ( t  +  4 - ) < 0  

4 9 ( * - 5 ) ( *  +  A ) > 0 .

The solution of the last system is t =  5. The problem requires 
to find the time of motion of the boat from A to B  and from B  to A.
The time of motion from A to B  is expressed by the fraction ,
and, hence, is equal exactly to~4 hours. The time of motion from B
to A is expressed by the fraction , and is exactly 6 hours.
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835.
837.
839.
841.
843.
845.

847.

849.
850.
851.

852.

854.

856.

859.

862.

864.

866.

868.

869.

EXERCISES
In Problems 835 through 869, solve the given inequalities:

x (x — l)2 >  0. 836. (2 — x) (3x +  1) (2x — 3) >  0.
(3x — 2)(x — 3)3 (x +  l)3 (x +  2)4 <  0. 838. x2 -  25 <  0.
x3 — 64x >  0. 840. x2 +  10 <  lx.
x2 — 7x <  3. 842. —x2 — 16 +  8x >  0.
x2 +  5x +  8 >  0. 844. x4 +  8x3 +  12x2 >  0.
(x — 1) (x2 — 3x +  8) <C 0. 846. (x — 1) (x2 — 1) (x3
( * - l )  (3x — 2) >  Q̂ g48  ̂ (x + 1) (x +  2) (x +  3)

5 — 2x

-1) (x4 — 1) <  0.

■>0. > 0.(2 x - l) (x  +  4) (3 — x)
(16 — x2) (x2 +  4) (x2 +  x +  1) (x2 — x — 3) ^  0.
(x2 — 4) (x2 — 4x +  4) (x2 — 6x +  8) (x2 +  4x +  4) <C 0. 
(2x2 -  x — 5) (x2 -  9) (x2 -  3x) <  0.

-5x +  6
x2 —12x +  35 > 0. 853 x2 — 4x — 2

x3 +  x2 -\-x 
9x2 —25

X3 —  x 2 +  x — 1 
x +  8 

7x — 4

> 0. 855.

9 —x2
X4 +  X2 +  1

< 0.

x +  2 
1

1.

< 0.

860.

857.

x2 — 4x — 5 
x4 —2x2

< 0.

- 8
r2+  x — 1 < 0. 858.

< T - 861.

x +  1 
2

x — 1

x +  3 
1

x +  1

>

6x2 —x —12 
1

<

x +  2 #

>  3. 865.

25x—47

863. x +  1 
x —2

2x2 +  18x—4 
x2 +  9x +  8 

3

3x — 2 
2x — 3

> 2.

1

<3.

x — 2

3x — 2 — x2 
3

lOx —15 3 x + 4
1 —2x

867.

7x—4 — 3x2 
2 — x

x3 +  x2 > 1 —2x 
x3 — 3x2

x +  1 x2 — x +  1
10 (5 — x) 11
3 (x—4) X

x3 +  l *
6 —x  ̂ 5(6—x)
x —4 x —2

In Problems 870 through 883, solve the indicated systems of inequalities:

3 x + 5  . 10 —3x 2x +  7

870.

871,

872.

{ Jx-j 

3
11 (x +  1)

6 >
3

3x — 1

1
~ 7~2i 
13—x

f3 3~7+
\ 6 10
17 (3x — 6) +

x +  1 > 4 - 7 —3x

2x-

10 1 2 ^  2 
6 )+  4 (17—x) > 1 1  — 5 (x- 

11 , 19 — 2x
3).

4
2x +  15

■ <  2x

> T ^ - 1) + T '

f x2 — 4x +  3 <C 0 
873- \ 2x—4<0.
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874. f ^ 2 +  2 < 5;s 
La:2 ^  x.

876.

875. fx2< 9  
lx 2 > 7 .

877. 4x — 2 <  x2 + 1  <  4a; +  6.

3x —2
J(2x +  3)(2x +  l ) ( x - l ) < 0
I (a:+  5) (a:-)-1) (1 —2a:) (x — 3) >  0. 
r(a:2 +  12a: +  35)(2a: +  l) (3 -2 .2 :)> 0  
l(x2 —2x — 8)(2x —1 )> 0 .

x +  3 < 2 f(x +  2) (a:2- 3 x  +  8) < 0
880.

882. 5x 7 < 4 -a: — 5

881. 1—a:2
a:2 —f- 2a: — 8 
3x

> 0.

5 — a: a:2— 25 <4.

{(x — l)3 (a:2 — 4)2 (a;2 — 9)3 (a:2 -f- 1) ft 
(1—3a:) (a:2—a:—6) (x2—3x +  16) 
2x2-f-x—16 

x2 -J— x <

In Problems 884 through 889, find the domain of definition for each of the 
given functions:

884. /  (x) =  ] /  —x2 — 6x —16 ■12x +  l l  ' y x 2 _ 4 9

• < & - V  3 , - 7 - f e -

. / w -  | / 5 H ^ H ± l L + ,og(„ _ 4 , + 4,. 

887. + 1^ = ^ '

885

886

888.

889. / (x) =  log

xz — 4x +  3 
(x2 +  4x +  4) (4 —x2)

x2 +  2x +  5 V  x —1
8x2—x3 — 15x.

In Problems 890 through 894, solve the given collections of inequalities 
and systems of inequalities:

Qr_2 4x_1
890. (x—1) (x —2) (x—3) <  0; x2 < l .  891. >  0; 5^ _ -̂  < 0 .

892, x* — 5x +  8s£0; x2 — 3x +  6 < 0 ;  x2 < l .
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893. 5* —20 < * * < 8 *; 1 <  ,  J* + 8  <  2.x2 +  l
{ a:2 — 5x +  6 > 0  f 2 x + 3 > l  f x2 +  9x — 2 0  

3 i - 2 1  ; < i | 1 ^ n; < l lx  —x2- 3 0  ^

x2 +  x +  4 < U  la: ' 3 < U  U 2 +  18>5a:.
895. For what values of a does the quadratic trinomial x2 +  2 (a +  1) £ +  

9a — 5 have: (a) no real roots; (b) only negative roots; (c) only positive 
roots?

896. For what values of a does the quadratic trinomial (a2 — a — 2) a:2 +  
2ax +  a3 — 27 have the roots of opposite signs?

_1_ Qjg_j
897. For what values of a is the inequality ~2x*--2x+%  ^  1 fulfilled for 

any a:?
2 ^

898. For what values of a is the system of inequalities — 6 <  — <
4 fulfilled for any x?

In Problems 899 through 938, solve the given inequalities:

899.
901.
903.

905.

907.
909.
911.

913.

916.

900. 
902.

2a: — 1 | <  | 4a: +  1

x +  5 | >  11. 
3a: — 1 I 5.

x + 2 < 10
x — 1

| 2x — 5 | <  3.
2* — 4 | <  1.

904. | 1 — 3z | — | 2x ■+• 3 | >  0.

906. 11 - 2 *  | > 3 - * .

x +  8 | <  3z — 1. 908. | 4 — 3* | >  2 —
2x — 3 | >  2x — 3. 910. | 5 i2 — 2* +  1 | <  1.
6** — 2* +  1 | <  1. 912. | —2x2 +  3* +  5 | >  2.
x -J- 2
2x— 3 
x2 — 3x — 1

<  3. 914. 2x — 3

< 3 . 917.

x2 — 1
x2 — 5 x + 4

2. 915. -3 x + 2 > 1.

> 1.x2+ x + l  | ^  x2—4
919. x2 +  5 | x | — 24 >  0. 920. | x2 — 3x -  15 | <  2x2 — x.
921. | x2 -j- x -}- 10 | ^  3x2 -f- lx  -|- 2.
922. | 2x2 +  x +  11 | >  x2 — 5x +  6.

x2+ 3 x + 2  

918. x2+ 2  | x | —3 < 0 .

923. | 4x2 — 9x +  6 | >  
l * - 3  I

-x2 +  x — 3.

924. r2 —5x+ 6 >  2. 925. | x —6 | >  | x2 — 5x+9J|.

no, xa — 7 | x 1 + 1 0  
926‘ -  6 * + 9  < 0 -

927.
r2 — I x | —12 >  2x.

928. | x | +  | x — 1 | <  5. 929.
930. | 2x +  1 | — | 5x — 2 | >  1.
931. |3 x  — 1 | +  | 2x — 3 |  — |x  +  5 | < 2 .

x—3
x +  l |  +  | x  — 2 | > 5 .

932.
933. 
935.
937.

938.

x — 1 | +  |2  — x | > 3  +  x.
| 2x +  1 | — 5 | >  2. 934. | | x — 3 | +  1 | >  2.
| x — 1 | +  x | <  3. 936. | |  x — 2 | — x +  3 | <  5.
2 x — |3  — x |  — 2 | < 4 .
x2 — 
x2 —

2 x + l
4 x + 4 +

x — 1 
x — 2 — 12< 0.
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939. More than 29 similar articles are contained in two boxes. The number of 
articles in the first box, less two articles, is more than three times the 
number of articles in the second box. Three times the number of articles 
in the first box is 60 articles or more than twice the number of articles 
in the second box. How many articles are there in each box?

940. There are more than 27 workers in two teams. The number of members 
in the first team is over twice the number of members in the second team, 
less twelve. The number of workers in the second team is nine times the 
number of workers of the first team, less ten. How many workers are there 
in each team?

941. If school children in a school are formed up into a column, eight abreast, 
then one row will turn out to be incomplete. If they are arranged seven 
abreast, then there will be two rows more, all of the rows being complete. 
If they are again rearranged, five abreast, then there will be another seven 
more rows, but one of the rows will be incomplete. How many school 
children are there in the school?

942. A certain amount of wire is wound on several 800-m reels, though one reel 
is not completely filled. The same happens if 900-m reels are used, though 
the total number of reels is three less. If the wire is wound on 1100-m reels,, 
then the number of reels needed will be a further six less, but all the reels 
will be full. What is the length of the wire?

943. If a liquid is kept in large bottles (40-1 capacity), then one bottle will 
not be filled. If the same quantity of liquid is stored in 50-1 bottles, then 
five fewer bottles will be needed and all of them will be completely full. If 
the liquid is put into 70-1 bottles, then a further four less bottles will he 
needed, but again one bottle will be not full. What is the volume of 
the liquid (in litres)?

944. Two teams with a total membership of 18 were |,to keep a twenty-four- 
hour watch for three days, one person at a time. For the first two days the 
first team was on duty, distributing their time equally among themselves. 
There were three girls in the second team, the rest being boys. For the time 
the second team was on duty the girls kept watch for one hour each, the 
rest of the time being equally distributed among the boys. It was found 
that the total number of hours each boy on the second team kept watch 
plus the time any member of the first team kept watch was less than nine 
hours. How many members were there in each team?

945. A sum of 10 roubles and 56 kopecks was paid for several textbooks and 
56 kopecks for several exercise books. Six more textbooks than exercise 
hooks were bought. How many textbooks were purchased if the price 
of one textbook is over a rouble more than that of an exercise book?

946. A group of 30 students all took an examination. They were marked out of 
five, no one getting a 1. The sum of the marks they received was 93, the 
number of 3 ’s being greater than the number of 5’s and less than the number 
of 4’s. In addition, the number of 4 ’s was divisible by 10, and the number 
of 5’s was even. How many of each mark were given to the students?

947. A group of students decided to buy a tape recorder for between'170 and 
195 roubles. But at the last moment two students decided to opt out and 
therefore each of the remaining students had to pay one rouble more. How 
much did the tape recorder cost?

948. A first-grade article is more expensive than a second-grade article by as 
much as a second-grade article is more expensive than a third-grade article, 
but the difference in price is no more than 40% of the price of a second- 
grade article. A factory paid 9600 roubles for several first-grade articles 
and as much for several third-grade articles. The factory bought 1400 articles 
in all. The price of each grade of article was a round number of roubles- 
What is the price of a second-grade article?
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SEC. 17. IRRATIO NAL IN E Q U A LIT IES

We use the same techniques to solve irrational inequalities and 
irrational equations, that is, we raise both sides to the same natural 
power, we introduce new variables on both sides, and so on. But the 
difference of principle between the solution of irrational inequali­
ties and that of irrational equations is that, when solving inequalities, 
a check by substitution is, as a rule, infeasible since the solution of 
an inequality is an infinite set. This means that when solving inequal­
ities (and not only irrational ones), we must be sure that the 
transformations we do lead to equivalent inequalities.

Any irrational inequality containing a square-root of a variable 
is eventually reduced to an inequality of the form Y f  (x) <  8 (x) 
•or Y f  (x) >  S (x)- Let us therefore discuss the question of solving 
the inequalities of the indicated form.

Consider the inequality
VTJx) <  g (x). ( i )

I t is clear that any solution of this inequality is at the same time 
-a solution of the inequality /  (x) ^  0 (this condition defines the 
left-hand side of the inequality) and a solution of the inequality 
.g (x) >  0 (since g (x) >  Y  f  (x) > 0).

Hence, Inequality (1) is equivalent to the system of inequalities:

(f {x)>  0
<| g (x) >  0

t y f  (x) <  g  (x),

where f  (x) ^  0 and g (x) >  0 are consequences of Inequality (1).
Since on the set defined by the first two inequalities of this system 

both sides of the third inequality take on only nonnegative values, 
squaring them on the indicated set is an equivalent transformation 
•of Inequality (1). Thus, we conclude that Inequality (1) is equiv­
alent to the system of inequalities

[ f  (x) >  0 
< g (x) >  0
V (x) <  (g (^))2-

Analogously, the inequality V  f  ( x ) ^  g (#) is equivalent to 
tthe system of inequalities a (x)> o 

\ g ( x ) >  o
V (z) <  (g (*))2-
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Let us now consider the inequality of the form
Y f ( x ) > g ( x ) .  (2)

\ f { x ) ^  0
I t is equivalent to the system of inequalities I r-----  , but

W / ( * ) > * ( * )
in contrast to the preceding case, g (x) may take on both nonnegative 
and negative values. Therefore, after considering System (2) in each 
of the two cases g (x) <  0 and g (x) ^  0 , we get the following col­
lection of systems:

g (x) <  0 f g (x) >  0
/  (x) >  0 ; < /  (x) >  0

Y f  (x) > g (x) W f  (x) > g (x).
The last inequality in the first of these systems may be omitted 

as a consequence of the first two inequalities, in the second system 
both sides of the last inequality may be squared.

Thus, Inequality (2) is equivalent to the collection of two systems 
of inequalities:

j g ( * ) < 0  ( g ( x ) >  0
1/ ( x ) > 0 ; I f (*)>0

V (*) >  (g (x))2.
Note that the second inequality of the second system may be omit­

ted since it is a consequence of the last inequality of the system.
Example 1. Solve the inequality Y 2# — 1 <  x +  2.
Solution. The given inequality is an inequality of the form (1). 

Therefore it is equivalent to the system of inequalities:

{2x — 1 >  0
* +  2 >  0 
2x -  1 <  (x +  2)2, 

that is, to the system

x >  — 2
xz +  2x +  5 >» 0.

Since the quadratic trinomial x2 +  2x +  5 has a negative dis­
criminant and a positivedeading coefficient, it is positive for all values 
of x . Therefore, the solution of the last system and, hence, of the
given inequality is + o o j .

Example 2. Solve the inequality Y ( x  +  2)(x — l)j>] 2 (x +  2).
1 1 - 0 8 4 0
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Solution. Since the given inequality is an inequality of the form (2), 
it  is equivalent to the collection of systems:

|  (x +  2) (x — 1) 0 _ ( (x  +  2) (x — 1) 0
l 2 (x +  2 ) < 0  ’ <̂2 (x +  2 ) > 0

l(x +  2) ( x - l ) > [ 2 (x +  2)la.

From the first system we find: x<Z —2, from the second: x  =  —2. 
Combining the solutions of the system of the collection, we get: 

(—oo, —2J.
Example 3. Solve the inequality

Y 3 x  -  V 2 x  +  1 >  1. (3)

Solution. Inequality (3) is equivalent to the following system:

{3 z > 0
2x +  1 >  0 (4)

V & i — V 2 x  +  1>  1.
I t  is advisable to rewrite the last inequality of System (4) in the 

form Y%x 2^1 +  V  2x +  1, where both sides are nonnegative, and 
therefore the squaring of both sides of this inequality is an equiva­
lent transformation. Thus, from System (4) we pass to the following 
system which is equivalent to (4):

x ^ O
( V 3 i ) 2> ( i  +  V ^ + l ) 2

x ^ O

x ^ O

Further, we have:

whence we get [12, +  oo) which is the solution 
and, at the same time, of Inequality (3). 

Example 4. Solve the inequality

of the last system

V 2 x  +  5 +  V x  — 1 > 8. (5)
Solution. Inequality (5) is equivalent to the system:

2 x  -j- 5 ̂  0
x — 1 > 0  (6)
y 2 x + 5  +  l ^ x ^ I > 8.
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Since both sides of the last inequality of System (6) take on only 
nonnegative values, System (6) is equivalent to the following system:

{2z +  5 > 0
* - l > 0  or {2 Y 2 x 2 -f 3z — 5 >  60 — 3x. (?)

(V 2a: +  5 +  Y  x —1)2> 6 4

The second inequality of System (7) is an inequality of the form (2), 
therefore System (7) is equivalent to the following collection of 
systems:

{X^Z 1 1
60 — 3 x ^ 0  ; 160 — 3x <  0.

*2 _  372x +  3620 <  0

Note that for 1 the inequality 2x2 +  3x — 5 ^ 0  is true 
(since 2a:2 +  3x — 5 =  (2# +  5) (x — 1)), therefore the last collec­
tion of systems of inequalities is equivalent to the collection

{o :>  1 1
a: ^  20 ; la: > 2 0 .

(x -  10) (x -  362) <  0
Solving this collection, we get: 10 <  20; x >  20. Combining

these solutions, we get: (10, +  oo) which is the solution of Inequality (5). 
Example 5. Solve the inequality

x2 +  5a; +  4 <C 5 Y  x2 +  5a; +  28. (8)

Solution. Setting y =  Y  +  5a: +  28, we find that x2 +  5a; +
4 =  y2 — 24. Then Inequality (8) is transformed to y2 — 5y —
24 <  0, and further, (y — 8) (y +  3) <  0, whence we get: —3 <
y <  8 . We have obtained the following system of inequalities:

—3 <  Y x2 +  5x +  28 <  8.

Since Y  x% +  5* +  28 ^  0 for all permissible values of x, then 
the more so Y  x* +  5x +  28 >  —3 for all x's from the domain 
of definition of Inequality (8), and therefore it suffices to solve the 
inequality

Y & +  5x +  28 <  8 .
This inequality is equivalent to the system 0 ^  x2 +  5a: +  28 <  

64. Since the inequality x2 +  5a: +  2 8 ^  0 is fulfilled for any o:’s 
(the quadratic trinomial x2 +  5x +  28 has a negative discriminant 
and a positive leading coefficient), the last system is equivalent

it*
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to the inequality
x2 +  5x — 36 <  0 or (x +  9) (x — 4) <  0,

whence we find: (—9, 4) which is the solution of Inequality (8). 
Example 6 . Solve the inequality

4 - x > ( y r + ^ - i ) ( y i = i + i ) .  o)

Solution. Consider the function (p (a;) =  1 +  x +  1. Since <p (x)>
0 for any permissible values of x, m ultiplying both sides of 
Inequality (9) by cp (x) and leaving the sense of Inequality (9)
unchanged, we get the equivalent inequality --- x  (]^ 1 +  # + 1) >

( Y T + i - i )  ( y r = i + i )  ( v w i + 1).
We further have:

4 -x ( y i + i + 1) >  (0 / r + i ) 2- 1) ( V 7 = z + 1),

X ( V I  +  X + 1) >  X ( f l - x + l ) ,

x ( y r M + i - 4 ( y i ^ + i ) ) > o ,
x ( V 1 +  £ —4 ] /1  — x — 3) >  0. (10)

Inequality (10) is equivalent 
inequalities:

x > 0
y r + x > 4 y r ^ + 3 ’

which is, in turn, equivalent to
£ > 0  
1 + z > 0  

4 1 —x > 0
y r + i > 4 y rr ^ c + 3

or
0 < x ^ l
Y 1 +  x >  4 Y 1 x +  3

The first system of Collection (11) has no solution. Indeed if 
0 <  1, then Y 1 +  Y% and V 1 +  x <  3. The more so
V T T  x <Z 4 V 1 — x +  3, which contradicts the second inequality 
of the system. The second system of Collection (11) has the solution

to the collection of systems of

x < 0
y i + x < 4 y i —x + 3 ,

the collection:
x <  0 
1 +  x > 0  
i — x ^ 0
y i + x < 4  y i —x + 3

' — l < x < 0
i y i + x < 4 y i - x + 3 .

(ii)
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— 1 ^  x <  0 , since it is easy to note that for these ;r’s the second 
inequality of the system is true (indeed, i f —1 ^  x <  0 , then 
Y 1 +  x <  1, and then the more so Y I  +  x < 4 f l - a :  +  3).

Thus, Inequality (9) has the following solution: [—1, 0).
Example 7. Solve the inequality

Y ^ =r2 +  Y 3 - - z  >  Y x ^ l  —  Y ^ —x- ( 12)

Solution. This inequality is equivalent to the following system 
of inequalities:

(x — 2 !> 0
3 — x ^  0 

<x — 1 > 0  
6 — x ^ O

2 +  v t ^ c >  y r ^ i  -
or

r 3 ____  ____  ____
I y * - 2  + V3 —* >  Yx -  1 -  / 6  —X.

Since 2 ^  .r ̂  3, we have: x — 1 ^ 2 ,  and therefore Y x  — 1 ^  
"J/̂ 2. Further 6 — 3, therefore Y 6 — X^ Y 3.

Hence, Y x — 1 — V"6 — # <1 ]^2 — "^3, and the more so
-  yw^~x <  o.

But y x -  2 + 1 ^ 3  — x  >  0 , consequently, the second inequali­
ty of System (13) is fulfilled for any permissible values of x from 
the domain of definition of Inequality (12), that is, System (13) and 
hence also Inequality (12) have the following solution: [2, 3].

EXERCISES

In Problems 949 through 995, solve the given inequalities: 

949. Y 2 * + 1 <  5. 950. / 3x — 2 >  1 .

951- V ,52- Y
953. Y 2 * + 1 0 < 3 x  —5. 954. / (x — 3) (* + l)  >  3 (* + l) .
955. Y (*+4) (2x — 1) <  2 (z+4). 956. Y ( i + 2 ) ( i - 5 ) < 8 - i .

Y 17 — 1 5 x -2 r 2
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960. / x 2—4 x > x —3.959. / 9 x  — 20 <  x.

961. Y 3x2 —22x >  2x—7. 962. Y x2 —5 x + 6 < x + 4 .

963. Y 2x* +  7x +  5 0 > x —3. 964. / x  +  1 — /x ^ + 2  <  1.

965. Y i + 3 —Y x —4 > 2 .  966. / x — 1 +  / x + 2 <  1.
967. / 3 x + I + / x ^ —/ 4 x + 5 < 0 .  968. 2 / x + 1  — / x ^ l  > 2  / x ^ S .

969. Y x - 3 + / l ~ > / 8 x —5. 970. / 1 7 —4 x +  / x = + <  /  1 3 x + l.
971. / * + 6  >  / x —1 +  Y 2x —5. 972. / x —2 —/ x + 3  —2 / 5 > 0 .

973. V"2 / 7 + x —")/"2 / 7 —x > / 2 8 .

974. * • + / ? + « <  31. 975. T >  T •

978. (x + 5 )(x —2 ) + 3 / x ( x + 3 )  > 0 .  979. / x 2—3 x + 5 + x 2 <  3x+ 7 .

980. 2x2— Y (*—3) (2x—7) <  13x+9.

981. Vr2*+ V r6 x » + 1 < * + 1 . 982. (l +  x») / 5 » + T > x a- l .

985. { ^ 2 + { ^ 6 - i > y 2 -  986. / 4 —4 x » + x » > x —/ I
987. / x*—2*2+ l > l —x. 988. Y 3x» + 5 x + 7  — Y 3x2+ 5 x + 2 > l .

994. / x 2+ 3 x  +  4 + / x + l  >  — 3. 995. / x 2+ 3 x + 2 —/ x 2 —x + 1  <  1.

In Problems 996 through 998, solve the indicated equations:

996. ^ x + 5 —4 / 5 + I + V " x + 2  —2 / 5 T T = l .

997. V * —2 / I = i  +  V x + 3 —4 / i = T  =  l.

998. V x + 2 + 2  / x + l  +  "|/”x +  2 — 2 / x + 1  =  2.

976. — —  < x - 8 .  
/  x + 2

9 8 3 ./ x + 5 + 2 > / x —3. 984. V"l +  / x < 2—3/ l  — / x .

989. *___ — / 2 —x < 2 .  990. (x—3) / x * - 4 < x * - 9 .
/  2—x
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SEC. 18. EXPONENTIAL INEQUALITIES

An inequality of the form
a/(*) >  aglx\

where a is a positive number, different from 1, is called an exponential 
inequality. Its solution is based on the following theorems: 

Theorem 1. I f  a >  1, then the inequality af(x) >  a*(x) is equivalent 
to the inequality f  (x) >  g (x).

Theorem 2. I f  0 <  a <  1, then the inequality afW >  a*<x) is 
equivalent Ho the inequality f  (x) <  g (x).

Example 1. Solve the inequality

By Theorem 1, Inequality (1) is equivalent to the inequality

(Inequalities (1) and (2) are of the same sense.) From Inequali­
ty  (2) we get:

Solving the last inequality by the method of intervals, we get
(Fig. 26): (—oo, 1) U ( j which is the solution of Inequality (1).

(1)
Solution. We transform Inequality (1) to

3 x - 1 3 (jc-3 )

Sx— 1 ^  3 (* -3 )
S(x— 1) ^  Sx— 7 (2)

5
Sx— 1 Sx—9 ^  12x — 20

_Q Q-w__ 1 ^  -JoZ Q\ /Q_3x—3 3x — 7 ^  ’ (3x—3) (3x — 7)

Fig. 26

Example 2. Solve the inequality
5 * -x * -8(0.04) < 6 2 5 . (3)
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Solution. Since 625 =  (0.04) ~2, the given inequality may be rewrit­
ten in the form

(0.04)5*‘ *,“8< (0 .0 4 )'a.

By Theorem 2, Inequality (3) is equivalent to the inequality
5x — x2 — 8 >  — 2 (4)

(Inequalities (3) and (4) are of the opposite sense.) Solving Inequali­
ty (4), we get: (2, 3) which is the solution of Inequality (3). 

Example 3. Solve the inequality
2*+2 _  2*+3 — 2X+4 >  5*+1 — 5*+2. (5)

Solution. We get:

2*+2 (1 _  2 -  22) >  5*+2 (5-‘ - 1 ) ,  2X+2 ( -  5) >  5*+2 ( — i - ) ,

2*+* 4  /  2  \ * + 2  ^  r 2  \ 2
5 * +2 <  25 0 1  ( 5 ) <  1 5 ) •

The last inequality is equivalent to the inequality x  +  2 >  2, 
whence we find: (0, +oo) which is the solution of Inequality (5).

(0.5)* —1 1 —(0.5)* +1
> 0.

Solution. Let us set y — (0.5)x. Then the given inequality takes 
the form:

1 1
y — 1 1 —0.5y

whence, after transformations, we get:

> 0 ,

4y- t
(y—i) (y—2) > 0.

Using the method of intervals (Fig. 27), we find: 1 <  y ^ - j \
y >  2.



Ch. 2 . S o lv in g  E q u a t io n s  and  In e q u a l i t ie s 169

Thus, the problem has been reduced to solving the following 
collection:

1 < (0 .5 )* < - |- ;  (0.5)* > 2

1 —
or (0.5)° <  (0 .5)*<(0.5) °g°’5 3 ; (0.5)* >  (0.5)"1.

From the last collection we find: (— oo, — 1) (J ^log0<6-|- , o) which
is the solution of the given inequality.

Example 5. Solve the inequality
w 8* +  18* -  2 x  27* >  0. (6)

Solution. We rewrite Inequality (6) as follows:
(2*)3 +  2* (3*)2 — 2 (3*)3 >  0,

and, setting u =  2*, v =  3*, we get a homogeneous inequality of 
the third degree:

u3 +  uv2 — 2i7® >  0. (7)

Since v =  3*, we have: v >  0, and therefore the division of both 
sides of Inequality (7) by v3 (with the sign of Inequality (7) retained} 
is an equivalent transformation. As a result of the transformation, 
we get:

Setting z =  , we get: z3 +  z — 2 >  0, and further (z — 1) (z2 +
z +  2) >  0 , whence z >  1.

Thus, the problem has been reduced to solving the inequality

2* ^  . I 2 / 2 \0
3* > 1 0 r  ( 3 )  >  ( 3 ) '

From the last inequality we get: (—oo, 0) which is the solution 
of Inequality (6).

Example 6 . Solve the inequality
(x2 +  X +  1)* <  1. (8>

Solution. Since the discriminant of the quadratic trinomial x2 +  
x +  1 is negative and the coefficient of x2 is positive, x2 +  x +  
1 >  0 for all real values of x. Therefore the right-hand side of 
Inequality (8) can be represented as (x2 +  x +  1)°, and Inequality 
(8) may be rewritten as follows:

(x2 +  x +  1)* <  (x2 +  X +  1)°. (9)
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Neither Theorem 1 nor Theorem 2 can be applied to this inequali­
ty . Knowing that x2 +  x +  1 >  0, we do not know which is greater: 
x 2 +  x +  1 or 1. For x2 +  x  +  1 >  1 Theorem 1 is applicable to

Inequality (9), while for x2 +  x +  
1 <  1 Theorem 2 is applicable to it. 
Thus, two cases are posible: 0 <  x2 +  
z +  1 <  1 or x2 +  x +  1 >  1.

Therefore Inequality (9) is equiva­
lent to the following collection of 
systems of inequalities:

\  y 1

\ /

\  *
\  \ 

V*

/ / / / / / / ^ /
0 * \ x

or

X2 +  X 4- 1 <  1 

x > 0  ;

x {x +  1) <  0 
x >  0

x2 +  x + 1  >  1 
£ < 0, 

x (x +  1) >  0
i < 0 .

The first system has no solution, 
and from the second system we get: 

Fig. 28 (—oo, — 1 ) which is the solution of
Inequality (8).

Example 7. Solve the inequality
2X̂  11 — x .

Solution. The function y =  2* increases, and the function y =  
11 — x decreases throughout the number line.

I t  is clear that x =  3 is the root of the equation 2X =  11 — x. 
Then [3, +  oo) is the solution of the given inequality (Fig. 28).

EXERCISES

In Problems 999 through 1031, solve the given inequalities:

-999. 63~x <  216. 1000. (log 3)3* - 7 >  (log3 10)7x“3.
1001. 2* X 5* >  0.1 (10*-1)5. 1002. 2 x'2“ 6a ” 2*5 > 1 6  }^2.

1003. 1004. (0.5)*-* >  6 . 1005. (0.(4) )* * " 1 >  (0.(6))*’+ 6.

1006. 0.32+ 4+ 6 + —+ 2* > 0 .3 72. 1 0 0 7 - ( x ) 13 ^  ( t ) * + 3 6 ( t -)

1008. 1 <  3|x2-xl <  9. 1009. 0.02

V  0.023x2+5* < 1.
1 0 1 0 . Y 3*-54 — 7 Y 3* " 58 <  162. 1011. 8*+1 —82*-1  >  30.
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1012.

1014.

1016.
1018.
1020.

1021.

1022.

1023.
1024. 
1026. 

1028.

1029.

1030.

•f (*-2)
1013. 4* — 2a (* - i)+ 8 3 > 5 2 .

A A
1015.

22+x— 22~x >  15

52*+1 > 5 *  +  4.   3* +  5 ^  3*+l̂ + T -

52 ^ + 5 < 5 ^ +1  +  5 ^ .  1017. 36*—2X 18*—8X9* > 0 .
42*+i_f_22* +6 < 4 x 8 * +1. 1019. 4* +1-5 +  9 * < 9 * +1.
£2x+2 _|_ 6* _  2 X 32x+2 >  0.

(t ) 2X+3x (t Y  1~ T x ( t ) *  2+ 1-25>0-
2*x _  23*+i _  22x—2X+1— 2 <  0 .

‘ |- (*+ l)
0.008*+ 51-3*+0.04 2 <  30.04.
Y 9*—3* +2 >  3*—9. 1025. 2 5 x 2 * —1 0 * + 5 * > 2 5 .
| x —3 | 2*‘- 7 > 1 .  1027. (4x2 + 2 x + l ) x ,-x >  1.

Y  2(5* +  24) —V ' 5 * ^ 7 > / 5 *  +  7.

Y 13*—5 <  Vr2(13*+12)—Y 13*+5.
6 — 3*+1 10 

2x— 1
1031.

2* + i_  7 
x — 1

10 
3 — 2* *

SEC. 19. LOGARITHMIC INEQUALITIES

Any inequality of the form
loga /  (z) >  loga g (x) (1)

is called a logarithmic inequality. Its solution is based on the fol­
lowing theorems.

Theorem 1. I f  a >  1, then Inequality (1) is equivalent to the system 
of inequalities'.

i f  (*) >  0
s g (z) >  0 (2)
U (x) >  g (*)•

Theorem 2. I f  0 <  a <  1, then Inequality (1) is equivalent to the 
system of inequalities:

i f  (x) >  0
I g (x) >  0 (3)
1/  (x) <  g (x).

Remarks. 1. When a >  1, Inequality (1) and the last inequality 
of System (2) are of the same sense. When 0 <  o <  1, Inequality (1) 
and the last inequality of System (3) are of the opposite sense.
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2. The first two inequalities of Systems (2) and (3) specify the 
domain of definition of Inequality (1).

3. The first inequality in System (2) may be omitted since it fol­
lows from the second and third. Analogously, the second inequality 
in System (3) may also be omitted.

Example 1. Solve the inequality

log^
2

2xl — Ax — 6 
4r —11 1. (4)

Solution. Since —1 =  logi 2, Inequality (4) can be rewritten as
T

follows:

lqg_L 2^ 7 - i i ~ 6 < log± 2 - (5)
2 2

Here, the base of the logarithms a =  y , i.e. 0 <  a <  1, and,
consequently, by Theorem 2, Inequality (5) is equivalent to the 
following system:

2a:2 — Ax — 6 
Ax - 1 1 > 0

2x2— Ax--6 ^  r,
Ax —11

2j 2___  0
The obtained system is equivalent to the inequality — Ax-11— ^  

2, from which we find the solution of Inequality (4): [2, 2.75) U
[4 , + o o ) .

Example 2. Solve the inequality

l°g2 7 ^ 3- >  l°g2 (2 — ab­

solution. By Theorem 1, the given inequality [is [equivalent to 
the following system of inequalities:

2 — x^> 0
4

ar +  3 > 2  —x,

whence we get:
[ —3 < x < 2  
i  ( * + 2) ( * - l )  ^  n 
I z + 3  ; > u »



Ch. 2. Solving Equations and Inequalities 173

and further we have the solution of the given inequality: (—3, —2) U 
(1, 2).

Example 3. Solve the inequality
logo.2 (*3 +  8) — 0.5 logo.2 (*2 +  4r +  4 ) <  log0.2 (x +  58). (6)
Solution. Inequality (6) is equivalent to the following system of 

inequalities:
<x3 +  8 >  0
x2 +  4.r +  4 >  0
x -f- 58 0
logo.2 (z3 -K 8) — 0.5 logo.2 (x +  2)2<  logo.2 (x +  58).

Further, we have:

' x >  —2 
x =£ — 2 

' x >  —58
logo.2 (x3 +  8) — logo-2 V (x +  2)2<  log0.2 (a: +  58),

whence

{logo.2 (*+ 2| l + i f +4) <logo.2U +  58).

Since a; >■—2, we have: |a; +  2 | =  x +  2, and 

j x >  — 2
I logo.2 (x2 — 2a: +  4 ) <  log0.2 (x +  58). ^

Finally, using Theorem 2 for the second inequality of Sys­
tem (7), we get the system:

I# >  — 2 [ £ >  — 2
|a:2~ 2 x  + + 58,  anC* û r t^er [x2 — 3x — 5 4 ^ 0 ,

whence we obtain: [9, + o o )  which is the solution of Inequality (6). 
Example 4. Solve the inequality

log*-2 (2% — 3) >  log*_2 (24 — Gx). (8)
Solution. Neither Theorem 1 nor Theorem 2 may be applied to this 

logarithmic inequality since we do not know whether the base {x — 2) 
is greater or less than 1. If x — 2 >  1, then Theorem 1 is applicable 
to Inequality (8); if 0 <  x — 2 <  1, then Inequality (8) is solved 
by using Theorem 2. Therefore, we have to consider two cases: 
(1) x — 2 >  1; (2) 0 <  z — 2 <  1.
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Thus, the problem has been reduced to solving the following collec­
tion of two systems of inequalities

x — 2 >  1 
2x — 3 >  0 
24 — 6a: >  0 
2x — 3 >  24 — 6a:

0 <  x — 2 <  1 
2x — 3 >  0 
24 — 6a: >  0 
2a: — 3 <  24 — 6a:.

From the first system we get: <  x <  4, from the second:o
2 <  x <  3. Thus, (2, 3) (J ^  , 4 j is the solution of Inequality (8). 

Example 5. Solve the inequality

Solution. We rewrite Inequality (9) as follows:
x — 5 
2x — 3

Reasoning as in the preceding example, we conclude that this 
inequality is equivalent to the following collection of systems of 
inequalities:

x — 5

> i

(-s Et N 1

0 < Z  +  A < 1

t e r > <

or
< x > -  1.5
x^-/ - 3, x • / —1.5

<*+» (— t )
(2x—3)4

> 0

< — 2 . 5 < x <  — 1.5
x ^ 5 ;  1.5

(*+2) (* - -§ - )  
(2x —3)2

< 0.

Solving this collection, we find the solution of Inequality (9):

( - 2, - 1 .5 )  U ( 4 *  5 ) U (5, + oo).

Example 6. Solve the inequality

logj (x — l )2 — log0.5 (x — 1) >  5. (10)
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Solution. Since

log2 {X — l )2 =  2 log2 I x — 1 | 

and log0,5 (x — 1) =  =  — log2 (x — 1),

then Inequality (10) can be rewritten as:

41ogj |x  — 1 | +  log2(x —1 ) > 5 .  (11>

Let us set y =  log2 (x— 1). Since x — 1 >- 0 and hence | x — 1 | =  
x — 1, Inequality (11) takes the form: 4y2 +  y — 5 > 0 ,  whence we
find: y <  — j ;  y >  1.

Now, the problem is reduced to solving the collection of loga­
rithmic inequalities:

log2(x —1) < — log2(x —1 ) > 1

_ 5
or log2 (x— 1) <  log2 2 4; log2 (x — 1) >  log2 2. (12)

From the first inequality of Collection (12) we get: 0 < £  —
- - 1 1 < 2  4, and, consequently, i <Z x < .i  ~{----47=-.

2 y 2
From the second inequality of Collection (12) we get: x — 1 > 2 ,  

that is, x > 3 .  Thus, ( l ,  1-)— (J (3, +  oo) is the solution of
' 2 y 2 '

Inequality (10).
Example 7. Solve the inequality

slog* > 1 0 . (13)

Solution. This inequality may be conditionally called exponential 
logarithmic. In Sec. 14, Item 2 when considering exponential loga­
rithmic equations, we mentioned the possibility to use the method 
of taking the logarithms of both sides of the equations to the same 
base. The same is applied for solving exponential logarithmic inequal­
ities. I t is clear that the passage from the inequality f  { x )>  g {x) to 
the inequality loga /  (#) >  loga g (x) is possible only on the condi­
tion /  (x) >  0 , g (x) >  0 , and a >  1, and the passage from the in­
equality /  (x) >  g (x) to the inequality loga /  (z) <  loga g (.r) on the 
condition /  (x) >  0 , g (x) >  0 , and 0 <  a <  1.

Let us return to Inequality (13). Both of its sides take on only 
positive values. Taking the logarithms of both sides of Inequality (13)
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to the base 10, we get the inequality log xl0SX >  log 10 which is 
equivalent to Inequality (13).

After transformations, we get: log x-log x >  1, that is, log2 x >  1, 
U whence log x <C —1, log x >  1.

From the first inequality of the obtained 
collection we find: 0 <  x <  0 .1, from the 
second: x >  10. Thus, (0, 0.1) (J (10, oo) 
is the solution of Inequality (13).

Example 8 . Solve the inequality

(8 _  x)log2<8“*)< 23X-*. (14)
Solution. Taking the logarithms to the 

base 2 of both sides of Inequality (14), 
we get: log2 (8 -  x) logS(8“*) <  log2 23*~4 
which is equivalent to Inequality (14), 
and further, logg (8 — x) ^  3x — 4.

In the domain of definition of the in­
equality, that is, for x <  8 , the function 
V =  1°&2 (8 —x) decreases, while the func­
tion y =  3x — 4 increases. In addition, it 
is easy to notice that the equation 
log* (8 — x) =  3x — 4 has the root x =  4. 
Hence, Inequality (14) has the solution: 
[4, 8) (Fig. 29).

EXERCISES

In Problems 1032 through 1116, solve the given inequalities: 

1032. log3 —  ̂>  logs (5—x). 1033. logt (2 —x) >  logj — ^  •
4 4

1034. log, (5 + 4 x —x2) >  —3.
2

1035. log*., (x® +  75)—log0.i (x—4) s $ - 2 .
1036. log, (2 x + 5 )< lo g , (16—x2) —1 .

5 5
1037. log„ (x+ 27)—logn (16—2x) <  log„ x.

logo-3 (* + l)1038. logo.s 100 — log0.s 9 
1.
2

< 1 .  1039. 2 log8 (x—2)—log8 (x — 3) >  -g- •

1040. —+ logo x —logs 5x >  logt (x+ 3). 1041. logg 2 (x —1) >  4.
3

1042. log2 ((x—3)(x+2)) +  log, (x—3 ) <  —log , 3.
2 FI
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1043. lo g ^ ^ - j f ^ — log 4 (x + 2 )> lo g 1 4.
V% 2

/ 2 \ Iog0 25 (x*“ 5x + 8>
1044. ( - )  0 5 ^ 2.5.

logj (x2 + 4x+4)

1045. 2.25log! ^-|-j 2

log! (x2-  3x+l)

1046. ( - i )  9 < 1 . 1047. log* (a: —1 )^ 2 .

1048. log* Y 21—4* >  1. 1049. log* >  1.

1050. log* (16—6x— x*) <  1. 1051. log,.2_ 3  729 >  3.
1052. logx _ 1 0.3 >  0. 1053. l o g , ^  , 0.5 >  0.5.

x+5

1054. 2logs (*2-6x-f-9) ^  s 2 l°sx V x - l '

1055. log5 1^3x +  4*logx 5 >  1. 1056. log* (<z3 +  IMogx+i x >  2.
1057. logjc (x + 1 ) <  log! (2 — x). 1058. log, * _ 4 , (2z*-9*  +  4) >  1.

x
1059. log,x+6( 2*log2 (x2 — x — 2 ) ^  1. 1060. log^ 5 x +  log0.5 a: — 2 <  0.

1061. I t ) 084  ̂ ^ 4 -- 1062. log2 ( z + l ) 2 + lo g 2 Y x2 +  2x +  l > 6 .
1 -f- log2 x I

1063. (log2®)«- I'log^ - f y  +  91og2- § <  4 ^ l o g ^ y .

1064. log, x -{-log4 x >  1. 1065. log* 5 ^ 5 - 1 . 2 5 >  (log* / B ) 2.
5

‘0“ - l » V 2 <5' - ' ) - l ° V 2 ^ T > 2. _______

1067. 2l0g°-4 SC' l0g°-4 2'5* >  1. 1068 V x loe*V^!> 2 .
3 3

1069. o.2 6” log*:,c > 3/"0.0082 log* 1. 1070. Q 4log*  ̂ ' log3 3x >  6.25logl

1071. 2 10g“-5 *+ a:10go-5* > 2 .5 . 1072. 3 log:,:+2  < 3 logxl+ 5 _ 2 .

1073. 9log! _ 8  x  5log! (* ~ 1 ) -2  >  9log*(x-1)—16 X 5log*(x-1).
1074. a:log' x+ 16x- lo g ,a < 1 7 . 1075. log3 (4* +  l) +  log4* + 1  3 >  2.5.

1076. log3 (3* - 1 )  • logj (3*+2 —9) >  -  3.
3

1077. log2 (log8 (2—log4 *)) <  1. 1078. * + log (1 +  2*) >  * log 5 + log 6 .

1079. log2 ( 9* +  32*- 1 —2*+ 2) < *  +  3.5.

x 2 +  2 '

12-0840
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1080.

1082.

1083.

1085.

1087.
1089.
1090.

1092.

1094.

1096.

1098.

1100.

1102.

1104.

1105.
1106.

1108.

1110.

1112.

1114.

1116.

8
lo g j t f + l /"  1 — 41og^a:< l. 1081. - * / 1— 91og* a ; > l  — 4 log1

2 ^ 2  ' 8  ° 
log2 (x — 1) — log2 ( x + 1) +  logx + 1  2  >  0 .

x - l
log2 1 4log j 8 + lo g a 8 <  2 _ 4  .

2 4
1084. log* 2 • log23C 2 • log2 4x >  1.

log2 log1 (x2 — 2) <  1 . 
2

3x+6

1086,■ d )
log, logt (**-?)

< 1.

logf logo x2+2
0.3 d > 1 .  1088. log3 (log2(2 — log4 a:)— 1) <  1.
log5 log3 log2 (22x -  3 X 2* +10) >  0.
log2 /1 +  logi x — log9 x \ <  1. 1091. logj log2 log^-! 9 >  0.

V 9 / 2
log3 logx2 logx2 a:* >  0. 1093. log* log2 (4* —12)<  1.
logs (x2 +  3) < 0- 1095. < o -logo-3 (^2 +  4)4a:2 — 16a:

(jL- 0 ; 5 ) ( 3 - * ) > o. 1097. log°* 1 * ~ 2 1 < 0 .  
log2 \ x — i \ x2 — 4a:

log 7—log (—8 —x2) log2 (] /'4 a + 5 —1) 1
log(x +  3; ’ ' log2 (v ^ 4 x + 5 + ll)  2 '

l o g . „ ( / i + 3 - l )  1 1i(v| log l^J +  7—log 2
log,., ( j ^ + 3 + 5 )  2 • ’ log 8 - lo g  (* -5 )  ^  '

log (l/~x +  l +  l) <c. 3. 1103. logs (a:+  3) ^  log^+3 625.
log x — 40 

log2 x • log3 2x +  log3 x • log2 3a: >  0 .

logo.5 (x +  2) • log2 (x + 1) +  logac+i (x +  2) >  0 .
log t (6* +1 —36*)>  —2. 1107. log^--(2* +2— 4X) ^  — 2.

V% T

2 5 l0go * x ^  3 0 . 1109. (2x +  3X 2~x)2 logt log* (*+6) >  1.
1 1

logo 5 V x  +  3 ^  logo.5(*+l)
1111. 1

log2 ® log2 |^a: +  2

Vr loge.5^-81 +  2 < 1  1113> l x _ 1 |log .(4 -* )>  | x _ i  |log,(l+*).
logn.s * — 1lOgo.5

X  — 1
log3 0  -3 * )  - 3

< 1 .  1115. 2 +  l0g* * < 6
x — i 2a: — 1 *

6 ^ l +  log2 (2+g)
2x +  l x
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In Problems 1117 and 1118, solve the given systems of inequalities: 

iii7 jl°g*(* +  2)>2
l(*a—8*+ 13)«*-«< l. 

i 11 ft /  (* - 1 )  log 2 +  log (2X+1 + 1 ) <  log (7 X 2X +  12) 
llog*(* +  2 ) > 2 .

SEC. 20. PARAMETRIC EQUATIONS AND INEQUALITIES

Let there be given an equation
F (x, a) =  0. (1)

If a problem is posed to find all the pairs (x, a) which satisfy the 
given equation, then we have art equation in two variables x and a« 
Another problem is also possible. If we fix the variable a, then Equa­
tion (1) may be considered as an equation in one variable x , the solu­
tions of this equation being naturally determined by the chosen value 
of a. If for each value of a from a certain set of numbers A, we have 
to solve Equation (1) with respect to x, then Equation (1) is called 
an equation in one variable x and one parameter a, where the set A 
is the domain of change of the parameter. Let us agree that Equa­
tion (1) everywhere in this section is not an equation in two variables, 
but in one variable x and one parameter a.

Equation (1) describes briefly a family of equations resulting 
from Equation (1) for various concrete numerical values of the 
parameter a. Let, for instance, there be given the equation

2a (a — 2) x = a — 2 (2)

and let the domain of change of the parameter A =  {—1, 0, 1, 2, 3}. 
Then Equation (2) is a brief notation of the following family of 
equations:

f6:r =  —3 for a =  —1 
0 x i  =  —2 for a =  0 
— 2x =  — 1 for a =  1 
0 x x  =  0 for a = 2 
3x =  1 for a =  3.

Let us agree that the domain of change of the parameter here and 
elsewhere is the set of all real numbers (if no specific stipulations 
are made). And let us formulate the problem of solving an equation 
with a parameter in the following way: to solve Equation (1) with 
a parameter means to solve (on the set of real numbers) a family of 
equations resulting from Equation (1) for various real values of the 
parameter.
12*
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Since it is impossible to write out each equation of an infinite 
family, we usually try to find singular values of the parameter at 
which or when passing through which the equation is changed quali­
tatively. To clarify how to find singular values of the parameter, 
let us consider several examples.

Example 1. Solve the equation

2a (a — 2) x — a — 2. (3)
Solution. Here, singular values of the parameter are those for 

which the coefficient of x vanishes, that is, a =  0 and a =  2. For 
these values of the parameter the division of both sides of the equa­
tion by the coefficient of x is impossible. If otherwise a =̂= 0, a 2, 
the division is possible. Hence it is appropriate to consider Equa­
tion (3) for the following values of the parameter:

(1) a =  0; (2) a = 2; (3) fa = ^ 0
\a  =̂= 2.

(1) For a =  0 Equation (3) takes the form 0 X x =  —2. This 
equation has no root.

(2) For a = 2 Equation (3) takes the form 0 X x =  0. Any real 
number serves as a root of this equation.

(3) If a =7̂ =0 and a=£ 2, then from Equation (3) we get: 
x =  . a~ 2ox , whence we find: x = 4~.ZdCL yd Zj £d

Answer: (1) if a = 0, then there is no root; (2) if a =  2, then
I a =/= 0

any real number is a root of Equation (3); (3) if j 9 then

Example 2. Solve the equation

(a — 1) x2 +  2 (2a +  1) x +  (4a +  3) =  0. (4)

Solution. In this case a =  1 is a singular value. The thing is that 
for a =  1 Equation (4) is linear, and for a =£ 1 it is quadratic (this 
is just the above qualitative change). Hence, in solving Equation (4) 
it is expedient to consider the following cases: (1) a =  1; (2) a 1. 

(1) For a =  1 Equation (4) takes the form: 6x +  7 =  0, whence
We find: x =  — .6
' (2) For we single out those values of the parameter for
Which the discriminant of Equation (4) vanishes.

The point is that the discriminant D can vanish for a certain 
value of the parameter a =  a0 and can change sign when passing 
through this point (for instance, D <C 0 for a <  a0 and D >  0 for
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a >  a0). Then the number of real roots of the quadratic equation 
changes (in our case, for a <  a0 there is no root, while for a >  a0 
the equation has two roots). Hence, we may speak of a certain 
qualitative change in the equation. Therefore the values of the pa­
rameter for which D = 0 are usually referred to singular values as 
well. Let us form the discriminant D of Equation (4):

D = 4 (2a +  I)2 -  4 (a -  1) (4a +  3), 
whence D = 4 (5a +  4).

Equating the discriminant to zero, we find: a =  ——- which is the

second singular value of the parameter a. If a <  — y  , then D <  0; if

I o then D ^ O .
=̂= 1,

Hence, it remains to solve Equation (4) for each of the fol-

, . 4 f « > - 4 -lowing two cases: a <C —
; W i .

If —-r ,  then Equation (4) has no real solution; if

f a > - ±
\  ^  5 then we find: x12 = — (2a+ 1) ±   ̂ _
U ^ i ,

Answer: (1) if a <  — , then there is no root; (2) if a =  1,

then x =  — ; (3) if { • > - *
[a=£l,

then

•̂ 1.2 a — 1
Example 3. Solve the equation

a2x — 2a 2 — ax a y

Solution, The first singular value of the parameter is the value 
a =  0. In this case Equation (5) has no root. Consider the case 
when a =^0. After being transformed, Equation (5) takes the form:

(1 — a) x2 +  2x +  a + 1  =  0. (6)
Equating the coefficient of x2 to zero, we find the second singular 

value of the parameter: a = I. For a =  1 Equation (6) takes the
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form: 2x +  2 =  0, whence we find: x =  —1. If a =̂= 0 and a 1, 
then from the quadratic equation (6) we get: xx =  —1, x 2 =  | ~ - .

Check. When Equation (5) was replaced by Equation (6), there 
occurred an extension of the domain of definition of the equation, 
and, hence, extraneous roots might appear, namely, such values of x 
for which the denominator of a fraction in Equation (5) vanishes.
In our example we have only one such value: x =  — . I t may happen

so that for some value'of the parameter a, x1 will be equal to — . Then 
xx will be an extraneous root at this value a. I t may also happen

x . l X  -  - i

*1.2 a XU >

- 2

Fig. 30

2
that at some value a, x 2 will be equal to —. Then x 2 will be an ex­
traneous root at this value a. Thus, let us find for what values of the

2
parameter the equality xx =  — is fulfilled.

Setting — =  —1, we find: a=  —2. This means that if a — —2,

then x* =  — 1 is an extraneous root. In this case x2 =  =
1 * a — 1

— 2 +  1 1
- 2 - 1 "  3 •

2
Let us find the values of the parameter at which x2 = —. Let 

Then a2- a  +  2 =  0.a — 1 a

The last equation has no real root. This means that =  
is not an extraneous root for any value of the parameter.

We have made a check for the cases a =7̂= 0, a =7̂  1. If a =  0, then, 
as was noted above, Equation (5) has no root. If a =  1, then Equa­
tion (5) has the root x  =  —1. Since for a =  1 and x =  —1 the 

2
equality x = — is not fulfilled, the root# =  — 1, found in the case 
of a =  1, is not extraneous.
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Answer: (1) if a =  0, then there is no root; (2) if a =  1, 
then x = — 1, (3) if a = — 2, then x = —  \ (4) if
a=̂ =2

■a=£ 0 then x i = — 1,

^  ^  1 >
The answer is illustrated graphically in Fig. 30.
Example 4. Solve the equation

Y x +  Y  a =  ]^1 — (x + a). (7)

Solution. Here a =  0 is a singular value of the parameter (for 
a < 0  the left-hand member of the equation is not defined, while for 

0 it is defined). Therefore, it appropriate to consider the 
following cases: (1) a <  0; (2) a ^ O .

(1) It is clear that for a <  0 Equation (7) has no root.
(2) If 0, then, squaring both sides of Equation (7), we get the 

equation

2 1/  ax =  1 — 2x — 2a. (8)

No new singular values of the parameter are discovered here. 
Again, squaring both sides of the equation, we get the quadratic 
equation

4a:2 +  4 (a — 1) x +  4a2 — 4a +  1 =  0. (9)

Let us form the discriminant of Equation (9): ^  =  4 (a — l)2— 
4 (4a2 — 4a +  1).

Equating it to zero, we find: ax =  0, a2 =  y  which are other sin-
2

gular values of the parameter. Note that D <L 0 if a > y  (remember
that we consider the case a ^ 0 ) .  Thus, it is appropriate to consider

2 2 the following cases: a > y ; 0 ^  a ^ y .
In the first case Equation (9) has no solution, in the second we get:

_  1—a ±  V  2a— 3a2
*1.2 — 2 *

We noted above that for a <  0 Equation (7) has no root. Thus,
2

solving Equation (7), we get the following result: if a <  0, a > y  , 

then there is no root; if 0^1 a ^ y  , then the roots of Equation (7)
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may be represented by the values

1 — a ±  V^2a — 3a2
* 1 * 2  —  9

This limited formulation is connected with the fact that in the 
course of solving Equation (7) we squared both sides of this equation 
which might lead to the occurrence of extraneous roots. Hence, the 
found values xx and x 2 must be checked.

A check of these values by substituting them into Equation (7) 
involves much troubles, therefore we use another method. Note that 
the domain of definition of Equation (7) is given by the system of 
inequalities:

( x ^ O
| l  — (x +  a) !> 0 .

Further it follows from Equation (8) that the inequality 1 — 2x — 
2a^ 0  must be fulfilled. Hence, the roots of Equation (7) must 
satisfy the system of inequalities:

{ * > 0  ix > °  (x > 0
<1 — (x - \ -a )^  0 or +  1 whence t \ (10)
i l - 2 x - 2 a > 0  +  +  .

Let us check whether the value x± satisfies System (10). Consider 
the system of inequalities:

1—a-\~yr2a — 3a2

1 — a +  Y' 2a — 3a2 , -  1

The second inequality of this system is equivalent to the inequal­
ity Y,2a — 3a2^  — a, which in our case ^0 ^  a ^ f )  ^ as on^y
solution: a = 0 .

Since this value also satisfies the first inequality of the system, 
the system under consideration has the only solution: a = 0 .
This means that xx = l — a+ Y 2a—?>a .g a root Equation (7)

for a = 0  ̂for a = 0 we have: x1 =  2) and x { is an extraneous root if 
a 0.
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Let us check whether the value x 2 satisfies System (10). Consider 
the system of inequalities:

1 — a — Y  2a — 3a2 > 0

1 — a — Y  2a — 3a2 . ^  1
----------2-----------+  a < T  •

( Y  2® — 3a2 ̂  1 — a
It is equivalent to the following system: \ _______

I y 2a — 3a2^ a ,

and further (
4a* — 4a +  l > 0  f ( 2 a - l ) 2> 0
4a2 — 2a ̂ 0 or 4

{ia  (a - | ) < 0’

whence . Thus, x2- 1 — a — Y  2a — 3a2 .is a root of Equa­
tion (7) if the parameter a satisfies the following system: 

| 0 < a < 3 ^

Thus, the solution of Equation (7) can be written in the follow-
\

ing way: (1) if a < 0; then there is no root; (2) it

n .i 1 —a-\~Y  2a — 3a2 1 —a—Y  2a —3a2 /q xa =  0, then x t = ------- — ----------- ; x2 = ----------- !̂ ---------- ; (3) if

n ^  1 , 1 —a — y  2a — 3a20 <  , then x = ---------- ^ ----------- •

Note that if a =  0, then xx = x 2. This enables us to write the 
answer more briefly.

I
Answer: (1) if a <  0; a > y ,  then there is no root; (2) if

1 —a — Y 2a —3a2 U ^ a ^ y  , then x = --------- —----------- .

Example 5. Solve the system of equations

Ix3 = 2 ax -f- ay
y3 =  ax+2ay-

(11)

Solution. Replacing the first equation of System (11) by the sum of 
its equations, and the second equation by their difference, we get
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a system equivalent to the original
(x3 +  y3 = 3a(x +  y) 
\x* — y* = a (x --y )  .

or
J(z +  y) (x2 — xy +  y2 — 3a) =  0
\(x  — V) (x2 +  xy + y2 — a) = 0.

The last system is equivalent to the following collection of four 
systems:

x-\-y — 0 
x — y =  0 (12)

’x +  y =  0
,x2 +  xy +  y2 =  a (13)

x2 — xy -\- y2 — 3a 
x — y =  0 (14)

x2 — xy-\-y2 =  3a 
x2 +  xy +  y2 =  a. 
find:

p t =  0 
Wi =  0.

(15)

This is the solution of System (11) for any values of a 6 /?. 
From System (13) we get:

f y =  —x
(16)

Here a =  0 is a singular value of the parameter. For a <  0 the 
system has no real solution, and if 0, then we get:

(x2 = Ya Jx 3 = —Va
1 ^ 2 = — V * '  h »  =  V«*

From System (14) we find:
\ y = x 
{a;2 =  3 a.

Here, as in the preceding case, a =  0 is a singular value of the 
parameter. For a < 0  the system has no real solution, and if 0, 
then we get:

(xi = V 3o jxi~ — V 3a
\y^ =  V 3 a , ly5= — V3a.
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System (15) is symmetric. Setting
x +  y = u 
xy =  v,

we get:

u2 — 3v =  3 a 
9 whenceu2 — v = a,

u =  0 
— a.

Thus, we have obtained the following system of equations:
- (x +  y = 0 (y=  — x

\xy  = — a U 2 =  a.
This system coincides with System (16) which has been solved. 
Answer: (l)_if 0, then (0, 0); (2) if a >  0, then (0, 0); ( |/ a, 

- / a ) ,  ( - 1Ya, Ya)\  (^3fl, j/3a), ( - ] / 3a, —j^3a).
Example 6 . Solve the inequality

| i > ( l  +  3 a ) | - /  (17)

Solution. Setting a +  3 =  0, we find: a =  — 3 which is the first 
singular value of the parameter. Hence, we have to consider the 
following cases: (1) a <  —3; (2) a =  —3; (3) a >  —3.

(1) Consider the case a <  —3. In this case a +  3 <C 0, and 
Inequality (17) is equivalent to the inequality 4 {lx— 11) <  (a + 3 )  X 
(1 -f 3a) x, that is, to the inequality:

(3a2 +  10a -  25) x >  -4 4 .  (18)
Setting 3a2 +  10a — 25 =  0, we find other singular values of the 

parameter: a =  ; a =  —5.
Thus, the solution of Inequality (18) has to be considered in the 

following cases:

f a <  — 5; a >  I* fa =  — 5; a =  |-  f — 5 < a < - | -

| a <  —3 {a <  —3 { a <  —3,

that is, in the cases: a <  —5; a =  —5; —5 < a <  —3.
In the first case 3a2 +  10a — 25 > 0 ,  and from Inequality (18) 

we find: « > - 3a>+^ t_ 25.
In the second case Inequality (18) takes the form: Ox £ >  — 44 

which is true for any x. Finally, if —5 < a < — 3, then 
3a2-f-10fl — 25 <  0, and from Inequality (18) we find that

^  44
X < ~ 3a*+10a—25*

(2) Consider the case a =  —3. In this case Inequality (17) has no 
solution.
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(3) Consider the case a >  —3. In this case a +  3 >  0, and In­
equality (17) is equivalent to the inequality

4 ('lx  — 11) >  (a +  3) (1 +  3a) x or
(3a2 +  10a -  25) x <  -4 4 .  (19)

The same as for Inequality (18), here the singular values of the
parameter a are —• and —5. Since we now consider the case a >  —3,
we have to take into account only one of the indicated two singular
values of the parameter: a =  —■ . Thus, when solving Inequality (19),

5 5 5we must consider the following cases: a > y  ; a =  y  ; —3 < a < y  .

In the first case we find: x<Z — 0 -Q--, -- ----in the second
0 flr+ 10a — 2,0

Inequality (19) has no solution, and in the third we get: 
^  44

X :>  3a2+  10a—25 ‘
5

Answer: (1) if a =  —3; a =  y  , then the inequality has no solu-

tion; (2) if a <  —5; — 3 < a <  — , then x >  — 3a2+ ipa_ 25 ; (3) if

5 < a <  3; « > - § - ,  then ^ < - ^ -4: ^ - 2 5 ; (4) if  « = “ 5 *
then — c» <C ^ +  00 .

Example 7. Solve the inequality
ax2 -  2* +  4 >  0. (20)

Solution. Equating to zero the coefficient of x2 and the discrimi­
nant of the quadratic trinomial ax2 — 2x +  4, we find the first 
singular value of the parameter a =  0 and the second singular value
a =  —  ̂and if a > y  , then D < 0 ;  and if then D ^ o j  .
Let us solve Inequality (20) in each of the following four cases:

(1 ) o > i - ;  ( 2 ) 0 < a < | ;  (3) a =  0; (4) a <  0.

(1) If a > y ,  then the trinomial ax2— 2# +  4 has a negative
discriminant and a positive leading coefficient. Hence, the trinomial 
is positive for any x , that is, the solution of Inequality (20) in this 
case is represented by the set of all real numbers.

(2) If 0 < a ^ - ^ - , then the trinomial ax2 — 2x +  4 has the fol­
lowing roots:

where i - £ T = 5  m o O H E .
a 7 a ^  a
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Hence, the solution of Inequality (20) is represented by the 
following collection:

—1^ 1 — 4 a . ___l +  l / ’l —4 ax <C--------------- x 2> ---------------- .a a

(3) If a =  0, then Inequality (20) takes the form: — 2# +  4 > 0 , 
whence we get: x < 2. ____

?4) If a <  0, then we have: < - *■-— *—— .A
Hence, in this case the solution of Inequality (20) is represented 

by the following system:

l +  l /T = 4 a  ______   1 —l/T ^ 4 a

1 1 Answer: (1) if a >  , then —oo <C £ <C +  oo; (2) if 0 < a ^ - ^  *

then £ <C ■1.- V r l - 4 a  . ^ -> 1 +  V^l—4a ^  if a _ q, then £ < 2; 
a a '

//\ i + V"i=4a _  1 - Y 1 —4a(4) if a < 0 ,  then — —---------<Zx<C---------------- .
Example 8. Solve the inequality 

*2 +  1 1
a2x — 2 a ■ >  — 2 — ax a (21)

3-2 I 1
Solution. Transform Inequality (21) to the form a yax zj

ax — 2 • >  0, and further

(1 — a) x2 +  2x + 1  +  a > 0 (22)

Inequality (22) is equivalent to Inequality (21). The value a = 0 
is the first singular value of the parameter. Equating the coefficient 
of x2 in the numerator to zero, we find the second singular value of 
the parameter: a =  1. Finally, the discriminant of the quadratic 
trinomial (1 — a) x2 +  2x +  1 +  a is equal to a2. I t vanishes for 
the already indicated singular value a =  0 .

Hence, it is appropriate to consider the following cases: (1) a = 1; 
a =/= 0
a =/= 1.
nequality (22) in each of these cases:

(2) a = 0; (3) 
Let us solve
(1) For a = 1 Inequality (22) takes the form: >> 0, whence

we find: x <  — 1; x >  2.
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(2) For a =  0 Inequality (22) has no solution.
[ a-7̂ =0

(3) If |  ^ j then, factoring the numerator of the left-hand 
side of Inequality (22), we get the inequality

(‘ — )('+*) H S )
2x -----a

> 0 (23)

which is equivalent to Inequality (22), and, hence, to Inequality (21).
Inequality (23), in turn, must be considered in two cases: 

f a =7̂= 0
I . C l

In the first case 1 —a > 0  and Inequality (23) takes the form:

2x ------a

> 0 , (24)

in the second case 1 — a << 0 and Inequality (23) takes the form:

+  D ( * - — l )
2x -----a

< 0 . (25)

To solve Inequalities (24) and (25) by the methods of intervals,
it is necessary to arrange the points —1, j  , — on the number line
in the increasing order. To this end, we form the following dif­
ferences:

CL -j- 1
a — 1 ( - i ) , Az 2

a ^3
a +  1 
a — 1 a

and find the sign of each of them.
Consider the difference A x =  -^ 7  .1 a —1
From Fig. 31 we obtain: if a <  0, then A x >  0; if 0 < a < l ,  

then A 1 <  0; if a >  1, then >  0.
Analysing the difference ^42 =  — » we get (Fig. 32): if a <  —2,

then A 2 >  0 ; if —2 <  a <  0 , then A 2 <  0; i f 0 < a < l ;  a > l ,  
then A 2 >  0; finally, if a =  —2 , then A 2 =  0 .

Let us now consider the difference
a2 — a -j- 2 
a (a — 1 )A 3 ~
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Fig. 31

Since the discriminant of the quadratic trinomial a2 — a +  2 is 
negative, and the coefficient of a2 is positive, a2 — a +  2 >  0 for 
any values of a, and the sign of the difference A s depends only on 
the sign of the denominator a {a — 1). We obtain (Fig. 33) that if

A, > 0
A 2 > 0  
A 3 > 0

Fig. 34

a <  0 , then A 3 >  0; i f 0 < a < : l ,  then A 3 <  0; if a >  1, then 
A 3 >  0.

Let us now illustrate the results of investigating the signs of the 
differences A u A 2, A 3 (Fig. 34). Inequality (24) is solved on the 
condition that 0 =̂= a <  1 (in Fig. 34 these values of a are hatched), 
therefore this inequality must be considered in each of the following 
cases: a <  —2; —2 <  a <  0; 0 <  a <  1; a = —2.
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In the first three cases we get, respectively:

—i < —a a — 1
— C  — l  < i ± l -  
a ^  ^  a — 1 ’ a — 1 a

Solving Inequality (24) by the method of intervals (Fig. 35), 
we find:

if a <  —2, then — 1 < i <  -  ;a a — 1

if — 2 <  a <  0 , then — 1;

if 0 < a < ; l ,  then — 1; x > ~ .a — 1 a
Finally, for a — —2 Inequality (24) takes the form:

(x +  l) (*+-§-)
ar +  l > 0,

1
whence we find x >  — y .

When solving Inequality (25), we are interested in the signs of 
the differences A x, A 2, A 3 only in the interval a >  1 (this interval

Fig. 35

is not hatched in Fig. 34). Hence, for a >  1 we have:
2
a

a -f- 1 
a — 1 *

Applying the method of intervals, we find the solution of Inequal- 
ity  (25):
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Let us now write the final answer for Inequality (21):

(1) if a < — 2, then — 1

(2) if a — — 2, then x >  — ;

(3) if — 2 <  a <C 0 , then <  x <  — 1;

(4) if a =  0, then the inequality has no solution;

(5) if 0 < a <  1, then < £ <  — 1;
(6) if a =  1, then a: <C — 1; x > 2 ;

(7) if a > l ,  then 1; — < £ < ^ - 4 .7 a a — 1
Example 9. Find all values of the parameter a for which the system 

of equations
— 4x +  ay =  1 +  a 
(6 -f- a) £ -f~ 2y =  3 -|- a

has no solution.
Solution. The given system is incompatible if and only if

—4 _ a  , 1
6 +  a ~~ 2" ^  3  +  a ' (27)

From the equation 

From the equation

=  y  we find: a4 =  — 2; a2 =  —4. 

we find: fl3 =  l; a4= —2.

Hence, the condition is fulfilled if a=/= 1; a^= — 2.
'a =  —2; a =  —4

From the system < a =7̂= 1 we find that Condition
,a =7̂= —2

(27)jis equivalent to the equality a =  —4. Thus, System (26) has no 
solution for a =  —4.

Example 10. Find all values of the parameter a for which the in­
equality (x — 2 +  3a) (x — 2a +  3) <  0 is fulfilled for all x's  
belonging to [2, 31.

Solution. The given inequality has the form (x — xt) (x — x 2) <  
0, where x1 =  2 — 3a, x 2 = 2a — 3. Solving it, we get: x1C x  <  
x 2 (if xx <  x 2) or £2 <  x <  #1 (if £2 <  ^i); if =  x 2, then there 
is no solution.

Thus, the solution of the given inequality is either the interval 
(2a — 3, 2 — 3a) or the interval (2 — 3a, 2a — 3) (Fig. 36).
13-0840
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From the conditions of the problem it follows that all the points 
from the interval [2, 3] must satisfy the given inequality, and this 
is fulfilled if and only if the points with the coordinates 2 and 3 lie

(a)
2a- 3

^
2 - 3a x

(b ) 2 -  3a
(A

Fig. 36

2a - 3 x

inside either the interval (xx, x 2) or (x 2, #i), that is, if 2a — 3 <  2 <  
3 <  2 — 3a or if 2 — 3a <C 2 <  3 <  2a — 3.

From the system of inequalities 2a — 3 <  2 <C 3 <1 2 — 3a we

get the system: 2a — 3 <  2 i
whence we find: a <  —  

2 -  3a >  3, 6
The system of inequalities 2 — 3a <  2 <  3 <  2a — 3 is equiva- 

( 2 - 3 a < 2
lent to the system: |2  3 3 whence we find: a >  3. Thus, the

I
given inequality is fulfilled for all x 6 [2, 3] for a <  — y  or a >  3.

Example 11. Find all values of the parameter a for which the 
equation

x2 +  4# — 2 | x — a |  +  2 — a = 0 (28)
has two roots.

Solution. The given equation is equivalent to the collection of two 
mixed systems

x — a ^ O
x2 +  4r — 2 (x — a) +  2 — a =  0 (29)

x -  a ^ O
x2 +  4;r +  2 (x — a) +  2 — a =  0. (30)

Solving System (29), we have: x2-{-2x +  a-\-2=-0.
The discriminant D of the equation x2 +  2# +  a +  2 =  0 is equal 

to (—a — 1). If D <  0, that is, a >  —1, then the equation x2 +  
2x +  a +  2 =  0 has no root; if D — 0, that is, a =  —1, then 
this equation has the only root x =  —1; if D >  0, that is, a <  — 1, 
then the equation has two roots: x± =  —1 — V —a — 1, x 2 =
- 1  +  V - a  -  1.



Ch. 2. S o lv in g  E q u a t io n s  and  In e q u a l i t ie s 195

The found roots must satisfy the inequality a: only in this 
case they may be regarded as solutions of the mixed system (29). We 
have to consider two cases: (1) a =  —1; (2) a <  —1 (for a >  — 1 
the equation of System (29), as was noted above, has no root, hence, 
System (29) also has no solution).

(1) If a =  —1, then x =  —1. In this case, the inequality x ^  a 
is fulfilled, hence, x =  —1 is the solution of System (29).

(2) If a <  —1, then xx =  —1 — ] /  —a—1, x 2 =  —1 +
Y  —a—1.

Let us find for what values of a the inequality xx ^  a is ful­
filled and for what values of a the inequality x 2^  a is fulfilled. We 
begin with the inequality x { ^  a.

We have in succession:
— 1 — V  —a — 1 ^  a, 
Y  —a — 1 ^  —a — 1. (31)

Dividing both sides of Inequality (31) by the expression ] /  —a — 1 
which takes on only positive values for a <  —1, we get the in­
equality 1 ^ ] / —a— 1, equivalent to Inequality (31).

We then have: 1 ^  —a — 1, whence a ^  —2.
Let us now consider the inequality x 2^  a. We have:

— 1 ~f" Y —# — 1 ^  &, Y  — & — 1 ^  CL -f- 1.

Since for a <  —1 the left-hand side of this inequality is positive, 
and the right-hand side is negative, the inequality is true for all 
a <  —1.

Finally, we get the following solutions of System (29): if a >  —1, 
then there is no solution; if a =  — 1, then x =  — 1; if —2 < a <  
—1, then x =  — 1 +  Y —a — 1; if a ^  — 2, then x± =  —1 —
Y  —cl — 1» 2 =  — 1 +  Y  —a — 1-

Solving System (30), we have: |
[ x ^ a
[ x2 +  6x +  2 — 3a =  0. 

From the equation x2 +  6x +  2 — 3a =  0 we find:
#3,4 =  —3 -4- ] / 7 3$.

7
If a < — -g-, then there is no real root, hence, System (30)

7 7has no solution; if a = — t hen —3; if a > — —, theno o
x3 =  —3 —Y  7 -(- 3a, ;r4 =  —3 +  Y 7 +  3a.

From the found roots we choose those which satisfy the inequality
7

x ^  a. If a =  — y  , then # =  —3 and the inequality a is ful­
filled. Hence, x  =  —3 is the solution of System (30).
13*
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Let a >  — and let us find for what values of a the inequality 
x 3^  a is fulfilled. We have:

- 3  -  Y 7 +  3a <  a,

V i  +  3a >  - a  -  3. (32)

7Since for a >  — -g- the left-hand side of Inequality (32) is positive,
and the right-hand side is negative, Inequality (32) is true.

7
Hence, x3 is the solution of System (30) for all a >  — -g-.
Let us now consider the inequality a. We have:

—3 +  V 7 +  3 a <  a,

V 7 +  3 a <  a +  3. (33)

7
Since for a >  — -g- both sides of Inequality (33) are positive, squaring
them, we get an equivalent inequality: 7 +  3a ̂  (a +  3)2. Further, 
we have: (a +  1) (a +  2) ^  0 , whence we find: a ^  —2 or — 1.

7
Thus, «r4 is a solution of System (30) if — -g- <  —2 or —1.

Finally, we get the following solutions of System (30):
7 7if a <Z — -g-, then there is no solution; if a =  — -g-, then # =  —3;

if — — <  a ^  —2, then a;3i4 =  —3 ±  V 7 +  3a;
if —2 <  a <  —1, then x = x3 =  —3 — V"7 +  3a; 
if a ^  —1, then a;3,4 =  —3 +  V"7 +  3a.
We have found the solutions of Systems (29) and (30). The solution 

of Equation (29) is the union of the solutions found for Systems (29) 
and (30).

From the aforegoing reasoning it is clear that this union should 
be formed separately for the following values of the parameter: 
(1) 0 - 1 ;  (2) a =  —1; (3) - 2  <  a <  -  1; (4) a =  - 2 ;
( 5 ) - l < a < - 2 ;  (6)a =  -  J  ; ( 7 ) o < — J .

(1) If a >  —1, then the equation has two roots: x 3, #4, that is, 
—3 i t  j /  7 -|- 3a.

(2) If a =  —1, then the equation has two roots: —1, —5.
(3) If —2 <  a <  —1, then the equation has two roots: x 2, x 3, 

i.e. —1 +  Y  —a —1 and —3 — ]/ 7 +  3a.
(4) If a =  —2, then the equation has three roots: —2, 0, —4.
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n
(5) If -  —- <  a <  —2 , then the equation has four roots: — 1 ±o

V -  a -  1; —S ± Y T + J i .
7  ̂  ̂ 2

(6) If a =  — g-, then the equation has three roots: —3, —1 ±  •

(7) If a <  — -g-, then the equation has two roots: =  — 1 +O
]/^—a — 1, #2 =  —1 — 1f —a —1. 7

Thus, Equation (28) has two roots for a >  — 2 or for a <  — y .  
Example 12. Find all values of a for which the equation

2 log (x +  3) =  log ax (34)

has the only root.
Solution. We transform the equation to the form log (x +  3)2 =  

log ax.
Then we get: (x +  3)2 =  ax, whence

x2 — (a — 6) x +  9 =  0. (35)

Equation (34) has the only root in the following cases: (1) Equa­
tion (35) has the only root and this root satisfies Equation (34); 
(2) Equation (35) has two roots, but one of them is extraneous for 
Equation (34).

Consider the first case. Equation (35) has one root if its discrimi­
nant D is equal to zero. We have: D =  (a — 6)2 — 36 =  a2 — 12a.

D =  0 for a =  0 or for a =  12. The case when a =  0 drops out since 
for a =  0 the right-hand side of Equation (34) is not defined. If . 
a =  12, then we find from Equation (35): x =  3 which is the only root 
of Equation (35) and which, as a check shows, also satisfies Equa­
tion (34).

Consider the second case when D >  0. In this case Equation (35)
i . . a — 6 + V a 2 — 12ahas two roots: xli2 = ----------------  .

In order for the found roots to be the roots of Equation (34), it is 
necessary and sufficient that they satisfy the inequality x +  3 >  0. 
Hence, one of the found roots of Equation (35) will be a root of 
Equation (34), and the other will not if and only if

x^^> 3 |^ 2^> — 3
* 2 < - 3  0r U ^ - 3 ,

where ^  =  « - 6+ / ^ - 12a  ̂ a - 6- / a * - 12« ^
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Thus, the problem is reduced to solving the collection of two 
systems of inequalities:

a — 6 +  y  a2 — 12a

-6 — V  a2 —12a

>  —3

3

a — 6 — V  a2 — 12a >  — 3

a — 6-\~Y  a2 —12a 3.

Solving the first system, we have:

JlAa2 — 12a >  — a

I'K cl2 — 12â a,
whence a2 — 12a >  a2, i.e. a <  0 .

Solving the second system, we have:

j Y  a2 — 12a <  a
V a 2- 12a < - a .

This system has no solution since either a <  0 or —a <  0, that is, 
either the first or the second inequality of the last system has no 
solution. Thus, the second case occurs for a <  0.

The final result: Equation (34) has the only root if a =  12 or 
if a <  0 .

EXERCISES

In Problems 1119 through 1155, solve the given equations:

1119.

1121.

1123.

(a2 — 2 a +  1 ) x =  
x , a , x-\-a

+  2 a — 3. 1120. (a3 — a2 — 4a +  4) z =  a — 1.

a 3
3#  —  2

a-\~ 3 
x — 1

=  1.

, 2
-2a

1122.

=  0 .

x -}- a
1 + a  

1124.

2 -f- a 

x2 — 4a# +  3a2 =-0.
1125. ax2 — (1 — 2a) x +  a — 2 =  0.
1126. (2a — 1) z2 — (3a +  1) z +  a — 1 =  0.
1127.

1128.

(a2 +  & 
3x2 — 2

2) x2 +  (2a2 +  a +  3) * +  a2 — 1 =  0.

a2 +  3a
x — 1

1129.

1130.

1132.

x — 2a 
2x

2x -|- a 
x — a 
x — 1

1"

1 a +  3
2 ax — (a -

=  0.a
-1) (« +  2)

2a —x -1 =  0.

2x — a 
x-\-a 
z + l

“ 4x2 — a2 
x — 2a | x +  2a 
x — 2 ' x -{-2

1131. 2x — 1 , 2x ax — 2
x — a 

6 (a — 1)
- | -

1133. x yr3 +  a^+ p̂ ;r =  0 . 1134. l/"a; +  a =  a— 1̂ *̂ .
1135. x+ j/^ j :2 — x =  a. 1136. x — 2a— Y x — 0 =  2.
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1137. Y i 2 +  3a2— Y x2—3a2 =  x V"2.
1138. 2 Y  a-\-x-\~y~a — x = y a  — x-\~Y^x(a-}-x).

1139. a x
1 1 11140. 1 = --L ^  .

v  x +  a ~  V x ~ a  " V x2 — a?

1141. (4a—15)x2 +  2a | x | + 4  =  0. 1142. log9 * +  log9 =  log9 log9 a.

1143. 144W — 2 x l 2 N + a  =  0. 1144. 3 x4*-2+ 2 7 = a  +  a-4*-2.

1145. 1 — log (log -£- +  lo g * + -^ - loga) .

1146. log 2x+ log (2—x) =  log log a. 1147. loga x +  log.,.- z+ log3 x=27.
V a y  a1

1148. loga Y 4 + x + 3  loga2 (4—x) — loga 4 (16—x2)2 =  2.

1149. 2—loga2 (1 +  x) =  3 log0 Y x  — l — loga» (x2 — l)2.

1150. *loga* =  a2x. 1151. a2 log 3c-log(6 - * ) = 1

1152. a1+log33C+ a 1"log,:,: =  a2 +  l.
1153. loga ( l -  Y ~ * )  =  loga2 ( 3 -  Y i  +  ~x)■

a2— 4
1154. log1̂ « - lo g 0.2 5 Z T = l -
.. ,  loga (2 a — x) . log a Y x  _ 1

lOgx 2 loga Y §  l°ga2- 1 ^'

In Problems 1156 through 1164, solve the given systems of equations:

1156. f (3 -f- a) x -j- 2y — 3 1157 . f(7 — a)x +  ay =  5
\a z  — y =  3. t ( l  +  a) x +  3y =  5.

1158. (x-\-ay =  1 1159 . f * + y  == a
\ax-\-y =  a2. lx 4+z/ 4 =  a4.

1160. ( ( x - y )  (x2- y 2) = 3a3

! (* + » )  (*2 + i/2) = 15a3.
1161. (x +  y +  z =  1 1162. (ax~\-y =  z

< x +  ay +  z =  a < y +  z =  3ax
(x-\-y -\-az =  a2. U 3 +  *3 =  9a3*3.

1163. lx — y =  8 a2 1164. | H 
1

1

I II

l y  £ +  | / ^  =  4a. i Y x +  / y  =  a.

In Problems 1165 through 1186, solve the indicated inequalities:

1165. a2 +  a z <  1 — x.

1167.
3 a -}- 9 a -|- 3

1166. 2 x + 3 (a x -8 )  +  - | - < 4  ( x + - | - )  —5.

3a — 5 
3a —9 ‘
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1170. (2 .5a +  l)x 2 -f(a  +  2)x  +  a < 0 .
/~ Qr _i

1171. V x+2ax +  3 x > 0 .  1172. 1/ ^ ^ - < 1 .r a — z
1173. 2  ]Ax +  a > x + l .  1174. Y x ~  Y  x ~  1 >  a.
1175. V"x2 +  x < a — x. 1176. Y aJr xJr Y  a— x >  a.
1177. 1 — x2 < a — x . 1178. ]/"a2— x2 -f- V^ax — a:2 >  a.

1179. Y  %ax— x2 ^  a— x. 1180. loga (x — l) +  loga x >  2 .
1181. log1 (x2 — 2x +  a )>  —3. 1182. log* (x — a) >  2 .

1186. logy-— (a +  2x — x2) <  2 .

1187. For what values of a do both roots of the equation x2 — 6 ax +  
(2 — 2a +  9a2) =  0 exceed 3?

1188. For what values of a do both roots of the equation x2 — ax +  2 =  0 
belong to the interval [0, 3]?

1189. For what values of a does the inequality 4X — a-2x — a +  3 <  0 have 
at least one solution?

1190. For what values of a is the inequality *---- ^ -----  <  0 fulfilled for ail
x's belonging to the interval [1 , 2 ]?

1191. For what values of a is the inequality (x — 3a) (x — a — 3) <  0 ful­
filled for all x ’s belonging to the interval [1, 3]?

1192. For what values of a does the equation x | x +  2a | +  1 — a =  0 have 
only one root?

1193. For what values of a does the equation x \ x — 2a | — 1 — a =  0 have 
only one root?

1194. For what values of a does the equation x2 — 4x — 2 | x — a | +  a +  2 =  
0  have two roots?

1195. For what values of a does the system
Jx2 -f- (5a -f- 2 ) x -f- 4a2 -f- 2a <C 0 
lx 2 +  a2 =  4
have at least one solution?

1196. For what values of a does the system
f x2 +  (2 -  3a) x +  2a2 -  2a <  0 
lax =  1

have at least one solution?
1197. For what values of a does the system

2

> 3 .  1184.

1185. 1+ log* <  (log a — 1) log* 10.

have no solution?

f x2 -  (3a +  1) x +  2a2 +  2a <  0 
lx  +  a2 =  0 ^
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1198. For what values of a does the system

have no solution ?

1199. For what values of a does the system
f \  x2 _  lx  +  6 I +  s2 +  5x +  6 — 12  | a: | =  0 
\x 2 — 2 (a — 2) x +  a (a — 4) =  6  
have two solutions?

1200. For what values of a does the system
/ |  x2 +  5x +  4 | — 9a;2 +  5x +  4 — 10a: | x | =  0 
la;2 _  2 (a +  1) a; +  a (a +  2 ) =  0  
have only one solution?

1201. For what values of a does the system
f \  x2 +  7x +  6 \ +  x2 — 5x +  Q — 12 \ x \ =  0 
\x 2 — 2 (a +  2) a: +  a (a +  4) =  0 
have two solutions?

1202. For what values of a does the equation log (x2 +  2aa:) — 
log (8a: — 6 a — 3) =  0 have the only root?



Part II

TRIGONOMETRY

Chapter 3

IDENTICAL TRANSFORMATIONS

SEC. 21. IDENTICAL TRANSFORMATIONS OF 
TRIGONOMETRIC FUNCTIONS

Let us recall the fundamentals of trigonometry. 
I. Some values of trigonometric functions'.

0
ji n jt jt Jt 3JtX IT ~T ~3~ ~2 ” 2 "

sin x 0
1
2

V2
2

Vs
2 1 0 - 1

cosz 1

ICO V2
2

1
2

0 - 1 0

tan x 0 / 3
3

1 Vs — 0 —

cot x — Vs 1
Vs
3 0 — 0

II. Signs of trigonometric functions:

Quarter sin x COS X tan x cot X

I + + + +

II + - - -

III - - + +

IV - + - -
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III. Parity. Periodicity.
The function y =  cos x is even, all the rest of trigonometric 

functions being odd. Thus,
cos (—x) = cosx,
sin (— x)=  —sin x,
tan ( — x) =  — tan x [x =̂ =-̂ - + nn j ,

cot ( — x) =  —cot# (x=£ nn).*
All trigonometric functions are periodic: T =  2ji is a period of 

the functions y =  sin x, y =  cos #, while T = n is a period of the
functions y =  tan x, y =  cot a: (we recall here that a period of
a function /  (x) is defined as a smallest positive number p for which 
f  (x + p) = f  Or)). Thus,

sin (x -f 2ji) =  sin (x — 2n) =  sin x, 
cos (x -f 2ji) =  cos (x — 2jx) =  cos x,
tan (x +  ji) =  tan (x— ji) =  tan x |  x =̂= - +  nn  j ,

cot (x +  ji) =  cot (x—n) =  cot x (x=£nri).
IV. Formulas relating trigonometric functions of the same argument 

(the Pythagorean identities)'.
cos2 a  +  sin2 a  =  1, (IV. 1)

1 +  tan2<x==^  M t + H 1 <i v -2)
l +  cot2<x =  i~ -  ( a # J in ) ,  (IV-3)

V. Formulas relating trigonometric functions of two arguments 
one of which is twice the other (the double-angle formulas (identi­
ties)):

sin 2a =  2 sin a  cos a, (V. 1)
cos 2a =  cos2 a  — sin2 a , (V.2)

tan 2<x =  t — tM^ct ( “ ^ T  +  T 5-- “  *  -jjr +  »* ). (V.3)

“ t 2 > = W  ( « ^ ) .  <V'4)
1 +  cos 2a =  2 cos2 a , (V.5)
1 — cos 2a =  2 sin2 a , (V.6)

1 ±  sin 2a =  (cos a  ±  sin a)2. (V.7)
* In the following, if it is not specially stipulated, it is meant that n, /c, 

i, m, ... take on any integer values.
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VI. Addition and subtraction formulas (identities):
sin (a ±  P) =  sin a  cos p ±  sin p cos a, (VI. 1)
cos (a ±  P) =  cos a  cos p +  sin a  sin p, (VI.2)

tan (a ±  P) tan a dt tan p 
1 =F tan a tan (3

a ± p # (VI. 3)

c o t ( a ± p )  ■= (a ^ nK’ a ± P ^ = J t m ) .  (VI.4)
VII. Reduction formulas:

X
JX

~2  “
it .

T - T *
i t — a jt +  a 3it 

— ~ a
3n .

- r + a
2 jc— a

sin x cos a cos a sin a —sin a — cos a — cos a —sin a

cos X sin a —sin a — cos a — cos a — sin a sin a cos a

tan x cot a — cot a — tan a tan a cot a —cot a — tan a

cot X tana —tan a — cot a cot a tana —tana —cot a

To make easier the memorizing of the reduction formulas the 
following mnemonic rule is recommended to be used:

(1) determine the name of a function (if the arc a  is laid off from 
the horizontal diameter (jt +  a , 2jt — a), then the name of the 
function is retained, and if the arc a  is laid off from the vertical

diameter ( y ±  a , y  d z  ot) , then sine, cosine, tangent, cotangent

are changed into cosine, sine, cotangent, tangent, respectively);
(2) determine the sign of a function: regarding the arc a  as a first-

quadrant arc, find the quadrant in which the arc ±  a  is situated
and determine the sign of the given function in this quadrant.

V III. Formulas for transforming a sum of trigonometric functions 
into a product (the sum formulas (identities)):

s in a - f s in P  =  2sin-^—^-cos -a 2  ̂ , (VIII.1)

sin a — sin p =  2 sin a ~ cos ^  , (VIII.2)
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cos « +  cos p =  2 cos a cos “ y -  , (VIII.3)

cosa — cosP =  2 sin sin ^ ~ a , (VIII.4I

ta n a  ±  tanP =  ™ (“^  (« ^ l f  +  nn ’ —  4- n k ),  (VIII.5) 

cot a  ±  cot P =  ssL° (̂  * n°p (<x=£nn, $=£nk), (VIII.6) 

cosa ±  sin a  =  1^2 cos (-J- T t t )  . (VIII. 7)

IX. Formulas for transforming a product of trigonometric 
functions into a sum (the product formulas (identities)):

Q sin (a — B) +  sin (a +  6) sin a  cos p ==------*---- — ---*— ,

0 cos (a — 6) +  cos (a +  0)cos a  cos p = ------ ------— --- -—— - ,

. Q cos (a —P) +  cos (a +  P) sin a  sin p =  — ----- ^ ------——  .

Example 1. Simplify the function

r , v sin3 (a — 270°) cos (360° — a)
’ W  — tan3 (a — 9,)°) cos3 (a — 270°) *

(IX.l) 

(IX-2) 

(IX. 3)

Solution. Taking advantage of the fact that the function 
y = cosx is even and the functions y =  sin a:, y = tsm x  are odd, 
we get:

r , v   — sin3 (270° — a) cos (360° — a)
7 \a ) — _  t a n 3 (9o° _  a) cos3 (270° — a) *

Applying the reduction formulas, we get:

/(«)
— cos3 a-cos a  

cot3 a (— sin3 a)
cos4 a

S3 t
sin3 a •sin3 a

=  cos a

The original function is identical to cosa on the set of all 
such a ’s that s in a ^ O ,  cos a  ^  0 , that is,] for a =£^7-.
Example 2. Prove the identity

cos2 a sin 2a.A a acot — tan - y 4
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Solution. We transform the left-hand side of the identity:

cos2 a cos2 a cos2 a
. a  ̂ a 

cot —  —ta n —
a  . a  c c s_  sm T
a  a

sm y  cos ~2~

„ a  . o a  cos2-^---- sin2 - y

a  a
sin T  ccs X

=  cos2 a  ■
a  a  sin —  cos y

COS'5 -sin^2 2 

But (see Formulas (V.I) and (V.2))

sin 1-cosT ^ -T sin a , cosz ----sin2 -^- =  cosa,

therefore

cos2 a  -
a  a  s m _ c°s _

COS'5

1 9 sin a  1 1 . 0—  cos2 a -------=  -7T- sin a  cos a  =  -7- sin 2a.
2 cos a  2 4

This identity is true on the condition that sin y -  cos y -  =£ 0 
and cos a  =7̂ =0 , that is, for sin a^ = 0  and c o s a ^ O , and, hence,
« , Tinfor a ^ y .

Example 3. Prove the identity

tan2 2a — tan2 a  
1 — tan2 2a tan2 a =  tan 3a tan a.

Solution. We factor both the numerator and denominator of 
the expression contained on the left-hand side of the identity:

tan2 2a — tan2 a  _  (tan 2a — tan a) (tan 2a -f- tan a)
1 —tan2 2a tan2 a  ~  (1 — tan 2a tan a) (1 +  tan 2a tan a)

_ ta n 2 a  +  ta n a  tan 2a —ta n a
1 — tan 2a tan a  * 1 +  tan 2a tan a  ’

Further, using Formula (VI.3), we get:

tan (2a  +  a) • tan (2a  — a) =  tan 3a • tan a.

The proved identity is true for a=^= y - 4-ji/c, 2a ^  y -  +  nn> 

3a =t̂= y ~ + nm, that is, for a=̂ = ~  -J-y^and a=^ y + * y  (the
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set P of all numbers of the form - - f - j i /c  is contained in the

set M  of all numbers of the form —■ +  j .
Example 4. Prove the identity

4 sin a  sin (60° — a) sin (60° +  a) =  sin 3a.

Solution. Here, it is expedient to apply the formulas from 
Group IX to the left-hand side of the identity. We have:

4 sin a  sin (60° — a) sin (60° +  a)
. . cos (60° — a — 60° — a) — cos (60° — a +  60° +  a)=  4 sin a ----- -----------------------   1------!— —

=  2 sin a  (cos (— 2a) — cos 120°) =  2 sin a  (cos 2a  +  -J

o . o . • o sin (a —2a) +  sin (a +  2a) ,=  2 sin a  cos 2a  +  sin a  =  2 ----1 1 —!— - +  sin a

=  — sin a  +  sin 3a +  sin a  =  sin 3a.

Thus, the identity is valid for all real values of a.
Example 5. Check the equality

sin 47° +  sin 61° — sin 11° — sin 25° =  cos 7°.

Solution. We use the formulas from Group VIII for transforming- 
the left-hand side of the identity. We have:

(sin 47° +  sin 61°) — (sin 11° +  sin 25°)

=  2 sin 54° cos 7° — 2 sin 18° cos 7° =  2 cos 7° (sin 54° — sin 18°)
=  2 cos 7°-2 sin 18° cos 36°.
If the obtained expression is multiplied or divided by cos 18°, we 

can apply the formula 2 sin 18° cos 18° =  sin 36° and get:

2 cos 7°- sin 36° cos 36° 
cos 18° =  cos 7°- sin 72° 

cos 18° cos 7°- cos 18° 
cos 18° =  cos 7°.

Hence, the original equality is true.
Remark. In many cases when there is a product of the form sinaX  

cos 2a cos 4a-. . . • cos 2na  or of the form cos a  cos 2a cos 4a X 
. . .-cos 2na , the method used in Example 5 turns out to be 
useful. According to this method, the given expression is multiplied 
and divided by either cos a  or sin a . Then we use the formula 2 sin a  X 
cos a  =  sin 2a, and 2 sin 2a cos 2a =  sin 4a. Let us illustrate th is  
by an example.
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Example 6. Compute

„ k 2k 4it 8k 16jx 32k 
C0S -65 COS"65 C0S 65 C0S 65 C0S "65" C0S “ e T '

Solution. Let us denote the given product by A , and m ultiply
• JT jjj 2jtand divide it by 2 s i n S i n c e  2 sin —  co s-^  =  sin , we have:bo bo bo bo

. 2k 2k 4jt 8jx 16ji 32k 
s m 6 5 C0s 65 C0S r  C°S 65 003 - W Coa~65

Further we have:
2k 2k 1 4ji

S in "65“C0S 6 5 = 2 S ln "65" ’
4jt 4n 1 8n

S m -65- C0S "65"= 2 - s i n - w

and so forth. In the final analysis, we get:

. 64ji . ( k \ K
A _  9 in - 6 T _  s m ( n — e r )  _  Sin 65 = J _

26 sin 64 sin 64 sin ^65 65 b5

3 jtExample 7. It is known that ta n a  = -----and -y- <  a  <C ft.
Find the values of the remaining trigonometric functions of the 
argument a.

Solution. F irst of all we find the value of cot a.
We have: cot a = —~!— = ----—. Then from Formula (IV.2)tan a 3 v 7

we get:

cos2 a 1
1 +  tan2 a

16 
25 *

Hence, cosa =  - |- o r  c o s a = ----But, by the hypothesis, aO D
"belongs to Quadrant II, where cosine takes on only negative 
-values. Thus, c o s a = ----—.

* 3Since tan a =  sin— , sin a  =  tan a cos a, whence sin a  =  - r . Thus, cos a  ’ o
. 4 4 . 3cot a  = -----g- , cos a  = -----g- , sin a  =  -g - .
Example 8. Compute sin a , cos a , tan a, cot a  if a  =  112°30\



Ch. 3. Identical Transformations 209

Solution. From Formula (V.5) it follows:

, , ,  /~ 1 +  cos 2a| cos a  I =  y  —! ----

Since 90° <  112°30' <C 180°, we have: c o s a < 0 .  By hypothesis, 
2a =  225°, hence,

cos 112°30' =  - ] / Al +  -°2s225° =  — V =  -  V 2 - / 2  ^
2

Similarly, using formula (V.6) and bearing in mind that, by 
hypothesis, a  belongs to the second quadrant, we get:

Example 9. Compute ta n - |-  if c o s a = —0.6 and 1 8 0 ° < a <  
270°.

Solution. It follows from the conditions of the problem that 
45° <  67°30\ But then tan - £ - >  0. Applying Formulas (V.5)
and (V.6), we get:

Since, by hypothesis, 180° <  a  <  270°, that is, 90° <  — <  135°, 

we have: c o s -^ -< 0 .  Hence,

tan 112°30' = =  - ( 1  +  1/ 2),

cot112°30' = - (1  +  / 2 ) - 1 ^ 2-

/ l +  cos q _ _ f  1 — 0 .6  _  _V I
2 r 2 5

and

14-0840
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Example 10. Compute 16 sin sin if cosa =  ~ .  
Solution. By Formulas (IX.3) and then (V.5) we get:

( a  3a \ / a , 3a \
AR . a  . 3a C0S ( 2 — 2 / C0S ( 2 2 )16 Sin ~y  Sin - y  =  16----- -------------- -̂------------------

=  8 (cos a  — cos 2a) =  8 (cos a  — 2 cos2 a  + 1).

But cosa =  -|-, therefore.

16 d n - f s i n ^  =  8 ( - | — 2 ( 4 ) J+ l )  =  5.

Example 11. Prove that if a >  0, P > 0 ,  y > 0 ,  and a  +  p-f y =  
— , then

tan a  tan P +  tan p tan y +  tan y tan a  =  1. (1)

Solution. We transform the left-hand side of the equality, 
taking into consideration that, by hypothesis, y =  ~ — (a +  P):

tan a  tan P +  tan p tan y +  tan y tan a 
=  tan a  tan P -f tan y (tan P +  tan a)

=  tan a tan p +  tan ( ——  (a +- P) j (tan a  h- tan P)

=  tan a  tan P +  cot (a +  P) (tan a  +  tan P)
=  tan a  tan p +  taQ (tan a  +  tan p)

=  tan a  tan P +  1~ t ana t^ ^  (tan a  -f tan P) r  1 tan a -4-  tan P ' 1 r/
=  tan a tan p + 1  — tan a  tan p =  1.

Thus, identity (1) has been proved.
3nExample 12. Prove that if j < a < n ,  then

'l/ ' 2 cot a  +  - r t — = — 1 — cot a. (2)V ' s in 2 a  ' ’
Proof. We have:

~\/~2 cot a  +  ^ =  1^2 cot a  + 1  +  cot2 a  =  Y  (1 +  cot a )2

=  11 + c o t a  |.
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Since the inequality cot a <  —1 is fulfilled in the interval 
we have in this interval: l + c o t a < c O ,  and, conse­

quently, 11 +  co ta  | =  — 1 — cot a.
Thus, i f ~ - < a < : r i ,  then Identity (2) has been proved.

Example 13. Prtve that if sin a  +  sin P =  2 sin (a-j-P), where 
a-fP=^jtA:, then

t a n t a n =  —  . (3)

Proof. Transforming both sides of the equality s in a  +  sinp =  
2 s in (a  +  P) by formulas VIII and VI, we get:

0 . a +  p a —6 , . a +  B a +  P ,,v2 sin —— - cos —~~  =  4 sin ——- cos ——-  . (4)

Since a  +  P =7*= Jt k, that is, - ^ y , w e  know that cos — =7̂  0

and sin =7̂ =0 , and, therefore, Equality (4) implies:

a —B n a +  P /c\cos ——  =  2 cos ■  ̂ . (5)

Consider the expression tan —  tan - -  . We have:

a +  pa . P a —P
+ a f P _  S m T S m T  _  C°3 2------ C°S 2

a n  2 a n  2  a  p  a — p  a - j - P
cos —  cos cos — —-  +  cos — 2T~

(here we have used Formulas (IX.3) and (IX.2)). Taking advantage 
of Equality (5), we get:

cos a — p -cos a+ P o & “I- P oc P2 cos — — - — cos — —-

cl —  P ,  a  +  P 0  a  +  P 1 cc - f -  P  — 2 ~̂  h cos— ^  2 cos +  cos — ̂

Thus, Equality (3) has been proved.
1 1 Example 14. Prove that if t a na  =  y ,  sinP =  p F= ,

0 < a <  — and 0 < p < ~ ,  then ct +  20 =  — .

14*
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Solution. Compute tan (a -f  2(3). We have:

. / i oo\ tana +  tan 2 P 7tan (a 4- 2p) =  :—!—r—v ‘ r/ 1 — tan a tan 2 p

+  tan 2P

1l — y  tan 2P

Now, we have to find the value tan 2|3. For this purpose, let
n
Tus recall that sin B =  , 0 <  B <  - ~ .

r / i o  9
We have:

cos P = K l - s i n * P =  1 / 1 - 1 = - ^ = ,  tanp

tan 20 =

Hence, tan ( a +  20) =

2 tan P 
1 —tan2p :

„ 1 3
1“ T x X

/ T o ’
_2_
3

‘ - i

=  1.

sin P
cos p

By hypothesis, 0 < a < - ^ - a n d  O < 0 < : - ^ - ,  hence, 0 <  2(5< ji.

But tan 20 =  >  0, hence, 0 <  20 <  -y- , and therefore 0 <  a  +
2 p < J t. But in the interval (0, jt) the function tan s tak es  on the 
value 1 only at the point —  , Hence, a  +  2 0 .

EXERCISES

In Problems 1203 through 1219, simplify the given expressions:

2 cos — a j  sin +  tan fa— a)
1203.

1204.

1205.

cot ^-^- +  a  J sin fa — a)

sin(^ L+ g) tan( i r + p ) s i a ( ^ r - v )  cot( - f - + a )
cos fa —a) cot ^ -y- —pj cos (2jc — P) tan fa—a)

, OS’ | , a  cot y -  +  tan —

 ̂ a acot —--- tan —
1206. sin 4a -cot 2a.
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1207.

1209.

tan2 (45° +  a) —1 
tan2 (45°+a) +  l

2 cos2 a — 1

1208. tan ( x  + x )
1 — sin a 

cos a

2 tan — a j  sin2 +

1210. cos2 (a P) +  cos2 (a — (3) — cos 2a cos 2(3.

1211. sin a +  sin 3a +  sin 5a 1212. sin a +  sin 3a +  sin 5a +  sin 7a

1213.

1214. 

1216. 

1218. 

1219.

cos a +  cos 3a +  cos 5a ' * cos a +  cos 3a +  cos 5a-f-cos 7a
sin a +  sin 3a +  sin 5a +  . . .  +  sin (2n — 1) a 
cos a +  cos 3a +  cos 5a +  . . .  +  cos (2n — 1) a *

/ 2 - s i n a - c o s a
sin a —cos a  

sin 4a cos 2a

1215. cos 4 a +  4 cos 2a+  3.

sin2 2a — 4 sin2 a1217.1 + cos 4a 1 + cos 2a* * sin2 2a + 4  sin2 a  —4

- ( x + - r ) - - * ( x - f ) -
________ sin (60°-fa )_________

4 sin ^15°H—— j sin ^75°—-“rj

In Problems 1220 through 1236, check the indicated equalities: 

—  =  4 - .  1221. tan55°- t a n 35° =  2 tan20°.sinT3TcosT 2 - T -1220.

1 2 2 2 . 8  cos 10° cos 2 0° cos 40° =  cot 10°.

1223. n 3jt 1
cos " i r cos ~ir = “ r -

in(W n , 3n 1 1224. cos —  -f- cos -g- =  .

1225,

1226,

1227,

1228.

1229.

1230.
1231.
1232. 

1234. 

1236.

tan 30°+ tan 4 0 °+ tan 50° +  tan 60°=-- 8  l / 3  cos20°

sin 70°+ 8  cos 20° cos 40° cos 80°= 2 cos2 10° 
1 — 4 sin 10° sin 70°

2  sin 10° =  1.

cos 2 4 °+ cos 48° — cos 84° — cos 12°= .

2n . 4ji . 6ji 1 cos — +  cos ~  +  cos  2~ •

tan 20° +  tan 40° +  tan 80° — tan 60° =  8 sin 40°. 
tan8 20° — 33 tan4 20° +  27 tan2 20° =  3.
. „ ji . 9 2ji . 4 3n 7 n 2ji 4nsin2 —  sm2 —  sin2 —  —  . 1233. cos —  cos —  cos -y

tan 55° tan 65° tan 75° =  tan 85°. 1235. tan — tan —  tan =  y"7

n rc 3jt In 9xc jt 2jx 4ji 8ji
C0S 20 C0S “20 C°S "20 C°S 20 =  “ C0S 15 C°S 15 C°S "l5 C0S "l5 ‘

8 •
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In

1237.

1238.

1239.

1240.

1241.

1242.

1243.

1244. 

1246.

1248.

1250.

1251.

1253.

1254.

1255.

1256.

1257.

1258.

1259.

1260. 

1261.

Problems 1237 through 1262, prove the given identities:

sin (P —y) , sin(Y—a) ■ sin (a — ft) 
cos y cos a ' cos a cos pcos p cos y 

sin2 3a cos2 3a

= 0.

sin2 a cos2 a =  8  cos 2a.

y  cos2 a g o s2 p---- y  sin 2a sin 2 P +  sin2 a sin2 P =  | cos (a +  p) | .

cot |-^y — a j  sin ^-^y +  a j sin ^a---- y j + t a n  (n + a ) cos(jt +  a)

Xcos (2jx—a) =  0 .
sin (a — 270°) cos (a +  90°) tan (3a — 180°) =  cos (180° — a)
X sin (180° — a) cot (90° — 3a).
3 (sin4 x +  cos4 x) — 2  (sin6 x +  cos6 x) =  1 .
tan3 a 1 , cot3 a  . „ .-----------------------------1------5— =  tan3 a +  cot3 a.rr 1sin a  cos a
cos3 a — cos 3a , sin3 a  +  sin 3a

cos a sin a =  3. 1245. cos 2a

a
1 +  sin 2a  
a

cos a

1 — tan a 
1 +  tana

— tan a.

cos" 1 a  +  tan a

cos -=---- sm
1 — sin 8a =  2 cos2 (4 5° +  4a). 1 2 4 7 . ------- -----------— =  — -a  . a  cos - y  +  sin y

cot a  +  sin-1 a  2 cos a  « / , -  0 a  \
sin a  +  tan a  1 —cos2a * # an \ ^  2 / — cot"1 a  -  tan a

(cos a  +  sin P)2 +  (sin a  —cos P)2 =  4  cos2 1 45° + j .

2 — h cot 2 a ) —c o t~  —tan 1 2 5 2 . 1 2 cos (P =  tan cot (p.
V sm 2a 1 2 2 sm <p cos <p

]/"l +  sina — Y i  — sina =  2 sin —  (o < a <  - y j  .

4  sin (a + " ^ “ ) sin ( a ---- ^") = 4  sin2 a  — 3 .
2 cos a  cos p cos (a +  P) =  cos2 a  +  cos2 P — sin2 (a +  p). 

cosa +  cos P +  cos Y +  cos (a +  P +  y)'= 4 cos  ̂
sin a  +  sin P_______ sin (a +  P) sin (a —P)

a + P  a + Y  P+Y — —  cos —y 1 cos — —

tan a +  P -cot a — P 2 cos P

1 1cos a — ~7T- cos 3 a ---- cos 5a =  8  sin2 a cos3 a.2 2
2 sin a — sin 3a +  sin 5a 2  cos 2a
cos a — 2 cos 2a +  cos 3a tan a

cos a +  cos (120° — a) +  gos (120° +  a) =  0 .
v 2 cos (10° + 2a) —1

tan (35°+a) tan (2 5 ° -a )=  2 cos| 10c +  2a ) T T '
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1262.

1/3 1
— cos 2a  s*n 2a

i
1 “ T  cos 2 ® - - — 5  sin 2a

=  tan ( a + — j

In

1263.

1265.
1268.
1270.
1271.
1272.
1273.

1274.

1275.

1276.

1277.

1278.

1279.

1280.

1281.

1282.

Problems 1263 through 1273, compute without using tables:

sin 10° cos 20° + cos 10° sin 20° sin 9° cos 39° — cos 9° sin 39°
cos 19° cos 11° —sin 19° sin 11° * * 3it 5ji , . 3jx . 5ji *cos —  cos -^g+sm  - y  sm —

cos 15°. 1266. tan 15°. 1267. sin 285°.
cos 165°. 1269. cos 292°30'.
2 sin 40° +  2 cos 130° — 3 sin 160° — 3 cos (—110°). 
cos 10° cos 30° cos 50° cos 70°.
16 sin 10° sin 30° sin 50° sin 70° sin 90°. 
tan 9° — tan 27° — tan 63° +  tan 81°.

3TCompute sin a , cos a ,  tana if c o t a = — 2 and —  < a < n .

3 3jiCompute sin a, tan a , cot a if cos a = ---- =- and n <  a <  .0 2
Compute cos a , tana, cot a  if s in a =  — and - ^ - < a < 2 n .lo 2

Compute sin 2 a t cos2a, tan2a, cot 2a if cosa =  - ^  and 0 < a < - ^ - .lo Z
~ A 5 sin a +  7 cos a . c A 4Compute -̂----------zr—.-----if tan a =  — .r 6 cos a —3 sin a 15

Compute cos ^-5— a j  if sin a =  — and n <  a <  2jx.
jj | |

Prove that a +  (3 = — if sin a  =  — , sinP =  — and 0 < a <  y  ,y 5  T yinY 10

0 < p < - .

Find: (a) tan2 a  +  cot2 a; (b) tan3 a  +  cot3 a; (c) tana —cot a if tana +
cot a =  m.

Compute sin —  , cos , tan —  if (a) cos a  =  0.8 and 0 < a <  -y  ;

(b) tan a =  3 —- and 180° <  a <  270°.

336__ it oin n  —

2a

Compute sin -~ - if sin a  =  ^ |  and 4 5 0 °< a < 5 4 0 °1233.

1284. Prove that sinx 1 — fl2 , 2a ' . 1 — a2
— 2 , cos x =  • j— r , tan X =   ----- -  , cot x =  — —

1 +  a2 1 + a 2 1 —a2 2 a

1285,

if tan —  =  a.

Compute t a n i f  sin a +  cos a =  and 0  <  a <  -5 - .2 2 b
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In

1286.

1287.

1288.

1289.

1290.

1291.

1292.

1293.

1294.

1295.

1296.

Problems 1286 through 1308, prove the indicated identities:

l +  c o t - |-  +  cos ^45°---- | - )  =  cot —  cot 145°---------- .

tan 3a =  tan a tan (60°+a) tan (60°— a).
o / o ac sin 32acos a cos 2a cos 4a cos 8a cos 16a =  :----- .32 sin a

9 cos 15a+  3 cos 7a+  3 cos 19a+  9 eos 11a =  24 cos3 2a cos 13a.
________1 +  sin a cos a__________ V̂ 2 sin 2a
sin-1  a  — cos" 1 a — sin a +  cos a

4sin ( t — a )
3 — 4 cos 2a +  cos 4a =  8 sin4 a.

1
1 +  cosa 1 — cos aV

x r ~  . ____
V  sin2 a cos2 a

1 sin a = 1 ^ 2  if 0 < a < : i .

\  i f ---- ^  <  a <  0sm 2a 2

Y sin2 a (1 +  cot a) +  cos2 a (1 +  tan a) =  Y  2 cos  ̂a ---- — j
• f ji . ^  3n . ,i f ---- 7- < a ^ - 7- ,  a =j£ 0 .4 4
■J/̂ cot a +  cosa +  ]/"cot a  — cosa =  2 c o s ~  V^cot a if 0 < a < —

/  1 +  sin a  / 1  
\  1 — sin a V 1 + s in a

2 tan a if — +  2jiA: <  a <  —̂ -+  2jiTc 

— 2 tan a if -^ +  2jiA: <  a <  —  +  2:rifc.

1297. Y  tan2 a  +  cos2 a  +  2 =

1298.

. \  - if n k < a <  ksin 2a 2

----A t- if — *̂  +  JiA:<a< nfe._  sin 2a  2

Y  l +  cos 2a +  Y 1 — cos 2a + 1^2 (sin a  +  cos a)

2 ]^2 (sin a  +  cos a) if 2nk a  <  —■ +  2jt/c

2 f/" 2  sin a

0

2  y'’ 2 cos a  

1299. V^l +  2 sin a cosa =

if y  +  2jiA ;<a<3t +  2jtA:

3
if n+2n/c ^  a jx +  2jtA:

Qtt
if —  +  2 jt/c <  a <  2n-\-2nk.z
V̂ 2 cos ^a — -—-J if —-—+ 2 ji/c ^  a ^  ^  +  2ji&

— 1/*2 cos ^a — -J if —+ 2 ji/c <  a <  *^ + 2;ifr,
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1300. tan 2a tan (30° — a) +  tan 2a tan (60° — a) +  tan (60° — a)
X tan (30° — a) =  1.

1301. sin3 a sin3 (P — 7 ) +  sin3 p sin3 (7  — a) +  sin3 7  sin3 (a — P)
=  3 sin a sin p sin 7  sin (a — P) sin (P — y) sin (7  — a).

1302. cos a +  cos P +  cos 7 = 1  +  4 sin sin - sin if a + P + 7 =  ji.

1303. sin a +  sin P +  sin 7  =  4 cos — cos —■ cos if a +  p +  7  =  :ri.
1304. tan a +  tan P +  tan 7  =  tan a tan p tan 7 i f a + p  +  7  =  jt.
1305. cos2 a +  cos2 p +  cos2 7  — 1 =  (—l)n 2 cos a cos p cos 7 

if a +  P +  7  =  Jiw.

1306. sin a +  sin P +  sin 7  =  4 cos —  cos —- sin if a +  P =  7 .z z z
-0/v_ . 1 . q 1 • , . . a +  P . P4-7  . 7 ~rcc1307. sin a +  sin P +  sin 7  +  sin 0 ^ 4  sin — — - sin .  sin —

if a + P + 7 + 6 — 2 jt.
1308. cos2 a +  cos2 p — cos2 7  — cos2 6 =  2 sin (P +  7 ) sin (a +  7 ) sin (a +  p) 

if a +  p -|” 7  “I-  ̂ =  2 ji.

In Problems 1309 through 1322, prove that

1309. If tan 2a —cot 2P —cot 27  =  tan 2a cot 2P cot 2 7 , then a +  P+  7  =  -^- n+

1310. If tan a +  tan p +  tan 7  =  tan a  tan P tan 7 , then a +  p +  7  =  nn.
1311. If sin2 a +  sin2 p +  sin2 7  — 2 =  2 cos a cos p cos 7 , then

‘ a +  P +  7  =  ji (2 /c + 1) 
a — P +  7  =  ji(2Z +  1) 
a +  P — y = :n(2m +  l) 
a — P — 7  =  jt (2n +  l).

1312. If m sin (a +  P) =  cos (a —P), then  ------ ~ 75----- h i ------—=—v ' r v 1 — m sin 2a 1 1 — m sin 2p 1 — m2
1313. If cos2 a +  cos2 p =  m, then cos (a +  P) cos (a — P) =  m — 1-
1314. If 3 sin P =  sin (2a +  P), then tan (a +  P) =  2 tan a.

1315. If sin2 p =  sin a cos a , then cos 2P =  2 cos2  ̂ —h a j .

1316. If sin (2 a +  P) — 2 sin P and P nk, then tan (a-1-P) =  3 tan a.
! sina —cosa =  m

_ , where — y  2 <  y  2 , then n=^\.
sin 2a =  n — m21318. If f cos a +  cos P =  m 

I sin a +  sin P =  n ’ where |  ™ ̂  q » then sin (a +  P)

1319. if ( : C°V* a , then n {a2-\-m2) =  2abm. 
1 bsm 2a =  n

1320. If ( sin a +  cos a =  m 
\  sin3 a +  cos3 a =  n , then m3 — 3m-\-2n =  0 .

1321. (cot a +  tan a =  m.
then m y^ m2n—n yf  mn2 =  1 .If < 11 --------- rns r/ =  n

cos a

2 mn 
ra2 +  n2 *

cos a =  n ’
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1322. fa cos3 a +  3a cos a sin2 a =  m 
La sin3 a +  3a cos2 a sin a =  n ’ then yA(m +  /z)2 +  >A(m — n)2 =  2 Ya.

SEC. 22. TRANSFORMING FUNCTIONS CONTAINING 
INVERSE TRIGONOMETRIC FUNCTIONS

Let us recall the definitions of inverse trigonometric functions.
(1) y =  arcsin x ; this is a function defined on the interval
1, l ] ,and the inverse of the function :r =  sinz/, y j .

Thus,
f Jt JX

/ • \ I 2~(y =  arcsin x) <=£> \
Isin y = x.

For any x from the interval [ — 1, 1] we have:

J l ^  JX f A \— y  ^ a rc s in  —  , (1)
sin (arcsin x) =  x. (2)

(2) y = arccos x\ this is a function defined on the interval [—1, 1], 
and the inverse of the function x =  cos z/, y £ [0, it], Thus,

(y = arccos x)
0 < z /< :n  
cos y = x.

For any x from the interval [ — 1, 1] we have:

0 ^  arccos (3)
cos (arccos x) =  x (4)

(3) y = arctanz; this is a function defined on the interval 
( — oo, oo), and the inverse of the function x =■- tan z/, y ---------- -5-J .

Thus,

(y =  arctan x)
ji ^  ^- < y <

tan y =  x.
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— -j-  <  arctan x < —  , (5)

tan (arctan x) =  #. (6)

(4) y =  arccot#; this is a function defined on the interval 
(—00, 00), and the inverse of the function x =  cot y, y £ (0, ji). Thus

(y = arccot x)
| 0 < y  <  Jt 
(cot y = x.

For any x we have:
0 <  arccot x <  it,
cot (arccot x) =  #.

(7)
(8)

The functions y =  arcsin x , y=arccos x ,y  =  arctan #, y =  arccot # 
are called inverse trigonometric functions or arc functions.

Note the following fundamental identities:

arcsin (—x) =  —arcsin x , (—1 ^ # ^  1), 
arccos (—x) = n — arccos x (—1 ^  #$^I 1), 
arctan (—x) =  —arctan #, 
arccot (—#) =  n — arccot #.

Consider several examples.
Example 1. Simplify the function cos (arcsin x), where — 1 ^  

# <  1.
Solution. Let us set arcsin x = y. Then sin y = x, — z z

Now, to find cos y, we take advantage of the relationship cos2 y =
1 — sin2 y. Hence, cos2 y =  i — x2. But —y  <  y <  and
on this interval cosine takes on only nonnegative values.

Thus, cos y = Y 1 — #2, that is, cos (arcsin #) =  l / l  — #2, where 
—1 <  # <  1.

Example 2. Simplify the function cos (2arcsin #).
Solution. cos (2arcsin x) =  cos2 (arcsin x) — sin2 (arcsin#) =

(1 -  s 8) -  a2 =  i  -  2#2.
Example 3. Simplify the function sin (arctan #).
Solution. We set y =  arctan #, then tan y =  # , ------- -< y <z —  .z z

To find cosy, let us use the equality cos2y — 7- ,- / - » . But° 1 +  tan2 y
----Y  <  */ <  , and on this interval cosine takes on only positive
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values. Therefore cos y = -
V^l-r tan2 y ’

that is, cos (arctan x) =

Y  i+*2
Since sin y — tan y»cos i/, we have: sin (arctan x) =

y  i+ x 2
Example 4. Compute sin arccot ( ---- j .

(
3 \ 3----£-1 =■ a. Then cot a =  — , 0 <  a  <  jx

(more p r e c i s e l y , a  <  Jt, since cot a <  o j . We have to com­

pute sin-^-.  We have: t a n a = ----—.
1 9Using the formula l +  tan2a =  — —̂,we find: cos2a  =  ^ .  But,COS- GC 6D

3Xby hypothesis, and in this interval c o s a < 0 , conse­

quently, cos a -------

Knowing cos a, we can find sin - , using the formula 1 — cos a =  

2s in2-^-. We get: sin2- - ^ - - ,  whence sin y  =  or s i n ~  =

. B u t - ^ < - y  , and in this interval sine takes on only 

positive values. Thus,

sin ( - -  arccot ( -  - |- )  ) = :

Example 5. Compute arccos (cos ( — — ji))  .

Let us set y =  arccos  ̂cos ( — y  n j j . Then cos y =  cos ( — y  n J ,

We have: cos ^— ~^n ) = co s  ( — 4jx +  - |-n j = c o s "3" n '
3 3 3Thus, cos -g- n =  cos z/, and since 0 < -g -  n C n ,  z/ =  - y  ft*

Remark. The equality arccos (cos ( —y j r j j  =  — ^ jx  would be 
untrue since arccosine does not attain the value equal to

( ~ T n ) (see (3))‘
Example 6 . Prove that

2
Y 5  ■

a r c c o s +  arccos ( --------- =  arccos ( —j | ) . (9)
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Proof. Let

arccos ( — - ) .

us set a — arccos ~ , P =  arccos ( — —) , y =  

Then a  =  -^-; cosP = --------------<  P <  n; cos 7 =
13 ji . _

- 1 4 '  -2- < V < ^ -
Let us prove that a +  (3 =  y. To this end, we consider the equali­

ty T (a +  P) =  T (y), where T is a trigonometric function. But the 
equality T (a +  (5) =  T (y), generally speaking, does not yet imply 
the equality a  +  P =  y (for instance, sin 30° =  sin 150°, but 30° =£ 
150°). The equality a +  p =  y will take place if a +  P and y 
belong to the same monotonicity interval of the function T.

In the example under consideration y belongs to the second quad­
rant, while a  -f P either to the second or to the third quadrant,

J . Therefore, it
is expedient to take as T such a trigonometric function which is ino- 
notone on the indicated interval. Such a function is, for instance, 
sine. Thus, let us find sin (a +  P). We have:

that is, y and a +  P belong to the interval j^-, y

sin (a +  P) =  sin a  cos p -f cos a  sin p

=  sin -y- x (— y  ) +  cos —  x V l  — cos2 p

_  1^3 , 4 ^ 3  _  3 / 3
14 +  14 14 *

3 V 3̂Thus, s in (a  +  P) =  —̂ — . Let us now compute sin y. We have:

sin y = Y \  —cos2 7 =  j / ^ l  — ( — w Y  =

Thus, we get:
sin (a +  P) =  sin 7. (10)

Since a-|-P  and 7 belong to the same monotonicity interval of 
sine, it follows from Equality (10) that a  +  p =  y. Thereby Equ­
ality  (9) has been proved.

Example 7. Let us prove that if — 1 <C x <  1, then

arcsin x == arctan —Y I—*2 ( l l )

Proof. Let us compute the values of tangent of both sides of 
Equality (11). We get:

tan (arcsin x)
Y 1—x2

tan (arctan
Yl *=■) —X2 / Y 1 - * 2 ’
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that is, the tangents are equal. Further, — <  arcsin x  <
(the inequalities are strict since, by hypothesis, —1 < £ < C 1) and
— — <C arctan — <  — , that is, arcsine and arctan £ be-2 y  1 —x2 2
long to the same monotonicity interval of tangent. Thereby Iden­
tity  (11) has been proved.

EXERCISES

In Problems 1323 through 1339, compute the given expressions:

(y/~3 v 1 1
----- — J +  arccot ( — 1) +  arccos - f a r c c o s  ( — 1).

1324 5 arctan

2

V I 1 . V  3— arcsin ——4. tan ^

1325. sin 3̂ arctan 1^3 +  2 arccos —  J .

) •

1326.
/ 1/^3 

cos ( 3  arcsin -------- f  arccos ( ---- — j j •

1327. arccos ( cost ) - 1328. arctan (tan 0.3ji).

1329. arcsin ( ~ sin T  n)| . 1330. arccos  ̂ —cos 3n \
4 / '

1331. arctan . 1332. arcsin j( . 33ji 
i sin 7

-)  +  arccos
/

/ 46jr (cos 7

1333. arctan j + arccot ^cot  ̂ - 19si )
8 )0-

sin  ̂— arcsin ^ ----2 ^ -2-  j j . 1335. tan arcsin .

. cot [—■ arccos  ̂— -y-j J . 1337. sin ^ a r c t a n — arcsin j .

(
1 3 \2 arctan —  +  arccos -g -) .

1334,

1336

1339. sin ( 2  ( arcsin V s -arccos VI
) ) •

In Problems 1340 through 1350, simplify the indicated functions:

1340. cos (arccos x +  arccos y). 1341. sin (arccos x +  arcsin y).
1342. tan (arctan x +  arctan y). 1343. tan (arcsin x +  arcsin y).
1344. sin (2 arcsin x). 1345. tan (2 arctan x).
1346. cos (2 arctan x). 1347. sin (2 arccot x).̂  1348. cos (2 arccot x).
1349. cos arccos x  ̂ . 1350. tan arctan x j .
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In Problems 1351 through 1358, check the given equalities:
2 1 n 1 41351. arctan +  arctan —  — — . 1352. arccot —  +  arccot -7- ■3 5 4 9 5

1353. arccot —  +  2 arccot .7 1 3 4
.oc/ . 4  2 , 11354. arcsm —---- arccos —7=- — arctan —  .5 / 5 2

. 7 . 1  7 31355. arcsin -7^- +  —  arccos -7^  =  arccos -=-.25 2 25 5

1356. arctan  ̂ + arcsin =  arctan (3 +  2 \ r 2).

1357. arctan —  +  arctan -i- +  arctan —  #

joro • 4 1 5 , . 1 6  Jt1358. arcsin ——{- arcsin -77r +  arcsm —  t5 13 o5 2

In Problems 1359 through 1369, prove the given identities: 

x1359. arctan x =  arcsin
V 1 +  a

1360. arcsin x =

1361. arccos x =

1362. arctan x =

1363. arccos x =

1364. arctan x =

1365. arcsin x =

arccos V i  —x2 if 

—- arccos Y 1 — if — 
arcsin | / + —x2 if O ^ .x ^ .1 , 

jt — arcsin Y^l—x2 if — l ^ x ^ O .  
1arccos

— arccos
V  i+ * 2

1
Vi+Z*

if x >  0 , 

if x ^ O .

arctan V"1- * *  if 0 < * < 1 ,

1f  \ _x2
n + arctan —----------  if — l ^ x < 0 .

arccot —  if x >  0 , x

arccot------ n if x < 0 .x

arccot Y 1—j if 0 < £ < 1 ,

1
arccot —-------------- Jt if — 1 ^Zx <c0.

3ji
T~ ‘
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1366. arccotz =

1367. arccotz^

arcsin
V l + a

if x ^

n — arcsin
Y  i+ x s

arctan — if x >  0, x

n +  arctan— if z < 0 .  x

1368. 2 arccos y /~  = arccosx.

1369. — arccos (2x2 — l) =  arccos x if x ^ O .

0,

a; <  0.

SEC. 23. PROVING INEQUALITIES

When proving trigonometric inequalities, we usually use the 
same methods as for proving algebraic inequalities (see Sec. 5). 
Here we should like to note that when proving trigonometric in­
equalities by the synthetic method, we frequently use the fol­
lowing inequalities as reference ones:
| sin x | ^  1, | cos £ | ^  1, sin x <C x <  tan x, where 0 <  x <  .

Sometimes we use as reference inequalities those follo­
wing from the monotonicity of trigonometric functions. Thus,
in the interval (0 , the functions y =  sin:r and y = tan x in­
crease, while the functions y = cos x and y =  cot x decrease. There­
fore, if 0 <C x i <C x2 <  , then sin x i <  sin x2, cos x t >  cos x2,
tan Xi<i tan x2, cot > c o t x2. Similar inequalities can be obtained 
for other intervals of monotonicity of trigonometric functions. 

Consider several examples.
Example 1. Prove the inequality a sin2 a +  gin&2a ^ 2  ] / ab if it is 

known that a >  0 , b >  0, a  =7̂  jm.
Proof. Let us use the inequality relating the arithmetic mean 

and the geometric mean of two positive numbers and a2:

Let us set in this inequality a sin2a  =  a t, s-n̂ ~a ' ~  We get:

a sin2 a - sin  ̂a \ /~  a sisin2 a* sin2 a
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whence a sin2 a +  - ^ ^ - ^ 2  jAafo, which was required to be proved. 
E xam ple 2. Prove that if A , B> C are angles of a triangle, then

cos A +  cos B +  cos C ̂  . (1)

Proof. Let us carry out some transformations of the left-hand 
side of Inequality (1). We have:

cos A +  cos B  +  cos C =  2 cos A^ B- cos ~A—̂ B +  cos C.

Since, by hypothesis, A +  B +  C =  180°, we have: - y ^  =  90° — y f 
and, consequently,

A +  B Inno C \ . Ccos —y — =  cos ^90°— 2" j = s m  y .

Since O ^cos - - y ^  <!1, we have: cos A-^r • cos -A y — ^ s i n  y . 
Thus,

n -4 +  1? A  B . o  • C . o2 cos — -—  cos — -̂-- b cos sin y  -f cos C.

Q
Consider the expression 2 s i n y  +  cosC. We have:

2 sin -y +  cos C =  2 sin -y  + 1  — 2 sin2 y .

Q
Let us set x ■■= sin y . Then

2 sin - y + 1  — 2 sin2 -y  =  —2a:2 +  2x + 1.

3
If we now prove that — 2;r2 +  2:E +  l ^ y , then the validity of

Inequality (1) follows.
Consider the parabola given by the equation y =  — 2x2 +  2 x + l .

(1 3 \y  , y j  being its
3

vertex. Hence, the inequality —2x2 +  2x+  l ^ y  is true for any x .
Thus, Inequality (1) has been proved.
Exam ple 3. Prove the inequality

3
sin a  sin 2a sin 3a <  - y . (2)

15-0840
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Proof. Let us carry out some transformations of the left-hand 
side of Inequality (2). We have:

, . • o \ • o cos a —cos 3a . 0(sin a  sin 2a) sin 3a = -------- ---------sin 3a

_  2 sin 3a cos a — 2 sin 3a cos 3a   sin 4a +  sin 2 a —sin 6a
4 4 •

Since sin 4a ^  1, sin 2a ^  1, —sin 6a  ^  1, we have: sin 4a +  
sin 2a  — sin 6a  ^ 3 ,  the equality sign taking place only for 
those values of a  which satisfy the system of equations

{sin 4a =  1 
sin 2a  =  1 
sin 6a  =  —1.

But this system has no solution. Indeed, if sin 2a =  1, then 
cos 2a =  0, and therefore sin 4a =  2 sin 2a cos 2a =  0.

Thus, sin 4 a+ sin  2a—sin 6a <  3, and, hence,sin 4a +  sin 2a—sin 6a^
Q

j ,  whence there just follows Inequality (2).

Example 4. Prove that
sin a x +  sin a 2 -j-. . .  +  sin a ntan < cosai +  cos a 2+  ..  .+ c o s  a n tan a n

if 0 <  a 4 <  a 2 <  .. . <  an C  — .

Proof. Since in the interval (o, the function */ =  sina: in­
creases, and the function y = cos x decreases, we have:

0 <  sin a i <  sin a 2 <  . . .  <  sin a n, 
cos a 4 >  cos a 2 >  . . .  >  cos a n >  0.

Hence, n sin a 4 <C sin a 4 -f sin a 2 +  . . .  +  sin a n <Z n sin a n, 
wcosaj >  cosaj -f- cosa2 +  . . . -f- cosan >  rccosan, whence
n sin a x sin a ^ s i n  a 2 +  . . .  +  sin a n n sin a n
rccosa! cos a! + c o s a 2+ . . . + cos a n rccosan ’ i.e. tan aj <

sin a 1 +  sin a 2+  . . .  + s in  a n tfln a  
cos a x +  cos a 2 +  . . .  +  cos a n 
proved.

Example 5. Prove that

which was required to be

tan a tan p -f- tan |3 tan y -f tan a  tan V <  1 

if a > 0 , P > 0 , y > 0  and a  +  P +  Y < 4 r .
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Proof. Let us set — a  — p =  y4. T h e n y < y i,  since, by hypoth­

esis, y <  y  — a  — p. Consider the expression tan a  tan p +
tan p tan y4 +  tan a  tan y4. It is possible to prove (see Example 11, 
Sec. 21) that

tan a tan p +  tan P tan y4 +  tan a tan yt =  1.

But y and yt are arguments from the first quadrant (y<Cyi). 
Hence, tan y <  tan y* and therefore
tan a  tan P +  tan p tan y +• tan a tan y <  tan a  tan p +  tan p tan y t

+  tan a tan y4,

that is, tan a  tan p +  tan P tan a  +  tan a  tan y  <  1, which was 
required to be proved.

Example 6. Prove that if a , p, y are angles of a triangle, then 
(sin a +  sin p +  sin y)2 >  9 sin a sin p sin y.

Proof. Let us use the inequality relating the arithmetic mean 
and the geometric mean of three positive numbers: o

Setting in this inequality sin a = a, s inp= fc , s in y —c, we get:
sin a  +  sin B +  sin y . . 3/ “ --------- :— 5—:-------------1—r-i-!----- — ̂  /  sin a  sin p sin y,

and, further, ^sin a  +  sin P +  sin y)2^ 9  Y  (sin a  sin p sin y)2, but,
Y (sin a  sin p sin y)2 >  Y (sin a  sin P sin y)3 =  sin a  sin p sin y.

Thus, (sin a  +  sin p +  sin y)2 >  9 sin a  sin p sin y, which was re­
quired to be proved.

Example 7. Prove the inequality

a — — < s i n  a, (3)

where 0 <  a  <  y .

Proof. Let us take y  <  tan y  as a reference inequality. Trans­
forming it, we get:

a ^ . 0 . a  a a ^ 0 . a aa  cos y  <C 2 sin y  , a  cos —  cos y  <C 2 sin — cos y  ,

a  cos2 y  <C sin a , a  (1 — sin2 y  j <C sin a.

Let us now use the inequality
a ^  a //vsin —  <  y . (4)
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Since, by hypothesis, 0 <  a  <  , we have: sin -y  >  0 and

— >  0, therefore Inequality (4) can be transformed to

. 9 a  _  a 2 . A . 9 a ^ - a 2sm2 y  <  -4-  , i-e. 1— sin2 y  >  1----y ,

whence

a  ( l  — sin2 ) > a — j - .  (5)

Comparing Inequalities (3) and (5), we get:

a — — <  a   ̂1 — sin2 — j <  sin a,

oc2whence a ----y < s i n a ,  which was required to be proved.
Example 8. Prove the inequality

tan a  — a  <  tan P — P (6)

i f  0  <  a  <  p  <  — .

Proof. Let us use the inequality t a n x > x ,  where 0 < C # < y .  
Let us set x =  P —a. Then tan (P — a) >  p — a. If we prove that

tan P — tan a  >  tan (P — a ), (7)

thereby we shall prove the inequality tan P — tan a > p  — a, and, 
consequently, Inequality (6).

Thus, let us prove Inequality (7). For this purpose, we form 
the difference (tan P — tana) — tan (P —a) and then transform it:

tan p — tan a  — tan (P — a) =  tan P — tan a ----tan P—tanfer  / r  1-{-tan a tan p
tan q tan p 

1 +  tan a tan P (tan p —tan a).

The obtained expression is positive since tan p >  tan a.
Hence, it follows that Inequality (7) and, hence, Inequality (6) 

are true.
Example 9. Prove the inequality

cos a  +  3 cos 3a +  6 cos 6a ^  — 7 y r - . . (8)

Proof. Suppose the contrary, that is,
Q

cos a  +  3 cos 3a -f- 6 cos 6a  <  — 7 -jg-. (9)
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Transforming Inequality (9), we get:
Q

cos a  +  3 cos 3a +  6 cos 6a  +  6 •< — 1 -jg- , 

cos a +  3 cos 3a + 1 2  cos2 3a <  — 1 —  , 

cos a  +  3 (cos 3a +  4 cos2 3a) <  — 1 ,

3 (4  cos2 3a +  cos 3 a - f —g-) + co s a — <  — 1

3 ^2cos 3a + -^-)2 +  cos a  ■< — 1. (10)

(
1 \  2 
2cos3a +  -y j ^ 0 , and cos

— 1. Hence, our supposition is not true, and, therefore, Inequal­
ity  (8) is true.

Example 10. Prove the inequality
cos 36° ;> tan 36°. ( 11)

Proof. Suppose that Inequality (11) is not true, that is, that 
cos 3 6 ° tan 36°. Then, we get:

cos 3 6 ° ^ sin 36° 
cos 36° ’

cos2 36° <  sin 36%
1 + cos 72° ̂ 2  sin 36°,
1 +  cos (9 0 ° -1 8 ° )< 2  sin (6° +  30°)f
1 +  sin 18° ̂ 2  sin 6° cos 30°+  2 sin 30° cos 6°,
1 +  2 sin 9° cos 9 ° ^ cos 6° +  2 sin 6° cos 30°. (12)

Since 1 >  cos 6°, sin 9° >  sin 6°, cos 9° >  cos 30°, Inequality (12) 
is not true. Hence, Inequality (11) is true.

Example 11. Prove that if A> B, C are angles of a triangle, 
then

. A . B C ^  1 sin -Y  sin —  sin (13)

Proof. Suppose that Inequality (13) is not true, i.e. that
. A . B . C . 1sln _ s i n _ s i n _ > _ #

Then, when transforming the product sin -y- sin y  to a half­
difference of cosines, we get:

cos A — B
• C O S

A +  B sin 2 ^ 42
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and, further,
A —B . C A + B  . C ^  1

COS — g—  s i n  ~2—  c o s  — k—  S i n  T  >  T  ’

sin A — B +  C . —A + B + C  . A + B  +  C s in -------— --------sin — ■———■-----

. . A +  B - C  ^  1 (14)

Since A +  B +  C =  180°, we have: A — B +  C =  180° —25, — A +  B +  
C =  180° — 2^4, A +  B — (7—180° — 2(7, and, therefore,

. A + C —B D . C—A + B  Asin — ^ ------== cos 5 , s in ------——  =  cos A ,2 ’ 2
. A + B + C  A . 4  +s in — + —1—  =  1, sin : COS (7.2 ’ —  2

This enables us to rewrite Inequality (14) as follows:

or

cos B +  cos A — 1 +  cos C >  ,

3
cos A +  cos 5  + cos

And this contradicts the inequality proved in Example 2, 
Sec. 23. Hence, our supposition is not true, and, therefore, In­
equality (13) is true.

Example 12. Prove the inequality
tan n a >  n tan a  (15)

if 0 < a <  — ’ w îere ^ is a natural number, n += 1.
Proof. Let us apply the method of mathematical induction.
(1) Check the validity of Inequality (15) for n =  2, that is, 

prove that
tan 2a  >  2 tan a , (16)

where 0 <  a  <

Indeed, tan 2 a —2 tan a  =  : - --P^----- 2 tan a  =  2 tan a  ta** .’ 1— tan2 a 1— tan2 a
For 0 < a < - £ -  we have: t a n a > 0 ,  1 —tan2 a > 0 ,  and, hence,

2 tan a tan2 a  
1 — tan2 a > 0 .

Hence it follows that Inequality (16) is true.
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(2) Suppose that Inequality (15) is true for n = k, that is, 
tan ka  >  k tan a , where 0 <  a  <   ̂ . Let us prove that
Inequality (15) is also true for n = k - \-1, that is,

tan (k +  1) a  >  (A: +  1) tan a , (17)

where 0 <  a <  . Indeed,

tan (Zc +  1) a tan/ra +  tanoc ^  k tan a +  tan a 
1 — tan ka tan a 1 —tan ka tan a *

By hypothesis, 0 <  a  <  — , hence, tan ka <  tan =  1, and

tan a <  1. But then k >  (& +  1) tan a , whence it fol-i — tan koc tan oc
lows that Inequality (17) is valid.

By the principle of mathematical induction, we conclude that
Inequality (15) is true for any natural n ^  2.

EXERCISES
In Problems 1370 through 1431, prove the given inequalities:

1370. y  cos q> <  Y"2 c o s  i f ---- — << q> <  -y-.

1371. cot - y  >  1 +  cot a if 0 < a < J i .

1372. tan a  tan p <  1 if a, p are sizes of the acute angles of an obtuse triangle.
1373. tan a tan p >  1 if a, p are sizes of the angles of an acute triangle.

TL
1374. cos a +  cos p >  cos y if a >  0, P >  0, y >  0, a  +  P +  y =  -y .

1375. sin2 a +  sin2 p +  sin2 y ̂  2 if a, p, y are sizes of the angles of a non­
acute triangle.

1376. sin2 a  +  sin2 p +  sin2 y >  2 if a, p, y are sizes of the angles of an acute 
triangle.

1377. cos2 a  +  cos2 p -f- cos2 y ^  1 if a, p, y are sizes of the angles of a non­
acute triangle.

1378. cos2 a  +  cos2 p -f- cos2 y <  1 if a, p, y are sizes of the angles of an acute 
triangle.

1379. sin “ +  P >  sin a  +  sinp 
» 2

if 0 < a < T  ’ 0 < p < - y .

1380. cos a + P  >  cos a  +  cos (5 
2 2

if ° < « < T  ’ 0 < p < f .

1381. tan a +  P ^  tana +  tanp
2 2

if 0 < a < - - , 0 < p < f .
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1
1385. sin8 a + c o s 8 a >  —  .o1384. sin6 a +  cos6 a .

1386. sin271 a +  cos271 a  ^  1.

1387. tan ( a +  P) >  tan a + tan P if a > 0 , P > 0 , a +  P < y -

1388. sin4 x — 6 sin2 x +  5 >  0.
1389. cos (sin x) >  0. 1390. sin (2 +  cos x) >  0.
1391. cos (jt +  arcsin x) ^  0. 1392. sin ^ y- +  arctan x j >  0.

1393. tan a + c o t  a  >  2 if 0 <  a <  y - .

1394. — / 2  <  sin a +  cos a ^  /  2 .
311395. tan a +  cot a >  sin a +  cos a if 0 <  a <  y  .

1396. | tan a +  cot a | >  | sin a +  cos a | .
1397. sin (a +  P) <  sin a +  sin P if 0 <  a <  Jt, 0  <  p <  n .
1398. cos (a —  P) ^  cos a +  sin p if 0 <  a <  jt, 0 <  p <  J t .

1399. sin (a +  p + y ) <  sin a +  sin P +  sin y if 0 < a < - ^ - # 0 < p < - ^ - f

1400.

1401.

° < v < - .
sin a +  tan a  
cos a +  cot a if

_________ 3_________
(1 +  sin2 a) (1 +  cos2 a) <  2 + tan2 a + c o t 2 a if

1402. 3  (tan2 a + c o t 2 a ) — 8  (tan a + c o t  a )+  10 >  0 .

1403. sin a — 1 
sin a — 2

1 2 —sin a
2 ^  3 —sin a *

1404. (1 +  sin2 a) (tan2 a — 2) + cot2 a  +  cos2 a  >  0 .
1

1405. sin 2a cos 2a cos 4a cos 8a cos 16a ^  -tt-16
1

1406. cos a cos 2a cos 4 a • . . .  • cos 2n a ^  .-----  if 0 <  a <  jt.2n+1sma

1 4 0 7 . -  <  sin a  sin —  a j sin ( y  +  a )  <  -y

1408. 0 < co s2 a  +  cos2 (a +  P) — 2 cos a  cos P cos (a +  P) ^ 1 .
1409. tan a  (cot P+ cot y) + tan  P (cot a + c o t  Y) +  tan y (cot a + c o t P) >  6 if

0 < a < - 2 - ,  0 < P < -£ - ,  0 < v <  +
1410. (cot2 a — 1) (3 cot2 a  — 1) (cot 3a tan 2a — 1) <  —1.
1411. (1 — tan2 a) (1 — 3 tan2 a) (i +  tan 2a tan 3a) >  0.
1412. sin2 a +  sin2 p >  sin a sin p +  sin a +  sin P — 1.

1413. a —sin a < P  —sin P if 0 < a < P < y - .
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1414.

1415.

1416.

1417.

1418.

1419.

1420.

1421.

sin a  ^ sinP .. A ^ Q,f 0 < « < p < T .

Jtc o s a + 2 s in a > l  if 0 <  a  ^  .

atan a  ^  
a sin a  

sin a  +  tan a

if

>  a

0 < a < - .

if 0 < a < - 5 - .

t a n - y < a  if 0 <  a  <  — .

sin a  +  sin 2a  +  . . .  +  sin naC n.  
sin a  +  sin 3a +  . . .  + s in  (2m —1) a  ^  

sin a

(1 — sin a )2 +  sin2 (a — 1) >  0 . 1422. < 2.
sin a —cos a  tan

1423. cos (a +  P) cos (a —P) <  cos2 a . 1424. — --1-----\ >  8 .K ^  sm4 a 1 cos4 a

1425. tan2 a+ tan2 P + tan2 y >  I- if a > 0, P > 0, Y>°» a +  P +  Y =  -y*

1426. sin2 a  +  sin2 p +  sin2 Y ^  if a  >  0, P >  0, y >  0, a + P  +  Y =

1427. 4 sin 3 a +  5 > 4  cos 2 a +  5 sin a . 1428. | sin na | ^  n | sin a  |.

1429. cos a  <  cos271 —  if 0 < a < - ^ - .

( ‘ +  TWt3-)(‘ + T 5 K r ) > ( ‘ + 2J) 11
I

143J. cos2y’< 0  if tanY = -------------o -+ ta n a ta n P .cos a  cos P 1

0 < a < 2 *

£ [cm



Chapter 4

SOLVING EQUATIONS AND INEQUALITIES

SEC. 24. EQUATIONS

Let us recall the general formulas for solving simplest trigonomet­
ric equations (it is supposed here that the parameters n , k, Z, m, ... are 
integers unless otherwise stated).

Equation Solution

sin x =  a, where | a | 1 x =  (—1)& arcsin a +  nk

cos x — a, where | a \ ^ 1 x =  ±  arccos a +  2nk

tan x =  a x =  arctan a-\-nk

cot x =  a x =  arccot a +  nk

Let us point out some particular cases of simplest trigonometric 
equations whose solutions can be written without using the general 
formulas:

sin x = 0 <=> x =  n ky 

sin x =  1 <=> x =  -y  +  2jtk,

sin x =  — 1 <=> a; == — ^  +  2jiA:,

cos x = 0 <=> a; =  -y +  nk,

cos a: =  1 <=£> x = 2nk, 
cos a: =  — 1 <=> x =  jt +  2jt/c, 

tan a: =  0 <=> a: =  jt/r.

Found solutions must be necessarily checked if in the process of solv­
ing an equation the following took place:
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(1) an extension of the domain of definition of the equation* as 
a result of some transformations (getting rid of denominators, reduc­
ing a fraction, collecting like terms),

(2) both of its sides were raised to the same even power,
(3) trigonometric identities were used whose left-hand and right- 

hand sides had different domains of definition, for instance,

2 t a n y  1 —tan2 y
---------------=  sin a,  — cos a ,
l +  tan2 y  l +  tan2 y

2 tan y
---------------=  ta n a , tan a cot a  = 1,

1 — cos a  
sin a tan

tan (a +  P) = tan a +  tan ft 
1 —tan a tan P and others.

When used from left to right, these identities lead to an extension 
of the domain of definition of an equation, and, hence, may cause 
the appearance of extraneous roots. When used from right to left, 
these identities lead to a contraction of the domain of definition of 
an equation, which is, generally speaking, inadmissible, due to a 
possible loss of roots.

For example, consider the equation

We have:

tan j = 2  cot x — 1.

tan (* + -£ -) tan z + l  
1 — tan x ’

cot X =
_ J__
tan x *

(1)

(2) 

(3)

Then Equation (1) is transformed to
tan x + 1  _ 2  |
1 — tan x tan x

Setting y =  tan x, we get: =    whence we find:
1 1  1 y =  y  , that is, tan x  — y  , and, consequently, x =  arctan —  +  nn.

* The intersection of domains of definition of two functions / (x) and g (x) 
will be called the domain of definition of the equation f (x) =  g (x).
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This family satisfies Equation (1). But it is easy to note that the 
values x =  y  +  nk also satisfy Equation (1). The reason of the 
loss of solutions is the application of Identities (2) and (3). The 
replacement of the function tan  ̂x +  ] by the function

I
as well as the replacement of cot x by reduce the domain of

definition of Equation (1), namely, the values x =  — + nk  “slip out”
from the domain of definition. And these values are the “lost” solu­
tions of Equation (1).

When solving trigonometric equations, we use two basic methods: 
factorization and introduction of new variables.

When solving equations by introducing new variables, we should 
remember an important role played by the choice of a function in 
terms of which the rest of functions are expressed. One choice of 
such a function can lead to an irrational equation, and the other to 
a rational equation. I t  is clear that the second choice is preferable. 
Setting, for instance, y =  sin x in the equation 2 cos2 x +  4 cos a; =  
3 sin2 x , we get the collection of two irrational equations:

2 (1 -  y*) +  4 =  3y*;
2 (1 — j/2) — 4 ] / I - y 2 = Z y \

If we set y =  cos x , then we get a rational equation: 2y2 +  4y =  
3 (1 — y2).

We shall denote by R  (cos x , sin x) a rational function of cos x 
and sin x, that is, a function including addition, multiplication, 
and division of cos x , sin x , and constants.

Consider the equation of the form: R  (cos x , sin x) =  0. In some 
cases we succeed in reducing such an equation to a rational equation 
with respect to sin x (or cos x). Let us give some rules promoting the 
choice of the substitution for solving trigonometric equations. If 
cos x enters an equation only in even powers, then, replacing ev­
erywhere cos2x by 1 —sin2#, we get a rational equation with respect 
to sin #. In similar fashion, if sin x  enters an equation only in even 
powers, then the replacement of sin2 x by 1 — cos2 x results in the 
rational form of the equation with respect to cos #.

A homogeneous trigonometric equation of the first degree is defined as 
an equation of the form:

a sin x +  b cos x =  0.
A homogeneous trigonometric equation of the second degree is defined 

as an equation of the form:
a sin2 x +  b sin x cos x +  c cos2 x == ()•
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Likewise, we may define a homogeneous trigonometric equation 
of any natural power n.

Consider the case when a =̂= 0. I t is easy to see that for a ^  0 the 
homogeneous equation is not satisfied by those values of x for which 
cos x =  0. Therefore the division by cos x (by cos2 x) of both sides 
of a homogeneous equation of the first (second) degree when a =#= 0 
leads to an equivalent equation. Let us divide both sides of the 
homogeneous equation of the first degree by cos x , and both sides of 
the homogeneous equation of the second degree by cos2 x. As a result, 
we get the following equations rational with respect to tana:, and, 
therefore, solved by the substitution z =  tan x:

a tan x  +  b =  0 , a tan2 x +  b tan x +  c =  0 .

Let us now consider the substitution enabling us to reduce any 
equation of the form R  (cos x, sin x) — 0 to a rational equation.
This substitution is u =  tan — .

If x =7̂  n +  2jt/c, then the following identities hold true:

1—tan2— 2 tan-^-
cos x = ---------------- , sin x = ----------------,

1 +  tan2 -2- 1 +  tan2

Therefore the substitution u =  tan|j- transforms the equation 
R  (cos a:, sin x) -- 0 into the equation

p ( 1—K2 2a \ _ n
V 1 + a2 ’ 1 +  a2 )

The left-hand side of the last equation is a rational function. 
Hence, our substitution has led the equation to the rational form.
The substitution u =  tan — is said to be universal. Since the use of
the universal substitution is possible only for x ^  Jt +  2jtfc, we 
have to check whether or not the numbers of the form x = n +  2nk 
are solutions of the given equation.

In this section, in addition to trigonometric equations in one 
variable we are going to consider equations in two and three varia­
bles, as well as equations containing an inverse trigonometric function 
of the variable. We shall do this by way of examples.

Example 1. Solve the equation sin 5a: +  sin x +  2 sin2 x =  1.
Solution. Since sin 5a: +  sin x =  2 sin 3a; cos 2a:, 2 sin2 a: = 1  — 

cos 2a:, the equation takes the form:
2 sin 3a: cos 2a: +  1 — cos 2a: =  1, 

and, further, cos 2a: (2 sin 3a: — 1) =  0.
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The problem has been reduced to the collection of equations 
cos 2x =  0; 2 sin 3x — 1 = 0 .

From these equations we find two families of solutions:
Jt I it i / a \ tl *̂t * Ttn

* = T + i r * ; '‘ t t  +  t -
Example 2. Solve the equation cos 15a; =  sin 5x.
Solution. Since cos 15a;=sin +  15a; j , we rewrite the equation 

as follows:

^sin -y +  15a;j — sin 5a; =■- 0.

Hence, 2 sin (5a; +  - - J  cos ^10a;-{-~) = 0 .

Consequently, sin ^5a; -f- —-j =  0; cos ( l O a ; =0.

From the first equation of the collection we get: — =  ji/c,

whence x = — lr om ^ ie second equation of the collec­

tion we get: 10a;-f-y- =  y- +  ji/2, whence a; =  ~ 4 - - ^ j -  n.
Example 3. Solve the equation cos Ax cos 8a; — cos 5a; cos 9a; =  0. 
Solution. Let us transform the products of cosines into sums

cos 12x+cos Ax cos 14x +  cos4x __n
2 2

and, further,
I

— (cos 12a; —cos 14a;) = 0 ,

whence sin 13a;-sin x = 0.
Now, the problem is reduced to solving the collection of equa­

tions sin 13a; =  0; sin x =  0 from which we find two families of
solutions of the given equation: x — -^ -k \  x = nn.

The set contains the set {nri} (it suffices to set k =  13w).

Therefore the answer may be written more briefly: x = -^ -k .1 o
Example 4. Solve the equation

sin x +  7 cos x =  5. (4)
Solution. First Method. Dividing both sides of Equation (4) by 

y  12+72 =  1/50, we get:
1

l/W
7

ŷ Bo
5

Vso ’ (5)sin x-{ cos x
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(
\ \ 2 i 7 \ 2

j -f~ ( y-r^ ) =  there is a value of cp such that
1 7  1sin cp, — =  cos cp, where cp =  arcsin— is an auxil-

/ 5 0  / 5 0  / 5 0

iary angle (or (p =  arccos j . Now, Equation (5) can be re­

written as follows:
V  2 / v V  2sin (p sin x +  cos x cos (p =  — or cos (x — cp) =  — ,

whence x —  cp =  ±  ~  4 -  2nk.

Since cp == arcsin — , we finally obtain the following solutions
y  50

of Equation (4):

x — i t  —r—J-arcsin —L=- +  2nk for x =  ±  4 “ +  arccos —]=- +  2 nk ) „ 
4 Y  50 \ 4 Y  50 I

Second Method. Let us solve Equation (4) with the aid of the uni­
versal substitution. Expressing sin x and cos x in terms of tan y

and setting u =  tan y  , we come to the rational equation

2u , 7 (1 — u2)  £-2* 1 — 5 O.1 +  u2 1 +  u2
1 1Solving this equation, we find: w ^ y - ,  n2 = — g-.

Now, we have to solve the following collection of equations:

t a n - l - . i - ;  tan

From these equations we find:
1 / 1 \ x =  2 arctan — +  2ji/c; a: =  2 arctan ( — — j +  2nn.

A check shows that the values x = n +  2nm do not satisfy Equa­
tion (4) (the necessity to check these values when the universal 
substitution is used has been already mentioned).

Thus, Equation (4) has the following solutions:
1 1 x == 2 arctan y  -j- 2nk\ x = — 2 arctan y  +  2jxaz.

Example 5. Solve the equation

5 sin x — 12 cos x =  — 13 sin 3a:. (6)
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Solution. As in Example 4, we apply the method of introduc- 
ing an auxiliary angle. Dividing both sides of Equation (6) by 
y 52 +  122= 1 3 , we get:

5' 12 . 0y y  sin x — cos x =  -  sin 3x. (7)

Since - ) 2 = 1 ,  there is a value of (p such that
5 , 12 . / 5 , 1 2  \

y y  =  cos q> and - j y  =  sin q> ^or —  =  sin q> and y y  — cos q> j .
Now, Equation (7) may be rewritten in the following way: 

sin x cos q) — cos x sin q> =  —sin 3a:,
and, further,

sin (x — q>) +  sin 3a: =  0,

2 sin (2a: —-y j cos (a: + - y )  = 0 .

Solving the collection of equations

sin (2 x — -y) = 0 ;  cos (x  +  y )  = 0 ,

we get: x =  -|- +  yA :; x =  — \  \  +  nn.

12Taking into consideration that q)= arcsin y y t we get the follow­
ing two families of solutions of Equation (6):

1 12 , jx 7 1 12 , n  .
x =  y  arcsin y y  +  -y x =  —  ̂ arcsin -^ y +  "<r +  nn%

Example 6. Solve the equation
sin 2x

2x4- n s in ---- -—
- 0 . (8)

Solution. Since the fraction is equal to zero, it follows from the
equation that sin 2a: =  0, whence x =  y  k. Of the found solutions,
the original equation is satisfied by those and only by those solutions 
which belong to the domain of definition of the original equation. 
The domain of definition of Equation (8) is given by the condition
sin 2x + n 0, whence

, 3 jc n — :t
x¥= 2 (9)
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Let us mark the found solutions  ̂x =  y  k) with points on the 
number line (Fig. 37) and cross out the points excluded by Condi-

— « — » X  *— * X  «— » X '"~*— •  X  •

~n - J  0 1  *  - f  2* JT  - T  4” IT
Fig. 37

tion (9). As a result, we get the following solutions of Equation (8): 

x =  — 1; x = \  (3m+  1).

These two families of solutions may be written more briefly: x  =  

— Z, where Z =̂= 3m — 1 and m £ Z .
Example 7. Solve the equation

8 sin x — 7 cos x =  0. (10)

Solution. Equation (10) is a homogeneous equation of the first 
degree. Dividing both sides of the equation by cos x  (this trans­
formation will not lead to a loss of roots), we get: 8 tan x — 7 = 0 ,
whence x =  arctan -g- +  nk.

Example 8. Solve the equation
sin2 x +  2 sin x cos x — 3 cos2 x =  0.

Solution. Dividing both sides of this homogeneous equation of the 
second degree by cos2 x (this transformation will not lead to a loss of 
roots), we get: tan2 x  +  2 tan x — 3 =  0.

Setting u =  tan x, we arrive at the quadratic equation u2 +  2u — 
3 =  0, whence we find: ux =  — 3, u2 =  1.

Solving the collection of equations tana: =  —3; tana: =  1, 
we get:

x =  arctan (— 3)-\-nk\ x — —  +  nn.

Example 9. Solve the equation
5 sin2 x +  3 sin x cos x — 3 cos2 x =  2.

Solution. This equation is not homogeneous since the right-hand 
side of the equation is different from zero. I t can be transformed 
into a homogeneous equation. To this end, we use the identity 
sin2 x +  cos2 a: =  1. Then the equation can be rewritten in the fol­
lowing way:

5 sin2 x +  3 sin x cos x — 3 cos2 x =  2 (sin2 x +  cos2 a:),
Hi -0 84 0
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and, further,
3 sin2 x +  3 sin x cos x — 5 cos2 x =  0.

The last equation represents a homogeneous equation of the 
second degree. Dividing it by cos2 x  and using the substitution 
u =  tan x, we get:

x =  arctan ■ —  +  nk.b

Example 10. Solve the equation
5 sin2 x +  1^3 sin x cos x +  6 cos2 x =  5.

Solution. We have:
5 sin2 x  +  ]/^3 sin x cos x +  6 cos2 x =  5 (sin2 x  +  cos2 x),

Y  3 sin x cos x +  cos2 x =  0. (11)
The obtained equation contains no term a sin2 x, that is, a — 0. 
Here, we are not allowed to divide both sides of the equation by 

cos2 x , since those values of x  for which cos2 x =  0 satisfy Equa­
tion (11), and therefore the division by cos2 x will lead to a loss 
of roots. We shall proceed in a different way: we shall factorize 
the left-hand member of Equation (11) into factors. We get: 
cos x ( Y 3 sin x+  cos x) =  0.

Now, the problem is reduced to solving the collection of equations:

cos x =  0; ]/*3 sin x +  cos x =  0. (12)

From the first equation of Collection (12) we find: x = ^  +  nk. 
Dividing both sides of the second equation of Collection (12) by 

cos x , we get: tan x =  — —  ̂, whence x =  — — +  nn.
Thus, we have obtained two families of solutions of Equation (11):

x =  — +  nk; x = — ^-4- nn.& b

Example 11. Solve the equation
2 cos2 x +  4 cos x =  3 sin2 x. (13)

Solution. Equation (13) contains only an even power of sin 
therefore it is advisable to replace sin2 x by 1 — cos2 x and then 
to set u =  cos x. Then, Equation (13) will take the form:

5w2 +  4u—3 =  0,
— 2 ±  1^19whence u



Ch. 4. Solving Equations and Inequalities 243

It remains to solve the collection of equations:

- 2+ 1/ I 9cos x -- - 2 - / 1 9  . 
5 cos x -

The first equation of this collection has no solution since 
_9 _

r > 1 ,  and from the second equation of the collection

_2 -i- ~\f 1 9
we find £ =  =barccos------— -------1- 2jik which is tlie solution of
Equation (13).

Example 12. Solve the equation
sin 2^ +  5 sin x -f- 5 cos # +  1 = 0 .

Solution. Setting u =  sin x -f cos x , we get:
u2 =  (sin x +  cos x)2 or u2 =  1 +  sin 2x.

Therefore the given equation will take the form: u2 +  5u =  0, 
whence ux =  0, u2 =  —5.

Now, the problem has been reduced to solving the collection of 
equations: sin x +  cos x =  0; sin x +  cos x =  —5. With both of 
its sides divided by cos x, the first equation of the collection (a homo­
geneous equation of the first degree) is transformed to tan # +  1 = 0 ,
whence x =  — — +  nk. The second equation of the collection has
no solution since | sin x 1, | cos x 1, and therefore the sum 
sin x +  cos x cannot be equal to the number —5.

Thus, the original equation has the following solution: x =
— r  +  nk.

Example 13. Solve the equation
3 tan 2x — 4 tan 3x =  tan2 3x tan 2x. (14)

Solution. Let us transform Equation (14) to
3 tan 2x — 3 tan 3x =  tan 3x +  tan2 3x tan 2x,

and, further,

3 (tan 2x — tan 3x) =  tan 3x (1 +  tan 3z tan 2x). (15)
Dividing both sides of Equation (15) by 1 +  tan 3x tan 2x, we get:

2  tan 2x — tan 3x 
1 +  tan 2x tan 3x tan 3x (16)

or

1 r,*
— 3 tan x =  tan 3x, (16')
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and, further, 3 sin x 
cos x

sin 3x 
cos 3x

sin 3x cos x +  3 sin x cos 3x =■ 0,
(sin 3x cos x -f sin x cos 3.x) +  2 sin x cos 3x =  0, 

sin 4x +  (sin 4x — sin 2x) = 0,
4 sin 2x cos 2x — sin 2x =  0, 

sin 2x (4 cos 2x — 1) =  0,
I

sin 2x = 0; cos 2x =  ,
re 7 . 1  1 .x =  ±  arccos +  nra.

Check. I t is clear that Equations (14) and (15) are equivalent. Let 
us find out whether or not the passage from Equation (15) to Equa­
tion (16) was an equivalent transformation. For this purpose, let us 
find those values of x for which the expression 1 -f- tan 3x tan 2x 
vanishes. We have:

1 +  tan 3x tan 2x = 0, (17)
sin 3x sin 2x ^ _q
cos 3x cos 2x ~  ’

sin 3x sin 2x +  cos 3x cos 2x =  0,

cosx =  0, x - ^ - \ - n l .

These values of x do not satisfy Equation (17) (tan 3x is not defined 
for these values of x). Hence, Equation (17) has no solution, and 
therefore the function 1 +  tan 3x tan 2x is different from zero for 
any admissible values of x. This means that the division of both sides 
of Equation (15) by 1 +  tan 3x tan 2x was an equivalent transfor­
mation.

The rest of the transformations used for solving Equation (14) 
could lead only to the appearance of extraneous solutions (because of 
an extension of the domain of definition of the equation when we got 
rid of denominators or as a result of applying Formula (VI.3) when 
we replaced (16) by (16')). The extraneous solutions are rejected with 
the aid of the domain of definition of Equation (14) which is deter-

f cos 2x^=0
mined by the following conditions: \ Q n\ cos OX —f— U.

We have to reject the solution obtained for odd k's from the family 
x = y  Zc, whereas the second family satisfies the indicated condi­
tions. Thus, the solution of Equation (14) has the form:

, 1  1 | x =  jim; x =  =h —  arccos +  n.
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Example 14. Solve the equation
sin x +  2 sin 2x =  3 +  sin 3x. (18)

Solution. We transform Equation (18) to
(sin x — sin 3a:) +  2 sin 2x =  3,

and, further, 2 sin x cos 2x — 2 sin 2x +  3 =  0.
Let us now carry out the following transformations to get per­

fect squares:
(sin2 x +  2 sin x cos 2x +  cos2 2x) +  (sin2 2x — 2 sin 2x +  1) + 3  

=  sin2 x +  cos2 2x +  sin2 2x -f- 1,
that is,

(sin x +  cos 2a:)2 +  (sin 2a: — l)2 +  3 =  sin2 x +  2,
whence

(sin x  +  cos 2a:)2 +  (sin 2a: — l)2 +  cos2 x =  0. (19)
But the sum of squares is equal to zero if and only if each term is 

equal to zero. Therefore Equation (19) is equivalent to the following 
system of equations:

{sin x +  cos 2a: =  0 
sin 2a; -  1 =  0 (20)

cos x =  0.
Solving the third equation of System (20) (the simplest one), we 

get: x =  +  nk. Substituting these values into the second equa­
tion of the system, we shall have:

sin 2 (-y  +  jxA: j — 1 =  sin (ji +  2nk) — 1 =  — 1 0,

that is, the values x =  -- +  nk do not satisfy the second equation of
System (20). Therefore System (20) is incompatible; thus. Equa­
tion (18) has no solution.

Example 15. Solve the equation

Y  — 3 — cos2 x +  3 sin 5a: =  1 — sin x. (21)
Solution. Squaring both sides of Equation (21) and collecting like 

terms, we get:
2 sin x +  3 sin 5a: =  5. (22)

Since sin a :^  1, sin 5a: ̂  1, Equation (22) is satisfied by those 
and only those values of x for which we have simultaneously: sin x =  
1 and sin 5a: =  1. In other words, Equation (22) is equivalent to
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the following system of equations:

{sin x =  1 
sin 5x =  1. (23)

Let us solve this system. From the equation sin x =  1 we find:
x = — +  2jxk.

Substituting these values of x into the left-hand side of the second 
equation of System (23) we get:

sin 5 ( y  +  2nk j =  sin +  iOnk j =  sin y  — 1.

Thus, x =  y +  2jxA: is the solution of System (23), and, hence,
also of Equation (22).

The squaring of both sides of Equation (21) might cause extraneous 
solutions, therefore a check is necessary. In this case it is readily 
carried out by substituting the found values into the original equa­
tion (21). We have:

j / "  — 3 — cos2 ^ y + 3  sin 5 ( y  -\-2nk j = 0  on the left-hand

side of the equation, 1 — sin ^ y  +  2jiA;j = 0  on the right-hand 
side of the equation.

Hence, # =  y  t  2jt/c is the solution of Equation (21).
Example 16. Solve the equation

Y 1 +  sin 2x =  Y  % cos 2a:. (24)
Solution. Squaring both sides of Equation ((24), we get: 1 +  

sin 2x = 2 cos2 2x. Let us set u =  sin 2x, then cos2 2x =  1 — u2, 
and we come to the equation 1 +  u =  2 (1 — u2), whence we find:
ux=  — 1, u2= y  . The problem has been reduced to solving the collec- 

tion of equations: sin 2x =  — 1; sin 2x =  y .  From the first equa­

tion of this collection we find: x = ----—+ nk, from the second: x =

< - I )n ^ + X » -
Since we used squaring, we might get extraneous roots. Hence, 

the found solutions should be checked. In the present case the check 
is readily carried out with the aid of the condition cos 2 x ^ 0  (on 
this condition the squaring yields an equivalent equation).
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We first check the values x = — —-\-nk. We have: cos2x =  

c°s | — ^- +  2jr/b j — 0. This means that the numbers of the form

x = — +  nk satisfy the condition cos 2 x ^ 0  and therefore are 
solutions of Equation (24).

Let us now check the values x = ( — +  " ] r W e  have:

cos 2a: =  cos (( —l)n -£-+ Jtwj. We shall assign the param eters 
the values 0, 1, 2, 3 and so forth: 

for n = 0 cos — >  0,b

for n = 1 cos ( — < 0 ,

for n = 2 cos 2jiJ > 0 ,

for n =  3 cos  ̂ +  3jt j <  0 and so on.

We note that cos 2x >  0 for an even n and cos 2x <  0 for an odd n. 
Analogously, this conclusion is valid for n =  —1, —2, —3, . . ..

Thus, from the values of the form x =  (—l)n we have to
take only the values corresponding to even s ’s, that is, the numbers
of the form n =  2k. Then we get: £ = — • +  Thus, Equation

(24) has the following solutions: x = ----^ -+J tk; x = - ^ -  -f JtA:.
Example 17. Solve the equation

arccos x — arcsin x = - ^ .  (25)

Solution. Let us find the cosines of both sides of the equation:

cos (arccos x — arcsin x) = cos . (26)

We get:

x Y  I — x2~\-Y 1 — x2 x =  -  ;

0̂ 1 II w
|

(27)
16x4 —16x2 +  3 =  0, (28)

whence
1

*i =  T
1 Y l  / 3

1 xz = 2 » *3 =  2 ’ Xk = ~~ 2 •
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When solving Equation (25), we twice carried out transformations 
which might cause the appearance of extraneous solutions, namely, 
we took cosine when passing from Equation (25) to Equation (26) 
and squared when passing from Equation (27) to Equation (28). 
Therefore, the found solutions must be necessarily checked.

I
Check. For x t =  y  we get:

arccos x i — arcsin x * =  arccos 4- — arcsin — — 4r —I 6 0 O t)

Thus, ^ i = 2" is a root of Equation (25).

For x2 =  —y  we get:

arccos x2 — arcsin #2 =  arccos ( “ * y  )

. / 1 \ 2jc /  ji \
arcsin  ̂ "2 ) =  1  ( 6 /

5jt ji

Hence, x2=  —y  is an extraneous root. A check shows that the

values x3 =  and xk= ----—-  are also extraneous. Thus, x = -^.
Example 18. Solve the equation

arcsin 2x +  arcsin x = . (29)

Solution. Let us take the cosine of both sides of Equation (29): 

cos (arcsin 2x -f- arcsin x) =  cos ,

then

y i - 4 x 2Y T ^ - 2 x . x  = j ,

whence 7x2 =  — , that is, ~  , x2 =  — -  .

Check. Set a  =  arcsin 2xt +  arcsin x lt then cos (arcsin j X y  +  

arcsin ( y  y ) ) =  cos a , whence cos a  =  j / "  1 — — f / ^

} / y  x  T  x  T  ’ tliat is’ cosa =  4 -
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Since further 0 <  j / ^  —- <  and 0 <  y 1 / ^ y  <  y y - , we have:

0 <  arcsin ] / "  — <  - and 0 <  arcsin — ] /  — <  .

Then 0 <  arcsin J /  y  +  arcsin (—- j / ~ y  j <  — , that is, a belongs 
to the first quadrant.

Thus, cosa =  — and 0 < a < y - ,  ^ut suc^ a case

and, hence, x i = ^-~y^ |  is a root of Equation (29).

Let us now check the value x2 =  — j / ^ . We set p =

arcsin 2x2 +  arcsin x2, then arcsin ( — } /~ y j  +  arcsin ( - | x

j /  y)=P- Since - l < “ [ / - y < 0  and
we have: — ji< arcsin^ — j /  —) +  arcsin^ — y j / " y  ) < 0 o r  — j i <

p < 0 .  Hence, p ^ - y ,  whence it follows that *2 = - | ^ T  
is an extraneous root.

Thus, Equation (29) has the only root £ = y  j / " y .
Example 19. Solve the equation

3 arcsin x +  nx — n =  0. (30)
Solution. By trial and error method it is easy to find one root 

of the equation: z ^ y .  Indeed,

3 « 1 | JT n JT JT Aarcsin j  + ^ —  ^ = 3 X y - T  =  0.

Let us prove that there are no other roots. We transform the 
equation to

3 arcsin x = n — nx.
The function y =  3 arcsin x is increasing, while the function 

y = n — nx is decreasing. If one side of an equation represents 
an increasing function, and the other a decreasing one, then the 
equation has either no root or only one root.

I
Thus, x =  y- is the only root of Equation (30).
Remark. The method used for solving Equation (30) might be used 

for solving Equation (25) as well. Indeed, y =  arccos x is a decreas­
ing function, while i/ =  -y +  arcsin x an increasing function, that
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is, Equation (25) has either no root or only one root. By trial andI
error method, we find the only root of Equation (25): x =  -y . 

Example 20. Solve the equation
sin4 x +  cos4 y +  2 =  4 sin x cos y. (31)

Solution. We get:
u = sin x 
v = cosy.

Then Equation (31) will take the form:
w4 +  y4 +  2 =  4 uu. (32)

Further, we have:

(w4 +  1) +  (y4 +  1) — kuv =  0,
(a4 — 2 u2 +  1) +  (^4 — 2i>2 +  1) +  2a2 +  2i;2 — Auu =  0,

(u2 -  l)2 +  0v2 -  l)2 +  2 (u -  y)2 =  0. (33)

Equation (33) is equivalent to the following system of equations:
a2 — 1 = 0  
v2 —1 = 0  
u — v — 0,

which is, in turn, equivalent to the collection of systems:
U =  1 (u =  1 ( u = -  —  1 f W =  — 1
i; =  1 ; < i; =  — 1 ; < i; =  1 ; < i; =  — 1
u — i? =  0 — u = 0 ^u u =  0 I w — y =  0.

The second and third systems of this collection have no solution 
and from the first and fourth systems we get, respectively:

( “ l =  1  ̂ f « 2 =  — 1
U'( =  l ’ \v 2=- — 1.

I t remains to solve the collection of two systems of trigonometric 
equations:

j s i n z ^ l  (sin x =  — 1
(cosy = 1 ’ (cos y =  —1.

From this collection of systems we find:

{ xt =  y  +  2jifc f x2 =  —y  +  2ji&

=  2n n |z /2 =  ^  +  2jt n.
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EXERCISES

In Problems 1432 through 1558, solve the given equations:

1432. COS X

1 + cos 2x 
1434. cos x tan 3x =  0 .

=  0. 1433. sin x +  cos x =  0 .cos 2x
1435. sin 4a; cos x tan 2a; =  0.

1436. (1 + cos x) ( — ------1 ) = 0 .  1437. (1+cos x) tan --- =  0.\ sinx / v 2

1438. sin2 3a; — 5 sin 3a;+ 4  =  0. 1439. tan3 x-\-tan2 x —3 tan a; =  3.
1440. 8 cos4 x —8  cos2 x — cos z +  l =  0 .
1441. 2 sin3 x — cos 2x — sin a; =  0. 1442. 2 cos2 x +  5 sin x — 4 =  0.
1443. 3 sin2 2x+ 7  cos 2a; =  3. 1444. 2 cos2 x +  sin x — 2.
1445. Y"2 sin2 ar +  cos a; =  0. 1446. sin 2a; +  cos 2x =  sin a;-f-cos x.
1447. Y"2 c o s  2x  — c o s  x  +  sin x.  1448. sin 3a; =  cos 2x.
1449. cos 5a; =  sin 15a;. 1450. sin (5ji—x) =  co s  (2x +  7ji).
1451. 4 sin2 x +  sin2 2a: =  3. 1452. 4 cos2 2a:+  8 cos2 x =  7.

1453. sin +  + co s  +  =  l + c o s 2a;.

1454. 8  sin6 a; +  3 cos 2x-\-2 cos 4a;+  1 =  0.
3

1455. 3 (1—sin x) =  1 + cos 2x. 1456. sin x =  — cos x.

1457. 3 sin a: =  2 cos a:. 1458. 3 sin2 x-\- 3 sin x cos x — 6 cos2 x =  0.
1459. sin2 a;+ 3  cos2 x —2 sin 2a; =  0. 1460. 3 sin2 x-\-2 sin x cos x =  2.
1461. 2 cos2 a:—3 sin x cos x +  5 sin2 x =  3.
1462. sin 5a; cos 3a; =  sin 9a; cos 7a;. 1463. sin 6a: cos 2a: =  sin 5a; cos 3a; — sin 2a:.

1464. sin6 a; +  cos6 x =  — . 1465. 2 cos2 x +  cos 5a; =  1.

1466. sin a;-[-sin 2x +  sin 3a; =  0. 1467. sin x +  sin 3a; +  cos x +  cos 3a; =  0.

1468. |^3 sin 2a; +  cos 2a; =  1^2. 1469. sin 3a;-)- cos 3a; =  sin 5a;.

1470. 2 cos 3a: +  ]/*3 sin x +  cos x =  0. 1471. sin 5x + cos 5a; =  1^2 cos 13a;.
1472. sin2 x — cos 2a; =  2 — sin 2a:.
1473. sin6 x + sin4 x cos2 x =  sin2 x cos3 x +  sin x cos5 x.
1474. sin2 x cos2 x —10 sin x cos3 a;+21 cos4 a; =  0.

1475. 8 sin2——3 sin a; — 4 =  0. 1476. sin4 x +  cos4 x =  cos 4a;.
9 x

1477. cos4 a; +  sin4 a; — sin 2x + — sin2 2a; =  0 . 1478. 3 tan — +  cota; =
1

1479. cos 2a; — 3 cos a: +  l =  -—— ---------r—r—:—;------r(cot 2a; — cot x) sin (x — it)

1480. cos x = tan x 
1 +  tan2 x 1481. cot x-

sina;
1 +  cos x =  2 .

1482. 2 s in s — 3 cos a; =  3. 1483. 3 sin 2a: +  cos 2a: =  2.

__5__
sin x
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1484. cos 4a;+ 2  sin 4a: =  1 . 1485. sin 2x +  tan x =  2.

1486. — -L . 1487. sin3 a: +  cos3 x — 1.
1 +  cos x 2

1488. 4 sin4 3a: — 3 cos £ + 5  =  0 .
1489. sin a: cos a:— 6 sin x + 6  cos £ + 6  =  0.
1490. 4 — 4 (cos a:— sin x) —  sin 2x =  0 .
1491. 5 sin 2x —11 (sin x +  cos x) +  7 =  0 .

1492. (2sin<!— l) 1493. cos x cos 2x cos Ax cos Sx =  —  .16

1494. 2 sin 17a: + Y% cos 5a: +  sin ox =  0.

1495. 4 cos3 -|- +  3 1^2 sin x =  8 cos — .

1496. ■— cos — =  cos3 — +  sin — . 1497. 4 sin 2x — tan2 â: — - -  j = 4 .

1498. (sin 2x +  ]^3 cos 2a:)2 — 5 =  cos —  2x j .

1 — sin a +  . . .  +  ( — l)n sin71 x-\- . . .  _  1 — cos 2a:
1 + sin  a: +  . . .  +  sinn x -\-. . .  l + c o s 2a:
Ax1500. cos — =  cos2 i .  1501. sin x + 2  cos x — cos 2x — sin 2x.O

1502. 32 cos6 x — cos 6a: =  1. 1503. tan x-j-cot x — cos Ax =  3.
1504. 2 (1 — sin x — cos x) +  tan x +  cot x =  0 .

1505. sin5 x — cos5 x =  -cosx sin a:

1506. sin8 2a: +  cos8 2a: =  . 1507. sin10 a: +  cos10 x =  •

291508. sin10 x +  cos10 x =  cos4 2a:. 1509. | cos x | =  cos x — 2 sin a;.

1510. I cot x I =  cot x- 1511. Y  5 — 2 sin x =  6 sin a: — 1 .
~ 1 - _ A I 9 f jj

1512. 1^2 +  4 cos x ~  — +  3 cos x. 1513. y  3 +  2 tan x — tan2 x = ---------------  -.2 2
1514. Y  — 3 sin 5a: — cos2 x — 3 + sin x =  1.

9
1 /~ 11515. tan x +  — cot x =  1/  ------ 5------ 1 — 1.

1 9 V cos2 x

1516.5. (1 +cosa:) j / "  tan —— 2 +  sin a: =  2 cos a:.

1517. j /~ c o s 2 a: +  -^--j-|///'sin2 a: +  -̂ - =  2.

1518. Y'l — 2 tana: — y  1 +  2 cot a: =  2.
1519. 1^3 sin x — ] ^ 2  sin2 x — sin 2a:+3 cos2 x =  0 .
1520. cos x-\- Y sin2 a: —2 sin 2a;-f-4 cos2 x =  0.
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1521. Y  cos 2 x-\~Y  1 +  sin 2x = 2  j^sin z +  cos x.
1522. 2 cot 2x — 3 cot 3a; =  tan 2x.
1523. 6 tan z + 5  cot 3x~  tan 2x.

1524. t a n |x — —■ j tan x tan ^x +  j ^ C0S Xx x
tan "2—  COt ~2

1525. sin2 5x ^sin lx  cos z —sin-^- cos lx  j =.

. 3z x . sin —  cos Tj- +  sin x • cos lxz z
l +  cot2 5x

X1526. sin6 z +  sin4 x +  cos6 ar-f-cos4 x +  sin — =  3.
1

1527. 1 +  cos 2x cos Sx =  y  sin2 3x.

1528. sin 5a: +  sin a: =  2 +  cos2 x . 1529. 3 sin2 tt +  5 sin2 x  =  8 .o
1530. (sinx +  Y% cos x) sin 3a; =  2.

1531. 2sin ^-|-a; — —3 cos ^2x +  -— j = 5 .

1532. s in ~  +  2cos X 2— = 3 .4 o
1533. sin 18a: +  sin 10a: sin 2x =  3 +  cos2 2a;.

1534. cos 2a; ^1— sin2 2x j =  1. 1535. 4a:4 -|-a;6 = —sin2 5a:.

536. sin a;-}-cos a; =  1^2 + sin4 4a:.

1537. cos6 2a: =  1 -|-sin4 x. 1538. cot • cos 2jxx j =  )^3.

1539. 2 sin2 ^-2-cos2 a: j =  1 — cos (jx sin 2x).

1540. 4 arctan(a;2 — 3  ̂+  3)==-^-. 1541. arctan 3a:—arccot 3x =  -2- .

1542. 2 arcsin2 a;— 5 arcsin a:+  2 =  0. 1543. 4 arctan x —  6 arccot x =  jx.
1544. arcsin x+arccos (1 — a;) =  arcsin (—x). 1545. 2 arcsin x — arccos 2x.
. fn . 3T . / , 1^3 \ Jt1546. arcsin y  +  arccos â:-j— — J =  — 1547. arccos x =  arctan x.

2   |
1548. arcsin---—— arcsin Y 1 — x =  arcsin — .

3 Y  x 3
n1549. 3 arccos x — zix---^- =  0 .

1550. arcsin ^ tan -y j —arcsin j / * y —- y  =  0.

1551. cos (x — y) — 2 sin z +  2 sin y =  3.
1552. sin2 (jia;) +  log| (y2 — 2z/ +  l) =  0.

1553. ( sin2 x-\— r̂ o— ) +  ( cos2 x-\------\ — ) =  1 2+ 4rsin y .V sin2 x ) 1 \ cos2 x I 2
1554. 1 — 2a: —x2 =  tan2 (x+z/) +  cot2 (x +  z/).
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1555. tan2 2x-j-2 j^3 tan 2x-\-3 =  —cot2 ^4y — — j .

1556. x2-j-2x sin xy-\-i =  0. 1557. 4 + sin2 z +  cos2 2x =  5 sin2 x sin2 y.

1558. ( cos2 x H-----^— ) (1 +  tan2 2y) (3 +  sin 3z) =  4.
\  COS X  J

1
1559. Solve the equation arctan x+ arctan— =  arctan3 in integers.

SEC. 25. SYSTEMS OF EQUATIONS

When solving systems of trigonometric and algebraic equations, 
we use the same methods. Instead of general formulas for solving 
equations of the form sin x =  a, cos x =  a it is often reasonable to 
write the solutions of these equations as a collection of two fami­
lies. For instance, let us solve the system of equations

sin (x +  i / )= 4 -

I ^  (1)cos (x — y)=  .

Using the general formulas, we get the system:

whence we find:

« + » = ( — 

x — y = ±  +  n.

f i  t \  h JT »T | j"t/c ■
f*i.2 =  (—* ) '12 ±  +

(2)

I !/l,2 =  (— l)ft To" +  T  +  T  nn
*  ^

12 8 1 2
which is the solution of System (1). If the solution of the first equa­
tion of System (1) is written as the collection x-\-y  =  - -̂ -f 2jiA;

x-\-y =  +  2nk\ and the solution of the second equation as the

collection x —y =  ~-{-2nn; x — y = — 2. +  2jx«, we get the collec­
tion of four systems:

x  +  y =  +  2nk

x — y =  -f- 2 nn

x-\-y  — —g—f- 2jt k 

x — y =  -2- 4 - 2 nn
(4)



Ch. 4. Solving Equations and Inequalities 255

whence

f x +  y = — +  2nk 

[ x — y-= —-~ +  2jin

(*/i= — n)

x3 = ——  +n(A; +  n) 

03 =  -§- +  «(& — n)

x -\-y — —g—|- 2nk 

x — y — —-2- +  2jxre,

*2==-24' +  :n:(* +  n) 
7̂  ’

^y2 = —  +  n ( k - r i )

Xi =  -£ r  +  n ( k  +  ri) 

lJi = - ^ -  + n (k — n)-

This collection of families represents the solution of System (1). 
Of course, such representation is not so compact as System (3), but 
more clear and therefore preferable in many cases.

We should like to draw the reader’s attention to the following point: 
when passing from System (1) to System (2) or to the collection of 
Systems (4), we used the parameter k for representing the solutions of 
the first equation of System (1), and the parameter n for representing 
the solutions of the second equation of the system. The use of only 
one parameter, say k, would lead us to a loss of solutions: in this 
case from the first system of Collection (4) we would get:
(x'1 =  ~  + 2nk
< the set Z[ of pairs (x[, y\) representing

a proper subset of the set of pairs (xu y^,  where

fXi := - § - + j i (A;+ m)
< . Thus, Z ’ £ Z lf Z '^ Z j ,  therefore all pairs 
[Vt = — —  +  n (k  — n)

(x, y) such that (x, y) £ Z {\ Z f turn out to be “lost” solutions.
Let us consider several examples.
Example 1. Solve the system of equations

sin x sin y =  0.75 
tan x tan y =  3. (5)

Solution. Dividing the left-hand and right-hand sides of the 
first equation of System (5) respectively by the left-hand and right- 
hand sides of the second equation of the system, we get the equation:
cos x cos y=  -j- . Replacing the second equation of System (5) by this
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equation, we get the system:

sin x sin y =  y

[cos x cos y ==
(6)

which is equivalent to System (5).
Let us now replace the first equation of System (6) by the sum of 

the equations of this system, and the second equation by the differ­
ence between the second and first equations. We thus get a new 
system:

( cos x cos y -f sin x sin y =  1
i 1 (7)I cos x cosy — sin# sin y = —y

or
( cos (x — y) =  1 

|  cos(*-f y)=  —

which is equivalent to System (6). From the first equation of Sys­
tem (7) we find: x — y — 2nk. The second equation of System (7) is

2jtequivalent to the collection of equations x +  y =  y — b 2nrv,

x +  y =  — y  +  2jt n.
Thus, from System (7) we have passed to the collection of systems 

( x — y-=2nk ( x — y =  2nk

|  x +  y = —  Jr2 n n '  j  x + y =  — ~  +  2jm, ^

which is equivalent to System (7). From the first system of Collec­
tion (8) we find the family of solutions:

x1 =  ^ - +  n(w +  k) 

J/i =  y  +  n(ra — k ) .

From the second system of Collection (8) we find the family: 

f xz = — y  +  n (n +  k)

l « / 2 =  —  y  +  k  ( n  —  k ) .

Check. Since in the process of solution we carried out only equiv­
alent transformations (this fact has been noted), the collection of
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families

=  - y  -f- JX (n -f- k)

Vi = ?j + n{n — k)
is the solution of System (5).

Example 2. Solve the system of equations
. o 1sinJ x =  — sin y

3 1 (9>cos* x = — cos y.

Solution. We square both sides of each equation of System (9) 
and add termwise the equations yielded by this transformation. We
shall have: sin6 cos6 and from System (9) we shall pass to
a new system:

xz =  —-y  +  n {n + k) 

y2 =  —- y +  n (n — k)

I

sin6 x +  cos6 x =  y

[sin3 z =  y  sin y.

Solving the equation sin6 # + cos6# =  y  , we get:

1— cos 2x \ 3 , / l  +  cos2x\3

1 (10)

■) H -)3 =  - ,  cos2x =  0 , X =  ̂  +  ^ -\ 2 I ' \ 2
Thus, the solution of System (10) has been reduced to solving 

the system
r JX . JX 7

r* = T  +  T *

[sin3# — y  sin y.
(ii)

We have:
JL _lJL kX ~ T  +  2 «

1 . / , 1 2̂ \ 3
2 sin J = ( ± T )

or

JX , JX 7

X= T + T k

\X = T  + T k
I Jl i Jl

^  =  T  +  T " -

sin y =  ± V 2
_ , whence

(12)

The passage from System (9) to System (10) was, not possibly, an 
equivalent transformation (squaring), therefore a check is needed.
17-0840
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Check. Let us represent the values of x and y contained in System (12) 
by points of two circles (Fig. 38). At point A x we have: sin x >  0,

Fig. 38

cos x >  0. Then from System (9) we conclude that sin y >  0 and 
cos y >  0. But of points 2?x, B 2, # 3, B A only the point B1 has a po­
sitive abscissa and ordinate. Hence, (Ax, B J  is a geometric solution 
of System (9), that is,

{xx = - - \ -  2nk

yl = ^  +  2nn

is the solution of System (9).
Reasoning in a similar way, we get: (A2, B 2), (A3, Z?3), (A4f B 4) 

which are geometric solutions of System (9), that is,

<x2^  —  +  2nk (x3 = ^  +  2n k fx4 =  —  +  2:t/t

[y2 =  i - + 2jin \ y 3 = ^r- +  2nn \ y k = -—  +  2nn

are solutions of System (9).
Thus, the solution of System (9) is represented by the following 

collection of families:

(*i =  T  +  2 nk rx2 =  -^L +  2 nk

U i =  X  +  2jT;n \ l /2 =  - X + 2:rtra

x3^  +  2nk ( x , = - ^  + 2nk

y3= - ^ -  +  2nn ji/4 = ,-i~ +  2nn.
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Example 3. Solve the system of equations
x +  y-\-z = tc 

1 ta n z ta n z =  2 
[tan y tan z =  18.

(13)

Solution. Since x +  y +  z = jt, we have: tan {x +  y) =  tan (ji —
z), that is, tan * +  tan y __ —tan z .
' 1 — tan x tan y

Let us replace by this equation the first equation of System (13)
and consider the new system:

tan x +  tan y
1 —tan x tan y 
tan x tan 2 =  2 

, tan y tan z =  18. 
We then introduce new variables:

u = tan x 
v =  tan y 

<w =  tan z. 
Then System (14) will take the form:

u-\-v

tan z
(14)

1 — UV

uw = 2 
vw =  18,

— w
(15)

or
r uuw = u-{-v +  w
uw =  2 (16)

[vw =  18.
Dividing termwise the first equation ^of; System (16) by the 

second, we get: u =  ? whence v=^u~\~w. Replacing by this
equation the first equation of System (16), we get:

[1> = u +  w
uw =  2 (17)

[vw =  18,
and further

{v=. w-f w 
uw=  2

(u +  w )w =  18,

(18)

17*
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System (18) has the following solutions:

Returning, to the original variables, we get:

Check. In the process of solution, there were three transformations 
each of which could lead to a non-equivalent system: (1) “taking 
tangent” when passing from System (13) to System (14), (2) get­
ting rid of the denominator when passing from System (15) to Sys­
tem (16), and (3) the division when passing from System (16) to Sys­
tem (17). Only division might lead to a loss of solutions, but this 
was not the case in our problem since the right-hand side of the 
“divisor equation” is 2, that is, it is different from zero. The remain­
ing transformations might lead to extraneous solutions which 
can be rejected by the direct substitution of the values contained in 
the above collection (19) into the original system. It is easy to make 
sure that Collection (19) satisfies the second and third equations of 
System (13). In order for the first equation of this system to be
satisfied, we have to write the solutions of Collection (19) as follows:

rx1 =  arctan 0.5 +  nk rx2 =  —arctan 0.5 +  nk (20)
} yx =  arctan 4.5 +  nn  ; J y 2 =  —arctan 4.5 +  nn
[zj =  arctan 4 — nk — nn [z2 =  —arctan 4 — nk — nn +  2n

(as follows from the solution of the example, arctan 0.5 +  
arctan 4.5 +  arctan 4 =  ji).

Collection of families (20) represents the solution of System (13).
Example 4. Solve the system of equations

Solution. Squaring both sides of each of the equations of Sys­
tem (21), we get:

sin x =  cos y 
Y  6 sin y =  tan z 
2 sin z = Y  3 cot x.

(21)

(22)
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Let us introduce new variables:
u =  sin2 x 
v =  sin2 y

 ̂ w =  sin'5 z. 
Then System (22) will take the form:

u = l — v
n W

. 6i; =  " r ^ 7  (23)
4u, =  3 - ^ t

U

whence we find:

which are solutions of System (23).
Now, the problem has been reduced to solving the following col­

ection of systems:

sin2 x =  1 
sin2 y =  0 
sin2 z =  0

• 2 1sin2 a; =  —

• 2 1sm2 z/ =  —

• 2  3sin2 z =  .

From the first system of this collection we find:

x  =  —- +  jiA:

' i/ =  jirc 
z =  jim.

(24)

(25)

From the second system of Collection (24) we find:
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Check. Let us substitute the found solutions (25) and (26) into the 
original system (21). To this end, let us represent x , y, z from Sys­
tem (25) by points of three circles (Fig. 39) as it has been done in 
Example 3.

Let us take point A x. At this point sin x >  0, and therefore 
cosy > 0 (see the first equation of System (21)). Then, of two points

Fig. 39

B u B 2 we choose the point with a positive abscissa, that is, Bx. Note 
that in this case either of points Cly C2 may be taken. Similarly, 
point B 2 corresponds to point A 2. Thus, we have obtained four

geometric solutions: (A1? B u Cx), (Ax, 2?lt C2), (A2, B 2, Cx), 
(A 2j B 2i C2).

Thus, instead of Family (25), we get the following collection of 
families:

x { =  ^ r +  2jxA: f x2 — — +  k

' = 2nn ; ] =  n +  2jtrc (27)
z i = nm  |z 2 =  Jt/7i

(the rest of the suites (x , y , z) contained in Family (25) are extraneous 
solutions for the original system).

Let us now represent x, y, z from System (26) (Fig. 40) by points 
on the circles. Consider point A x. At this point sin x >  0, cot x >  0,
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hence, cos y >  0, sin z >  0 (see the first and third equations of Sys­
tem (21)). Since cos y >  0, on the second circle we choose points with 
positive abscissas: Bx and 5 4. Since sin z >  0, on the third circle 
we choose points with positive ordinates: Cx and C2. Consider point B v 
At this point sin y >  0, hence, tan z >  0 (see the second equation 
of System (21)), and therefore of points Cly C2 we choose point Cx 
(at which tan z >  0). Similarly, point C2 will correspond to 
point S 2.

Thus, we have obtained two more geometric solutions: (Alf B1% Cx) 
and (Alt B 2, C2) and, respectively, the following collection of fami­
lies of solutions of System (21):

#3 =  —f- 2nk  

y3 = ^ -  +  2nn ; 

z3 =  ——f- 2 jxm

=  +  (28) 

z4 =

Reasoning in a similar way, we find six more geometric solu­
tions: (A2j B x, C3), (A2, C4), (A3, 5 2, C4), (A3, fi3, C2)t
(A4, 5 2, C3), (A4, Z?3, C4) and the collection of respective families 
of solutions:

x5 — ^ - - \ - 2 n k x6 - +  2nk x7 =  +  2nk

y b 2nn  ; yg =  ^ -  +  2nn ; 2/7=  - |L +  2ji« ;

z5 == 4?- -f- 2nm
6 i

Z6 = - ^  +  2ltTO 
I 6

z, =  —\~ 2nm
, 6

Xg -— — (- 2zik x9 — +  2nk x10 =  +  2jiAt

^8= x - + 2n« ; y* =  ^ ~ \ - 2 n n  ; 2/io =  ' x '  +  2ji«

z8 =  - y - 4- 2itm z9 =  -^ - - f -2jri» zio =  - y - + 2ixw.

Thus, the collection of families (27), (28), and (29) is the solution 
of System (21).

EXERCISES
In Problems 1560 through 1602, solve the given systems of equations:

1560• {
sin (x+y) =  0 
sin (x— y) =  0. 1561. { sin x cos y =  0.25 

sin y cos £ =  0.75.
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1562.

1564.

1566.

1568.

1570.

1572.

1574.

1576.

1578.

1580.

1582.

1583.

{

sin x + co s y =  0 

sin2 x + co s2 i/ =  — .

(sin xsin y- 
1563. < . n\ * + ! /=  T

(sin xsin y =  0.25 
ji

T *

{sin xA---- -—cos y

J ^ = 0 . 5 .
COS y{ sin x-f-sin y =  0 

Cos x +  cos y =  0.

1565.

1567.

f sin2 x +  sin2 y  =  —

i , n\*+y=T .

[sin2 x +  cos2 y =  - y

i . nI x + y = x -

1569

1571

{cos x +  cos y =  0.5 
sin2 x + s in 2 y —1.75.

\X~ V = T
I cos2 jix — sin2 Jiy =  ~ .

(cos2 x +  cos2 y =  0.25 
'. < . _  5ji

/Cos x +  cos y= 1
. < X ,

1 COS - y + C O S  -
/ 2—2

| cos x sm y =

i i 3ji \x+y = T .

V2

(tan x + ta n  y =  1

I * +

1573.

1575.

1 —tan x 
1 +  tan x = tan y

\x~ v = T -
sin x cot i/ =

tan x cos i/ =

/ 6
2

/ 3

fcos(x—y) =  2cos (x+y)  fsin (x —-y) =  3 sin x cos t/ — 1
Lcosxcosy =0.75. ' ' 7 ' ' ° --------

i

X +U  X — 1/
COS  COS ----- pr——

Isin (x +  i/)= —2 cos xsin 7/.
1

1579.
COS X cos y =  — .

{sin x = 3  sin i/ 
tan x =  5 tan i/. 1581. J * + * “ T

] tan x _ ;
I tan y

{

sin x sin y -
i V 2

tan x tan y  =  —  m

x+ y=  i -
5 (sin 2x+ sin  2y) =  2 (1 +  cos2 (x— i/)).f

ISM. ,585. I / * ■ > » * —  i»»
Isin x =  2 sin y. 1 tan x tan y =  —  # 11^2 cos x— 3 cos y.
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1586 f s in * cos (x +  y) +  sin (x +  y) =  3 cos (x +  y) 
\4  sin x =  5 cot (x +  y).

1587. 1588.{cot x + sin 2y — sin 2x 
2 sin y sin  (x+ y) =  cos x.

/ =  3 1590. ; s in i  =  s in ^
Lcos x =  sin i/.

4 tan 3y =  3 tan 2x 
2 sin x cos (x — y) =  sin y .

1593.

1595.

{

tan x +  cot y =

1 s i££__
I sin y

{

1592.

1| sin x — sin y =  —

cos x+ co s y =

\sin y =  5 sin a:
L3 cos x-J-cos y =  2. 1594. | cos j: c o s  y =

j /j _
2

l +  V̂ 2

{ sin2 x =  cos x cos y 
cos2 x =  sin x sin y. 1596.

cot x cot y =  3 +  2 >̂ 2*
{ cos2 z/ +  3 sin x sin z/ =  0 

21 cos 2x — cos 2y =  10.

1597.
cos2 4x-J- V" 2 6 - 2 ta n (— 2y) =

tan2 (—2y)- 26 — 2 cos 4x =

V  26 — 1
4

1^26 — 1

1598. { sin2 x =  sin y 
cos4 x =  cos y. 1599. |

( x + y + z = n  
1600. < tan x tan y =  2

"•{

x +  y +  z =  rt 
tan a: tan z =  3 
tan y tan z =  6.

r ^ + ^ + 2=.T
1601. <sinx =  2sini/

tan x + ta n  y +  tan 2 =  6 . 11^3 sin i/ =  sinz.
(sin2 x +  sin2 y +  sin2 2 = 1

1602. cos2 X+ cos2 y — COS2 2 =  1 
[tan2 x — tan2 y +  tan2 2 =  1.

1603. Find the solutions of the system of equations

. • 1 nx | sin y = ---- —

1 3cos (x +  y) +  COS (X — y) =  —

Satisfying the conditions: tJi
0 <  x  <  2 ji 

<  y <  2 j i .

SEC. 26. INEQUALITIES

The solution of trigonometric inequalities is reduced, as a rule, 
to solving simplest trigonometric inequalities, that is, inequalities 
of the form sin x >  a, cos x <  a, etc., and also to solving collec-
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tions, systems or collections of systems of simplest trigonometric 
inequalities. For solving them it is convenient sometimes to use 
a circle on which the set of values of the variable satisfying a given

inequality is represented by one or sev­
eral arcs.

By analogy with intervals given by 
inequalities on the number line, it is 
possible to represent sets of points be­
longing to one or other arc of the circle.

Let us agree to use the symbol u M 1M2 
for denoting an arc, where M ± is its 
initial point and M 2 the terminate 
point of the path described by a point 
moving in the circle 2 in the positive 
direction (anticlockwise).

Let there be required to write with the 
aid of an inequality the following arcs 

of the circle 2 (Fig. 41): (1) u 0 o©i; (2) u © !0 3; (3) U 0!© o;
(4) u © 2©i; (5) v J0Oxlf; (6) u M 0 o; (7) u 0 3Af, where M  is the 
midpoint of the arc 0 !0 2.

(1) Point 0 O corresponds to the number 0, point 0 X to the num­
ber — , therefore the moving point of the arc ©0©i corresponds to

a number x such that 0 ^  x  ̂  - y .
If a point of a circle corresponds to the number x , then it also 

corresponds to all numbers of the form x +  2nk (k is an integer). We 
get therefore that the points of the arc ©0©x correspond to the num­
bers x satisfying the following system of inequalities:

0 +  2jtA:^ x ^  +  2jtk or 2nk^  +  2nk.

This is an analytic notation of the arc ©0©i.
(2) For the arc ©i©3 we get: +  2jx/c.

(3) As has been noted above, in this case the arc ©i©2©3©o is 
denoted by k j©j©0. In the first tracing of the circle point 0 X corre­
sponds to the number , and point ©0 to the number 2jx (but not to
0 since the circle is traced from 0 X to 0 O in the positive direction), 
hence, analytically, can be written in the following way:

— +  2 n k^ .  x ^ .  2tl +  2nk*

(4) The arc 0 2©x may be written in two ways:

— jx-f 2nk ^  x ^  —- +  2nk and jx +  2jiw ^  x ^  ~ --\-2nn.

Fig. 41
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(5) U  0 oAf: - +  2jtA\

(6) u  M 0O: +  2jiA: ^  x ^  2ji 2jiA\

(7) u 9 j f :  - — + 2 n k  <  x <  ^ -  +  2n/c.

Remark. Presenting the arc in the form
a  +  2 n k ^ .  (3 +  2jik, (1)

it is necessary to make sure that the inequality a  <  (5 is fulfilled, 
otherwise the system of inequalities (1) 
turns out to be contradictory.

Let now each quadrant of the circle be 
subdivided into three equal parts 
(Fig. 42). We are going to find analytic 
notations for the following arcs:
(1) k jB iB 2 ) (2) l j 0 15 4; (3) yjB^A^
(4) \j A 2Bx\ (5) u 4 4©2; (6) u A zB 2.

(1) Consider the arc Since each
of the arcs 0 0A lf AxB^ ®iA 2, ...,
Z?4©0 has the length , point ^ c o r ­

responds to the number - ,  point B 2

to the number when first tracing the circle counterclockwise. 

Consequently, the analytic notation of the arc B 1B 2 is

y  +  2nA: <  x <  +  2nk.

(2) u  0 ^ 4: — +  2nk <  x <  +  2nk.

(3) v  B3A t: -  H- 2nk <  a: <  ^  +  2nk (or] +  2nn <

x - -J- 2 nn j

Remark. Here, we once again draw the reader’s attention to the ne­
cessity to be careful with the notation of arc ends. Thus, when

first tracing the circle, point Bz corresponds to the number

When continuing motion from Bz to A t and passing through point 
©o, the point begins a second tracing of the circle, that is, point A i
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now corresponds to the number Hence, we obtain the second

notation for the arc B3A^

(4) u A 2Bt: - +  +  2ji* (o r-y -  +  2nn <

x ^  2jirc).

(5) u  ^ 40 2: — -y +  2ji/c ^  a: ^  n + 2nk (or ~ +  2jrrc ^  x ^

3 ji - f  2:rm j .

(6) u  A 3B2: +  2ji& <  x <  +  2nk (or ~  +  2nrc <

x ^  —̂\- 2jtrcj.
Example 1. Solve the inequality

sin x >  - (2)

Solution. By definition, sinx is the ordinate of point t of the circle 
2 corresponding to the number x. We mark on the circle 2 the points

with ordinates -y (points M  and P in 
Fig. 43). The points whose/ [ordinates

I L
exceed — fill the open arc* MP. This

Z

arc is called the geometric solution of 
Inequality (2).

Let us form the analytic notation of

the open arc MP: ^ - \  2zik<C x < - y -  +
2jtZc. This isk ljustj [the solution of 
Inequality (2).

Example 2. Solve the [inequality

cos x <  — .o (3)

Solution. By definition, cos x is the abscissa of point t £ 2 , corre­
sponding to the number x. We mark on the circle 2 the points with
abscissas (points M  and P in Fig. 44). Then the open arc MP  is
the geometric solution of Inequality (3) (the points belonging to this

* An arc with end-points deleted will be called an open arc.
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1 \arc have abscissas less th an -5-1 . Let us form the analytic notation of
1 1 the open arc MP: arccos -^-\-2nk<ix<C.2n  — arccos — f 2jiA*.

Example 3. Solve the inequality

tan x ^  — y  . (7i)

Solution. Tan x is not defined for x = nk. To these numbers 
there correspond points 0! and 0 3 of the circle 2 (Fig. 45). Let ils

Fig. 44 Fig. 45

mark on the semicircle 0 30! a point M = M  (x) such that tana: —
— Y  • Since on the arc 0 3©i (or more precisely, on each of the
intervals of the number line R  mapped onto the arc 0 30i) the func-
tion y = ta .n x  increases, the inequality tan ----  ̂ fulfilled
for all points of the arc 0 30 i which are located clockwise from the 
point M, that is, on the half-open arc* 0 3M.

Further, since the period of tangent is equal to jt, Inequality (4) 
will also be fulfilled for all points of the arc S XP which differs from 
the arc 0 3M by ji .

Thus, the geometric solution of Inequality (4) is represented by 
the union of two half-open arcs &3M  and 0 XP. Let us form the analytic
notations of the indicated arcs. For the arc ®3M  we have: —- ^ |

1 jt2jik< Zx^ . —arctan -y  +  2jtAr, and for the arc ©jP: y  4- 2 

jt — arctan -y -f  2nk.

* An arc with only one end point deleted will be called a hall' open arc.
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However, the solution of Inequality (4) can be written more
JT |briefly: — — -f- <  x ^  — arctan — +  Jin.

Example 4. Solve the inequality

cot X  <  . (5)

Solution. Cot x  is not defined for x  =  nk. To these numbers there 
correspond points 0 O and ©2 of the circle 2 (Fig. 46). Let us mark on

■%/* 3
the semicircle 0 O0 2 a point M  =  M  {x) such that cot x =  j  . For 

this purpose, lay off the arc 0 OM whose length is equal to arccot-—-  =O

•y. Since the function y =  cot a: 

decreases on the arc ©o02> the inequa­
lity c o t^ C  is fulfilled for all points
of the arc 0 O©2 which are located coun­
terclockwise from point M, that is, on 
the open arc M®2 (when solving the

V̂ 3inequality cot # > -—- , we would have to
take the open arc 0 OM). Taking into con­
sideration that the period of cotangent is 
equal to Jt, let us also mark the arc P0o 

on which Inequality (5) is fulfilled (it is obtained by rotating 
the arc M®2 about point 0  by 180°).

Thus, the union of two open arcs MQ2 and P 0 O is the geometric 
solution of Inequality (5). The analytic notation of the arc M®2 is:
— +  2jik <Z x <  jt +  2nk\ the analytic notation of the arc P@0u
is: - y  +  2nk <  x  <  2n +  2nk.

The solution of Inequality (5) can be written more briefly in the 

following way: y  -f- Jtft <  x  <  n +  nk.
Example 5. Solve the system of inequalities

sin z <  

cos# >
(6)

Solution. Let us find a geometric solution of the inequality sin x <
|/*Q
-L—- (the arc MP  of the circle 2 is indicated in Fig.11 47 by internal
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hatching). On the same circle, we find the geometric solution of the 
V2inequality cos x >  — -- (the corresponding arc E K  is shown in

Fig. 47 by external hatching). Then, the intersection of the arcsM P  
and E K , that is, the union of the arcs M K  and E P y is the geometric 
solution of System (6). I t only remains to form the analytic notation 
of either of these arcs. For the arc M K

have: 4 ?—(-2ji/c<  -f- 2zik\we
3jifor the arc EP we have:---- — b 2ji/c<4

X  <  y  +  2 n k .

Example 6. Solve the inequality 

2 sin2 ( ^ +  +  V 3 cos 0. (7)

Solution. Applying the formula 1 — cos 2a =  2 sin2 a , we transform 
Inequality (7) to

1 — cos ( 2.r -f  3 cos 2x >  0,

and further

— cos [2x - \-^ -) + 1 ^ 3  cos 2 x >  —1, sin 2x+  Y 3 cos2x >  —1, 

-i- sin 2x +-^y - cos 2x >  — — , sin sin 2x +  cos cosk2x >  — ^  ,

cos ( 2x — -|-j >  — y  . (8)

We then solve Inequality (8). Setting t=  [2x — , we get

the inequality: cos t > ---- ^  whose solution is found 'with the
0«rr 9w K

aid of the circle (Fig. 48): — g- +  2jiA: <  £ < —  -f  2ji&. Returning
2jt j[ 2jxto the variable a:, we get: — ^ - +  2 n k < .2 x ---- g-< -g- +  2nk, when­

ce ------  +  nk  <  x <  +  jt/c which is the solution of Inequality
(8), that is, also of Inequality (7).
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Example 7. Solve the inequality
6 sin2 x — sin x cos x — cos2 x > 2 .  (9)

Solution. Since 2 =--2 (sin2 x +  cos2 x), we transform Inequali­
ty (9) to

4 sin2 x — sin x cos x — 3 cos2 x >  0. (10)
Since cos2a ; ^ 0 ,  Inequality (10) is equivalent to the following 

collection of systems:

icos2£ = 0  [cos2x > 0  
4 sin2 x > 0 ’ 14 tan2 x — tanz  — 3 >  0.

The first system of Collection (11) has the following solution:

x =  k. The second system of this collection is equivalent

to the following system:

i x =̂= —- +  nk

1 (tan x — 1) (tan

which, in turn, is equivalent to the collection of inequalities:

t a n x < ---- 1- ; t a n £ > l .  (12)

Let us find the solution of Collection (12). The union of the open 
arcs MQX and NQ3 (shown in Fig. 49 by internal hatching) is the 
geometric solution of the inequality tan x >  1, while the union of 
the open arcs QXL and ®3K  (indicated by external hatching) is the

3geometric solution of the inequality tan x < . — . The geometric 
solution of Collection (12) is represented by the union of four arcs:
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M©1? 7V03 , &iL, @3K. Further, since the geometric solution of the 
first system of Collection (11) represents a two-element set{©1? 0 3}, 
the geometric solution of this collection is represented by the union 
of two arcs: M L  and NK.  Let us form the analytic notation of the
arc ML: ^  +  2nk <  x <  jx — arctan-|- +  2jik.

Taking into consideration that the arc N K  is obtained by rotating 
the arc ML about point O by 180°, we may avoid the analytic nota­
tion of the arc N K  and write at once the solution of the collection of

3T 3Systems (12) in the form: -y - f  jt/c <  £ <  re— arctan n/c.
This is just the solution of Inequality (9). 1
Example 8 . Solve the inequality

sin x +  cos x  < —---- . (13)1 sin a; v '

Solution. We have in succession: 

sin x -f  cos x 1 0 sin2 x ~\~ sin x cos x — 1
sin x

sin x  cos x  — cos2.r ^  q cos x  (sin x —cos x)  ^  q
(14)

Let us use the identity sin x =  tana: cos x. Here we reduce the 
domain of definition of the inequality, but do not lose solutions since 
the values of x for which cos x =  0 are not solutions of Inequali- 
ty (14).

Inequality (14) is transformed to the form:

cos2 x  (tanx — 1) , £ tan x  — 1 / AC.------- \ --------- - < 0 ,  and fu rth e r— :---------------------- < 0 .  (15)sin x  sin x  y '

The obtained inequality is equivalent to the following collection 
of systems of inequalities:

“ j t a n z >  1 (16)
[sin a : < 0 ,
|  tan x <  1

_ |s in ; r ;> 0 .  (17)

Let us solve System (16). Figure 50 shows the union of the arcs 
P 0 3 and M@1 which represents a geometric solution of the inequality 
tan x >  1, and the arc 0 2©o which gives a geometric solution of the 
inequality sin x  <  0. The geometric solution of System (16) is
18-0840
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represented by the arc P®3, the analytic notation having the form:
Ojt

—  +  2nk << x  <T y -  +  2jt/c. This is just the solution of System (16).

Let us solve System (17). As is seen from Fig. 51, the geometric 
solution of this system is the union of arcs @0M  and 0 x02 . The

Fig. 50

analytic notation has the form:

2nk < x < i  +  2jiA:; —- -f- 2nk <.x<Cn + 2nk.

Hence, the solution of the collection of Systems (16) and (17), 
and, at the same time, the solution of Inequality (13) is as follows:

- ^  +  2n / c < ; r < —- + 2ji/c; 2nk <  x <  --- +  2nk\ — -f 2 n k <  

x <  ji +  2jik.
Let us note in conclusion that it is not always possible to solve 

a system or a collection of trigonometric inequalities with the aid 
of the circle. This is the case, for instance, when the least common 
multiple of the periods of all the functions entering the inequalities 
forming a given system or collection is greater than the circumference 
of the circle, that is, greater than 2ji. In such cases, instead of the 
circle, the number line is used.

EXERCISES

In Problems 1604 and 1605 solve the given simplest inequalities:

1604 V s Vs. (1) sin x > ------- ; (2) c°s * <  —y - \  (3) tan x > ------— ; (4) cot x ^  — 1.

1605. (1) sin x <  -g- ; (2) cos x >  —0.7; (3) tan x ^  5; (4) cot x > Vs
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In Problems 1606 through 1613, solve the indicated inequalities:

1606.

1608.

1610.

1612.

In Problems 1614 through 1617, solve the given collections of inequali* 
ties:

2 11614. sin x >  —  ; cosx <  0. 1615. cos x <  —  ; tan x >  —3.5.o u

1616. s i n x < ----— ; cot x <  7. 1617. tanx -  '» cot x <  |^2.

In Problems 1618 through 1651, solve the given inequalities:

1618. cosxa > - |~ .  1619. ]^3 sin 2x+cos 2x <  1.

1620. cos 3x+V^3 sin 3x < — V"2. 1621. cos 2 x c o s  x >  0.

1622. . <  0- 1623. sin 3x'> cos 3x.l+ c o s 2 x
1624. tan x +  3 cot x —4 >  0. 1625. sin2x —cos2 x —3 sin x +  2 <  0.

1626. 2 sin® -f cos 2x <  0.

1627. tan3x + 3  >• 3 tan x+tan® x. 1628. 3!P ^  009 jj* ■< o.sin ox -1- cos ox
1629. 5 sin2 x — 3 sin x cos x —36 cos2 x >  0.
1630. 2sin2x —4 sin x cos x +  9 cos2 x >  0.

1631. cos2 x +  3 sin2 x +  2 j/^3 sin x cos x <  1.
1632. 3 sin2 x + s in  2x — cos2 x 1^2. 1633. 1^3 cos“2 x <  4 tan x.
1634. sin 4x +  cos 4x cot 2x >  1. 1635. 2 + ta n  2x+cot 2x <  0.

1636. 2cosx(cosx— V " 8tan x)< 5 . 1637. s in x + c o s x <

18*
cosx *
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7 qin x
1638. sin6 x +  cos6 x <  — 1 1639. cot x -]------------ -  >  0.

1 16 1 cos x — 2

1640. cos2 2x+ cos2 x ^  1 . 1641. 8 sin2 -|- 3 sin x —4 > 0 .

1642. sin x +  cos x >  \^2 cos 2x. 1643. tan x +  tan 2a; +  tan 3 x >  0.
1644. cos 2x cos 5a; <  cos 3a;. 1645. sin 2x sin 3x — cos 2x cos 3a; >  sin 10a;.

) > ”•
1647. 2 sin2 x —sin x + s in  3a; <  1. 1648. 4 sin x sin 2x sin 3x >  sin 4a;.

cos  ̂2x 11649. ------ 5------> 3  tan a;. 1650. 3 cos2 x sin x —sin2 x <  .cos2 a: 2

1CP. cos a:+  2 cos2 a: +  cos 3a; ,1651. ----------1—r-T---—------  > 1 .cos a; +  2 cos2 a; — 1

1646. cota;-f-cot â; +  ~  j- |-2  cot +

In Problems 1652 and 1653, solve the indicated systems of inequalities:

1652.
(cos x <  0 

1 sin - - a ; > 0 . 1653.

x 1
sinT < T
cos 2a; > -----^  .

SEC. 27. PARAMETRIC EQUATIONS AND INEQUALITIES 

Example 1. Solve the equation

sin4 x +  cos4 x =  a, (1)

Solution. Applying the power reduction formulas, we get:
/  1 —cos 2a; \ 2 , / 1 + cos 2a; \ 2  , t ,
[----- 2-------) + ( " ^ 2 ---- / = a ’ and further

cos22x =  2a —1. (2)

Let us find the singular values of the parameter (see Sec. 20), that 
is, the values for which the right-hand side of the equation is equal to 
either 0 or 1 (if 2a — 1 <  0 or 2a — 1 >  1, then the equation has 
no solution).

If 2a —1 = 0 ,  then a =  ; if 2a —1 =  1, then a = l .

Thus, we shall consider Equation (2) in each of the following
! 1 1
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I
(1) If a <  , then 2a — 1 <  0, and Equation (2) has no root.

(2) If a =  — , then Equation (2) takes the form cos2 2# =  0, whence

we find: x - i : .

(3) If -  < a < l ,  then 0 <  2a — 1 < 1 .  Let us transform Equa­

tion (2) to 1+ cos4a: 2a — 1, and further cos 4a: =  4a —3. Since
I

in the case under consideration— <  a <  1, we have: 2 < 4 a < 4 ,

and then — l < 4 a  — 3 < 1 .  Hence, the equation cos Ax = 4a — 3 
has the solution 4x=  ±  arccos (4a— 3) +  2nk, whence

x =  ±  -|-arccos (4a — 3) +  y-fc. (3)

(4) If a = l ,  then Equation (2) takes t^ie form cos22a: = 1 . From 

this equation we find: x = ^ -k .

(5) If a > l ,  then 2a —1 > 1  and Equation (2) has no root. 

Note that if a = y o r  a = l ,  then the solution may also be writ­

ten in the form (3).

Answer: (1) if aC -y * , a > l ,  then there is no root;

(2) if — ^  a ^  1, then x =  ±  arccos y  (4a — 3) -f y - k.

Example 2. Solve the equation
(a — 1) sin2 a; —2 (a-f 1) sin x +  2a —1 = 0 . (4)

Solution. Let us set z/ =  sina:, then Equation (4) will take the
form:

(a — 1) z/2 — 2 (a +  1) £/ +  2a —1 = 0 .  (5)
The first singular value of the parameter a is the value a == 1

which makes the coefficient of y2 vanish.
For a =  l Equation (5) takes the form: — 4*/+ 1 = 0 , whence we

1 1 find: y = — , i.e. sin x =  — , and, consequently,

x = ( — l)ft arcsin +  nk.
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Consider now the case when 1. Let us find the discrimi­

nant of Equation (5). We have: -^ -=  (a +  1)2— (a — 1) (2a — 1) =  

— a2 +  5 a.
The second singular value of the parameter a is represented by 

the values for which D = 0. These values are: a =  0, a =  5. Note 
that D <  0 if a <  0 or a >  5, and D ^  0 if 0 ^  a 5.

Hence, we have to consider Equation (5) in each of the follow-

| 0 < a < 5  
ing cases: a <  0, \ , . ; a > 5 .

If a < 0  or a > 5 ,  Equation (5) has no root.
0 ^  a ^  5 the quadratic equation (5) has two

In the case 

real roots:

JO ^  a

y i,2:
a +  1 ±  l/j>a—-a2

Since y =  sinx, the following inequalities must be fulfilled: 
— 1 <  yi < 1 ,  — 1 <  i/2 <  1-

It is easy to note that the value y { =  —— satisfies

the double inequality — 1 ^  ^  1 only f o r a  =  0. Indeed, if
a =  0, then y =  — 1, if a >  0, then | a + 1  | >  | a — 1 | and the 
more so | a + 1 +  ] /5 a — a2 | >  | a — 1 |, i.e. | y t | >  1.

If a =  0, then the equation sin# =  yx takes the form: s in x =  — 1,

whence we find: x =  — — +  2jik.
Let us now look for the values of the parameter a from the set

[ 0 ^  a ^  5
under consideration: { , . which satisfy the system of ine-(a=£ 1
qualities — 1» that is, the system

a + 1  — V  5a — a2 
a — 1 

a +  1 — V  5a — a2 
a — 1

>  —1

1.
(6)
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System (6) is, in turn, equivalent to the following collection of 
systems of inequalities:

(7)

fa —1 > 0  f a — 1 < 0
[a +  1— Y  5a — — a; <J a -f- 1 — ]^5a — a2 ^  1 — a
[a + 1  — Y 5a — a2 ^  a — 1 [ a + 1  — Y 5a — a2 ^  a — 1.

Let us solve the first system of Collection (7). We have: 
fa >  1 f a >  1
Y 5a — a2 ^  2a and further J5a — a2 ^  4a2 whence we find: 

l Y 5a — a2 ^  2, [5a —a2 1+  4,
1 <  a ^  4.

Solving the second system of Collection (7), we have: 
fa <  1 j f  a < l

^  2a and further (since a ^  (ty J 5a — a2 ^  4a2 when- 
,V^5a — a2 ^  2, l5a —a2 ^  4,

ce we find: 0 ^  a <  1.
Thus, the collection of Systems (7), and, consequently, Sys­

tem (6) have the following solutions: 0 < ! a < : l ;  l < a ^ 4 .  This

means that on the set
a ^  5

a =7̂  1 the equation

sin x = a +  1— y  5 a —a2 
a — 1 (8)

(0 <  a <  4
has a solution only if  ̂ This solution is: x =  ( — 1)AX

arcsin a +  1 — 5 a — a2
a — 1 -\-nk. Note that this notation also includes 

the case considered above if a =  0.
If 4 < a ^ 5 ,  then Equation (8), and, hence, Equation (4) 

have no root.

Answer: (1) if a =  1, then x =  (— i)h arcsin

0 <  a <  4
(2)

ro <  a

lf W i ,

z +  1 — 5a — a2
a — 1then z = ( — l)ft arcsin +  n k ;
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(3) if a < 0 ;  a > 4 ,  then Equation (4) has no root.
Example 3. Solve the equation

cos (« +  *) =  —  . (9)

Solution. Multiplying both sides of Equation (9) by cos x , we 
get: cos x cos [a x) =  cos a, and further

cos (x +  cl +  x) +  cos (x — a — x) =  2 cos a,
that is,

cos (2x +  a) =  cos a. (10)

From Equation (10) we find:

x — nk; x =  —a +  nk. (11)

Check. In the process of solving Equation (9) we multiplied both 
sides of the equation by cos x which led to an extension of the domain 
of definition of the equation, and, hence, might also cause the appear­
ance of extraneous roots. Let us choose from the found collection of 
families of solutions of Equation (10) the families which are solutions 
of Equation (9). To this end, we eliminate from Collection (11) the
values of x for which cos x = 0 ,  that is, the values x-~ ^--\-  nn.

It is clear that the families x = nk and x =  +  nn do not intersect.

Then, setting — a +  nk ----- nn, we find: a-^ — (— 1 — 2k +  2n). 
This means that the family x = a +  nk is a solution of Equation (9) 
only for the values a - (2w — 2k — 1), or, more briefly, for

a =£ — (21 — 1), where I =  n — k (1 = 0; ± 1; ± 2; . . .). 

Answer: (1) if a = — (2l — 1), then £ =  jc/c;

(2) if a^=^~ (21 — 1), then x = nk; x =  — a + n k .  

Example 4. Solve the system of equations

| sin x cos y = a2 ^
I sin yco sx  = a.

Solution. Replacing the first equation of System (12) by the sum 
of the first and second equations and the second equation by the
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difference between them, we get the system equivalent to System (12)

{sin x cos y +  sin y cos x = a2 +  a 
sin x cos y — sin y cos x - a 2 — a 
or (13)

{sin (x +  y) =  a2~\- a 
sin (x— y) = a2 — a.

It is clear that System (13) has solutions if and only if the para­
meter a satisfies the following system of inequalities:

\a2-\-a\ ^  1 
\a2 — a\ <  1. (14>

System (14) is equivalent to the following system:

' a2 +  a ^  1 
a2 +  a ^  — 1 
a2 — a <  1 or 
a2— a ^  — 1

a2 +  a — 1 ^  0 
a2 -f- a - |-T \^  0 
a2 — a — 1 ^  0 
a2 — a +  1 >  0 .

(15)

The second and fourth inequalities of System (15) are fulfilled for 
any a since the quadratic trinomials in their left-hand sides have 
negative discriminants and positive leading coefficients. Hence,

(d2 -\- a —
System (15) is equivalent to the following system: \ 9[a — a —
Solving this system, we find:

/ 5 - 1
2

] / 5 - l
2

System (13) has a solution only for these values of the parameter a.

Thus, l e t -----^  a ^   ̂ * From System (13) we*

get:
i x +  y =  (— l)ft arcsin (a2 +  a) + nk,
1 x — y ~  {— l)n arcsin (a2 — a) +  nn,

and further:
I

{x = ~y ((— l)k arcsin (a2 +  a) +  ( — l)n arcsin (a2 — a)+nk-{- nn), 

*/=-^-((— l)ft arcsin (a2-\-a) — ( — l)n arcsin (a2 — a) -f nk — nn) -
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Answer:

(1) if a <  2 

V  5 —i

1^5-1 . 1^5-1
» U' o then there is no solution;

<2) if ^  a ^  ^ 50 1 , then

x =

If =

cc -J- P -(- Jt (k  -f- Tl) 

2
a — P +  3X (fc — n)

where a  =  (— l)k arcsin (a2 +  a), P =  (— l)w arcsin (a2 — a) 
Example 5. Solve the inequality

tan x +  cot x ^ a .

Solution. We transform Inequality (16) to

^  j  £ .i sin2 ar+cos2 x ^^  a. and fu r th e r-------^ ^  a,— ' n r \a  rain r

(16)

sm x 
cos a;

cos x 
sin x

tha t is,

sin 2x a. (17)

Let us set y =  sin 2x. Then Inequality (17) will take the form 
— ^  a, and the problem will be reduced to solving the following 
system of inequalities:

2f - < a  . p ^ - > 0
|  » i.e. { y
1 — l < y < l ,  1 — 1 < ! / < ! •

(18)

Note that a =  0 is a singular value of the parameter a. Hence, we 
have to consider three cases: (1) a =  0; (2) a >  0; (3) a <  0.

(1) If a =  0, then System (18) takes the form ^

-we find —l ^ j / < 0.

- — > o  ,y whence

(2) If a >  0, then System (18) is transformed to

2

------ 0

— l <  y ^  i>
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whence we find:
y < ° ,  j / > - (19)

Here, the value a =  2 is a singular value of the parameter, there­
fore we have to consider three cases: (a) 0 <  a <  2; (b) a =  2;
(c) a >  2.

(a) If 0 < a < 2 ,  then — >  1, and System (19) has the following
solution: —1 ^  y <  0;

(b) if a =  2, then System (19) has the following solution: — 1 ^
y  <  0; y =  1;

(c) if a > 2 ,  then System (19) has the following solution: — 1 ^  

J/CO; — <  i/ <  1.

( 2 
^ — -

(3) If a <  0, then System (18) is transformed to < — ~—  ^  0 and
1 - I < z / < 1,

further,

I (20)
1- 1 < 1/ < 1.

Here, the singular value of the parameter is represented by the 
value a =  — 2. Therefore we have to consider the following three 
cases: (a) a <  — 2; (b) a =  — 2; (c) —2 <  a <  0.

(a) If a <  —2, we have — > —1, and from System (20) we find

(b) If a =  —2, then from System (20) we find —1 ^  y <  0.

(c) Finally if — 2 < a < 0 ,  we have — 1, and System (20)

has the following solution: —
Summing up, we get the following solution of System (18):

(1) if a <  — 2 , then ^  y <  0 ;

(2) if — 2 ^  a < 2 , then — l^ y < C .0 ;
(3) if a =  2, then — 1 ^  y <  0; y =  1;

(4) if 2, then —1 ^  y <  0; — ^ 1.
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Since y =  sin2x, we get:
1. If a <  — 2, then —- ^  sin 2x <  0, whence (Fig. 52)

2nk -f n <  2x ^  n +  arcsin ( — ) -f- 2:n;&;
2

2nA: +  arcsin — ^  2 x < 2 n k ,  a
and hence,

Jtfc +  — <  x ^  —--— arcsin — +  nk; nk 4- 4- arcsin — ^  x <C ji/c.z  ̂ z d u  o
2. If - 2 ^ a < 2 ,  then — l ^ s i n 2 x < 0 ,  whence

2k& —  n < z 2 x  <C 2nk ,

and hence jt/c — <  a: <  nk.

3. If a =  2, then from the system of inequalities — 1 ^  sin 2x <  0

Fig. 52 Fig. 53

find:
x = —  Jr nk.

4. If a >  2, then from the system of inequalities — 1 ^  sin 2x < 0  
we find (as above) n k — and from the system

~ ^ s i n 2 ; z ^  1 we have (Fig. 53):

2 22nk +  arcsin —  ^  2x ^  ji — arcsin---- \-2nk,a ^  ^  a 1

7 - 1 . 2 ^  ^  n 1 . 2 1 7jx/c 4- -pr- arcsin — <  a: <   ^  arcsin--h nk.1 2 a ^  ^  2 2 a

whence
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Answer: (1) if a<Z — 2, then nk-\- —  <Z.x — a +  :rt/c;
jifc +  a  ^  x<i nk;

(2) if —2 ^ a < 2 ,  then jik --- — <C  ̂<C jx/c;

(3) if a =  2, then nk----^-<^x<^nk; x =  +  nk\

(4) if a >  2, then jtfc----—< £ <  Jt/c; n/c +  a ^ a :^ -^ - — a +

where a =  4 “ arcsin — .CL

EXERCISES

In Problems 1654 through 1686, solve the given equations:
1654. cos 2a;— cos Ax =  a sin x. 1655. 12 sin x +  4 1^3 cos (ji +  a;) =  a Vd-

1656. sin (a; — a) =  sin x +  sin a. 1657. sin (a +  x) +  sin x =  cos —■.

1658. a (sin x +  cos x)2 =  b cos 2a;. 1659. (a — 1) cos x +  (a +  1) sin x =  2a.
1660. sin (a; +  a) +  cos (a; +  a) =  sin (x — a) +  cos (x — a).
1661. 1 +  sin2 ax =  cos x. 1662. sin6 x +  cos6 x =  a.
1663. sin4 a; +  cos4a; +  sin 2a; +  a =  0. 1664. tan x +  tan a +  1 =  tan x tan a.

1665. a cos2 ---- (a +  26) sin2 -^- =  a cos x — b sin x. 1666. tan ^  — q2 2 sin bx

1667. sin 3a: =  a sin x. 1668. cos 3a; =  a cos x. 1669. 2 cos (a -4- x) =  C0S a
cos x

COS CL1670. sin(x +  a) =  . 1671. cos x — sin a +  2 cos 3a; sin (a — 3a;) =  0.

1672. a2 — 2a ~\------ -—\—■—r = 0 . 1673. sin x +  2 cos ax =  3.
c o s 2j t  ( a - \ - x )  1

1674. sin2 x +  4 sin a;+a =  0. 1675. cos2 x —3 cos x-\-a=  0.
1676. sin4 x — 2 cos2 x +  a2 =  0. 1677. a_ ± sm * -  a +  cosx

a cos x + 1  asma; +  l
1678. tan2 x +  tan (a +  z) tan (a—a;) =  0. 1679. tan2 x — 2 tan a tan a;+ l =  0.
1680. sin x tan x-\- 2 cos x =  a. 1681. sinatan2a;— 2 cos a tan x-\-1 = 0 .

1682. arctana — arctan ~ =  arc tan x.
a + 1

1 11683. arctan------ — arctan — r- =  arctan a.x — 1 a;+ l
1684. sin 3a; +  sin 2a; =  a sin x. 1685. (sin x +  cos x) sin 2a; =  a (sin3 x +  cos3 x).
1686. sin2 a; — sin a; cos a: — 2 cos2 a; =  a.

In Problems 1687 through 1697, solve the indicated systems of equations:
1687. f sin x +  sin y =  a 1688. ( cos a; — cos y =  a

\ x +  y =  b. \  x + y  =  b.
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1689. f sinxsin^  =  a 1690. f sinxcosy =  a 
I x-\-y =  b. \  x +  y =  b.

1691. f sin2 a;—sin2 z/ =  a 1692. r sina;siny =  a
I * + y  =  b. I

1693. r sin a: cos y =  2a 
I cos a: sin i/ =  a.

1695. r sina;cos2y =  a2H-l 
\  cos a: sin 2 y  =  a.

1697. f sin x +  sin y  =  a
\ sina;sin*/ = —2a2.

In Problems 1698 through 1700, solve the given inequalities:
1698. 1 +  sina; . 1 — sin x ^ 1699. 1 +  sina; , 1— sin a:^  a.

cos x cos y =  3a. 
1694. f cot a; +  cot y =  a 

I x +  y = b .
1696. |  x — y =  a

2 (cos 2x +  cos 2y) =  1 -f- 4 cos2 (x — y)~

1700. cos a:

1 — cos x 1 +  cos x 
1

1 +  COS X  1 — cos X
<  a.

COS X
^  a.



Answers

1. ( a -  1) (a+1) (a2 +  1). 2. (a — 1) (a +  1) (a2 +  a +  l)(a2- a + 1).
3. (a2+ l ) ( a 2 +  a / 3 + l )  (a2 — a / 3  +  l) .  4. ( a - 3 ) 2 (a+3)2. 5. ( a - l ) 2(a +  
I)2 (a2+ a + l ) 2 (a2—a + 1 )2. 6. (a— 1) (a2+ l )  (a2 +  a + l) .  7. ( a - l ) ( a  +  l)3.
8. (a—6 +  c) (a + 6 —c) (—a + 6  +  c) (a+ 6 +  c). 9. (a2+a6 +  62) (a2— a6 +  62).
10. (a+1) (a—1) (a2 +  5). 11. (a2+ l )  (4a2 +  l). 12. ( c -1 )  (c+1) (c2-^a6>
13. (a2+ 6a+ 1 8 )(a 2-6 a + 1 8 ). 14. (a2 +  a + l )  (a2—a+ 1). 15. (a2+ a + l ) ( a 2 — 
a + l j ^ + a / i j + l i  (a2—a / 3 + l ) .  16. (a2 +  l) (2a2+ a + 2 ) .  17. ( a + / 2 ) x  
(a— V 2) (a2+ 3 a + 6 ) . 18. a (a+1) (a2+ a + 7 ) .  19. (a—1) (a2+ l )  (a2+ a + l ) .  
20. (a+  26) (26 — c) (a—c). 21. (a+6) (6 +  c) (c+a). 22. (a—2c) (6 —2c) X
(a+6). 23. a (a—l) (a + l) (a —2)(a +  2)(a—3)(a+3)« 24. 5a6(a+6)(a2+"
a 6+ 62). 25. (a—6) (6 — c) (c—a) (a6 +  6c+ca). 26. (6+c) (2a—6)(2a+c) X
(2a+ 6—c). 27. 3 (a+ 6) (6 +  c) (c+a). 28. (a2+ a  /* 6 + 3 )  X
(a2- a / 6 + 3 ) .  29. (a2+a& / 2 + & 2) (a2- a 6  / 2  +  &2). 30. (a—1) (a+3)2.
31. (a2+ 3 a + l ) 2. 32. (a+2) (a+6) (a2 +  8a+10). 33. (3a2+ 4 a - l )  (3a2+
2a +  l). 34. (a—6) (6 — c) (a—c) (a+ 6  +  c). 35. 3 (a—6) (6 -c )  (c -a ) .
36. 3 (a+c) (a -c )  (a2+ 6 2) (62 +  c2). 37. (a2 -  ab — 62) (a2 +  3a6 +  62).
38. (a + 6 + c )  (a6 +  6c +  ac). 39. (a + 6 + c )(a + 6  — c) (a—6 +  c) (a—6 — c).
40. (a+1) (a2+ a + l ) ( a 2—a+ 1). 41. (a2+ a + l ) 2. 42. (a+6)2 (a2- 4 a 6 - 6 2).
43. (a2+ a / 2 + l )  (a2— a / 2 + 2 ) .  44. (a2+ a + l ) ( a 8—a7 +  a6—a4 +  a3—

a + 1 ). 48. For a —1.

54. a ^ -4  2a2+  3
a2+  5 • 3a2 —3

51. 5a+ 4  
a2 +  a + l

56. 5a2 —36 
a2 +  2

52. a4 + 1 
a +  1 53.

57. 1
a2— 62 ’

a2 —1 
a4 — 2a2+ 4  *

58. 16a15 
1 —a16'

59. 32 
1 — a32 *

64. 0. 65. 0.

a (a +  5) ‘

6 6 . - + - .  67.a +  c

61. a
a2 — 1 " 62. 2a. (a+ 6  +  c)2 

63 * 26c
2a4 

a8 —1668. 68. 0. 69. a +  6 +  c. 70. (a +  6)X

(b +  c) (c +  a).

n99. S n =

121

75. 9. 

100. Sn =  -

97. Sn = 2/i +1 98- 5" = 3 ^ T
101. 5 n =  (—l)n+1 n (re +  1)

120. 39.4re +  l  ‘ “ n 5 „ + i ......................   ' *' 2

5 6 /1 0 + 1 2   ̂ l22 IQ 1 2 3 . - / ^ .  124. 4  . if - 1  and

6 if 6 <  —1; 6 >  1. 125. a + 6  if a >  0 and 6 >  0, and a (a+ 6) if a <  0 and
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b <  0. 126. 2 + / S -  127. Y 2—1. 128. 3. 129. y"2.
130. ( jA § + 1)1^2. 131. 1 +  Y 2 -  132. / 3 —1. 133. |^ 5 —2.
134. y j + y i m 135, (^5 + ^2 )(l^5 + V A2) ^

136 ^225+^105+1^49 ^  / 2 ( l ^ 3 + ^ 5 )
8 2

,38. YHi+Yi-YM,  ,39. yi-Vi.  , « .  YS-YJS-Yu+Yio
4 2

141. 2~ ^  . 142. —l^y"2 +  ̂ 2 ( l / ' 2 - K 3 )  (4 + 2  v^9 +  3 >/3).

143. l +  | / ’2. 144. True. 145. True. 146. True. 147. True. 148. True.

149. True. 

163. \fa.

150. True. 151. True. 161. 2. 162. Y m  — V n -

164. Y  & — 1* 165. —1, if 0 <C a ^  1; ( Y 1 — a2+1)2 
S2

i f  —l<a<0. 166. Y ( m — n)2*

170. ^ Y 7 T -  * 171, T ~ *r 1 +  a 1 — a2

167. a + b .  168. k V a -  169. Y J '  

172. 4a. 173. 1. 174. - ^ 6 .

2 _
175. g3 +  1 . 176. -jY r Y -  177• - ^ 6 -  178. 179. a - 1  if

4 v o-|-y 6 2
6 / T—1, a=7̂ 0 , a -7̂= 1, and 1—a if a <  —1. 180. 2a. 181. y  — . 182. (a) 0;

<b) 3; (c) - 1 .  183. (a) 2-_ ; (b) .

(b) — . 187. (a) 0; (b) 0.

Vi25
186. (a) log3 12; 

4(3 —a)

184. (a) 24; (b) 890. 185 . 0.

a + 3188. 3.0970. 189.

190.

195.

3 -\-a
3a — 6 +  5 
a — b -|-1

191.

196.

1 — a 
a-j-1 

2a+6 -

192.

197.

2 —a
a+6

r(p +  g) 
PQ

193. _1_
6 •

198.

194,

5a — 3 
6~

2 (a +  1) *
a —1~ 2fr — 2 

1 — a

. 199. 1.

207. loga b. 208. loga 6. 209. a + b .  210. 6log*a. 211. —a if 0 < a < l ;
a —2 if a >  1. 212. loga 6 if a > 1  and 6 > 1  or if 0 < a < l  and 0 < 6 < 1 .  
213. 0 if a > l  and b > l  or if 0 < a < l  and 0 < 6 < 1 ;  — 2 (log6 a + lo g a b) 
if a >  1 and 0 < 6 < 1  or if 0 < a < l  a n d fe > l. 214. loga6. 215. 2 if 
l < a ^ 6 ;  2 loga6 if l < 6 < a .  269. a > b .  270. a < 6 .  271. a > 6 .
272. a < b .  273. a > b .  274. a > b .  275. a <  6. 276. (a)a=6;
(b) a = b .  277. (a) a >  b; (b) a < b .  278. (a) a >  b; (b) a >  b. 279. a > b .  
280. a < 6 .  281. a < 6 .  282. a C b .  283. a < 6 .  284. d < b < a < c .
295. Yes. 296. No. 297. No. 298. Yes. 299. Yes. 300. No. 301. Yes. 
302. Yes. 303. Yes. 304. No. 305. Yes. 306. Yes. 307. No. 308. No.
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309. Yes. 310. No. 311. No. 312. No. 313. No. 314. 4. 315. 0; - 2
316. 13. 317. 5; —2. 318 . 9. 319 . 8. 320 . 6. 321. 6. 322 . 2; 34

323 . 4. 324 . 3. 325 . 4. 326 . 8. 327 . 5. 328 . 5— . 329 . 3; 4. 330. 3.331. 1

— 1; i; — 1. 332. 2; —2; 1 +  1 / 3 ;  l - i / 3 ;  — l +  i / 3 !  — 1 - 1 / 3
333. / 2  +  i / 2 ;  / 2  — l / 2 ;  —/ 2  +  i / 2 ;  — / 2 — 1 / 2 .  334. 1; — 1
/ 3 + i  . / § - !  . ~ / §  +  i . - / 3 - i  - l  +  i / 7

2
— 1— 1 / 7

- y  ; 3. 339. 1; 2; 5; - |

341. 1; 2;

2 2 2 

336. —1; 2; 3. 337. —1; —3;

340. —1; 2

— 1 +  1 / 3  . —1 — 1 / 3

335. 1; 

-5. 338. - y

— 3 +  i / 3 ;  —3 — 1 / 3 .

342 . 3; —3; - 4 ;  1 / §

- 1  / 3 .  343. - 1 ;  ~ 1+ 4̂ 15 ; - 1- / 15.

. 20+1 / 5 9  . 2 0-1  / 5 9  
17 17

1 +  1 / 2 3  .1  — 1 / 2 3  
4 ’ 4

345. 4;

347. 1; - 1 ;

349 . 2; —2; 21; —21; — 

350. 2; 3; 5 +  ;

352. a  +  U + Y ?
Z 5

1 + i  1 ^ 1 5  . 1 —  i ] / l 5  
2 ’ 2

348

346. 2; - 2 ;

i / 6

344. — 

3 1^21

i;3 ; -3-.
3 /  21

M p ;  l  +  2 i ; l - 2 i .

2 2 ’ 2 ’ 2
5 - 1  / 3  

2 351. 3; — 1; 1 +  V lo ; l — T/"l0*

. 1 -2 1  /  6 
’ 5 353. 0; 1; —1; —2. 354. 0; 1;

355. 1; 2; 9 + '/  51 ; 9 * T'—1 . 356. - 1 ;  2;0 0

i + . ; 1 - c = i + o ; - ■ - l v '~7 . 357. 3 + /  21 . 3 — /  21 .

3 + 1  / 1 1  . 3 - 1  / 1 1  
2

359. 2 ’ 2 
5 . —7 + 2 1 / 2  —7—2 1 / 2
4 ’ 8 ; 8

----- , -------g----- • 358> ~ 3: 2;  2------  ’
— 5 + / 1 3  . —5 - / 1 3  . — 5 + 1 / 3 .  - 5 - 1 / 3

2

— 1 +  i / 1 5 - 1 - 1  / 1 5  
2

3 6 0 . ---- i - ;

oc< 11 9 1 0 + 1 / 7  l O - i / 7
d b I ‘ T  ; T  ; 2  ’ 2  •

1 2 -f- i # 2 — £362. —3; —5; — 4 + i / 7 ;  —4 —1 / 7 .  363. —y  ; — g— , — g-

1 1 . 3 + 2 / 7  . 3 - 2 / 7
364. 1 , ---- r . 3 6 5 . ------------   io-- -----To----

, c c  1 . - 1  +  1 . - 1 - 1366. —y  . -----5—  , -----5— .

i / 2 19-0840

2 ’ 19 19
ofi7 1 . 3 . 1

2 * 2 2 • 2 ’ 2 ’ 4 ' 368. 0.3; 0.4; 0.5.
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369. 1; 4 - 370. —3; 3 + i  / 8 3  . 3 — i / 8 3

— l  +  l / 7 .  - l - i / 7
2 2

o,o 1 . - 1  +  / ?  . - 1 - / 7
i16, 2 ’ 2 ’ 2

3 7 1 - t ;

7 .  —2+31 / 2  ' - 2 - 3 1 / 2
6 U ' T  ’ 4 ’ 4 •

o „  o. 1 . l  +  * / 3  . 1 - i / 3  
^  2 ’ 2 ’ 2

1375 . 2; <c
- 3 - / 5

2
3 - / 5

—1 1 + / 1 0 5 .  —11— / l 0 5
4 4

- 3 + i  / 3 9  _ - 3 —i / 3 9  
2 ’ 2 
— 1 —i / §

376. 1; - 3 + / 5  .

377. 2; 6 ; 

— 1 +  i / §

378. 3 + / 5

—3 + 1  / 1 1  . — 3 — 1 / H

38,. i . w i i i . M i ! !
4 o

380. 2; —1;

Ll
8

— 2 + i / 5 ;  - 2 - i / 5 .

i^2384. 0; —1. 385. •

383. -1; 9;

379. l +  2i; 1 - 2 i;

— 3 + / 1 7 .  — 3— / l 7  
2 2

382. 2 + 1 / 3 ;  2—1/35

5 + 1 / 6 1  . 5—1 / 6 1

-! +  £ ? ;  _ 1 _ £ 1^  2 ’ 2 *

2 2 

386. 4; —4. 387. 3;

17
S -  388*
3 + i  / 1 1  . 3—1 / 1 1

( - » ■ + ] .  389. ( — ; • § ] . 390. 3 + / 5  . 3 - / 5  .

391. 1 +  / 2 ;  1 - / 2 ;  1 +  / 6 ; 1 — / § ;  392. 1 ;

- 3 + / 1 7 393. — / 2 ;  1— / 5 . 394. - 5 + / 1 1 3 395. 0 .

396. - 2 ;  0. 397. —3; - 2 ;  0; 1. 398. [ — 1; 0]. 399. —y  ; —

400. [2; +oo). 4 0 1 . - | ; - | . 11403. l;

405 . 2; y . 406. — 2.

402. [1 , 2].

407. (—oo; —2] U [2; oo). 408. —2.

409. 410* - 3 ;  2 ; — — 411.  - 1 . 412. ( - 0 0 ; - 3 ]U[3 ;oo).

413. [ - 3 ;  —2]U[2; 3]. 414. 2. 415. 

1

- 1  +  / 5 416. 4!7. - 3  ;2 *  2

; 2. 418. (—4; - 4 ) ,  ( - 6 ; - 2 ) .  419. ( - 4 ;  - 5 ) ,  (5; 4). 420. (2 ;-5 ) ,

( -4 ;  3), ( l + 2 / 3 ;  3 + | / 3  j ? ( i _ 2 / 3 ;  8~ 8 ^ 3 ) .

— 5 + / 1 4 0  . — 7 + / l 4 0 \  /  — 5—/ l 4 0421. (i; i). (-- 5+ 5v 1 4 0 ; - 7V  ) > ( :
7— /1 4 0  \

7 /
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422. (4; 1), ( - 2 + 2 1  / 3 ;  — -  +  l ^ y ) .  ( - 2 - 2 *  / 5 ;  - y - l - * y ) .

423. (2; 0), (0; —2). 424. (1; 1; 1), (7; - 3 ;  - 1 ) .  425. (3; 1; 2),

( ? ■  S M I ) -  « •  ( - § • = » ) • ( - /  - » ) •  < *  * •  - 2 >-

427. (1; 2), ( - j - j  ; — ) . 428. (1; 1), (3; 2), ( - 1 ;  - 2 ) ,  ( -1 1 ;  - 7 ) .

429. (1; 1; 1), ( - 2 ;  —2; —2). 430. (0; 0), (4; 2), ( - 2 ;  —4). 431. (1; 0).

432. (3; 1), (3; - 1 ) ,  ( - f l y p )  . ( — §- 5 ~ y p )  . 433. ( 3 / 5 ;

/ 5 ) ,  ( - 3 / 2 ;  - / 2 ) ,  ( 3 / 2 ;  - / 5 ) ,  ( - 3 / 5 ;  / 5 ) .  434. (3; 2), (1; 4),

< - *  - 4>- < -*  - *  «*• (x -  4 ) -  ( 4 =  - f ) >  ( - /  - 4 )  ■

( — r ; - r ) -  (*  - ¥ ) ■  «• <>■

438 . ( t ; ------ | - l )  , ig i l . i  439. (t; 7<), t £ R .  440. ( /  30 
40 ’

/  30 
10 ) •

< - * - *  « M 24 ) -

( - *  - 4 - )  • P ?  : - ^ )  - *  *•
( - 1 ;  - 2 ) ,  (2; 1), ( - 2 ;  - 1 ) .  444. (2; 3), ( - 2 ;  - 3 ) ,  (3; 2), ( - 3 ;  - 2 ) .

31 / 3

445. (2; 3), (3; 2), ( - 1 + 1  / 3 ;  

I 3 . 31 / §
I ,  ■ ,  ; - <  +  - ^ ) 2. ( H b - W 1 ; - , 2,

446. (0;0), _ ( / 7 ;  / 7 ) ,  ( - / 7 ;  - / 7 ) ,  ( / l 9 ;  — / l 9 ) ,
(— / l 9 ;  / 1 9 ) ,  (2; 3), ( - 2 ;  - 3 ) ,  (3; 2), ( - 3 ;  - 2 ) .

/ 2 + l / § .  I / 2 —  i / 5
2

447.

/ - 2 - H / 2  .

; / 2 + i / 5 )  , (

; —2 + i / 5 j  , ( — / 5 — i / 2  ,

2 -1  / 2  ) , 

— 2 — i / 2  |  .V 2 ’ " 1 " r *7 ’ V 2
(2; 1), ( - 2 ;  - l ) , ( 2 i ;  1), (-2 * ; - i ) .  448. (3; 1), (1; 3), ( -1 ;  -3 ) ,  ( - 3 ; - l ) .  
449. (3; 2), ( - 2 ;  - 3 ) ,  (0; 0). 450. (0; C), (3; 2), ( - 4 ;  -1 2 ) . 451. (3; 5),
(5; 3), ( - 5 + 2 1 / 2 ;  - 5 —2 1 / 5 ) ,  ( - 5  - 2 1 / 5 ;  - 5  +  2i / 5 ) .
452. (2; 3), (3; 2), (—2 + / 7 J  - 2 - / 7 ) ,  ( - 2 - / 5 ;  - 2 + / 7 ) .

— 3 + 3  V 5 —3 - 3 / 5  \
2 ’ 2 / ’453. ( — 2; 3), (3; —2). 454. (6; 6), (-

19*
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- 3 - 3 / 5  . —3 + 3  / 5
) •

455. (1; 4), (4; 1), — 5 + / 4 1

. ( = ^  : - ^ ± ^ ) . « .  « ; 3), ,3; 9 ,

'lo3\ 
48 ) '

457. (2; 3), (3; 2). 458. (1; 5), (5; 1), ( — 1; - 5 ) ,  ( - 5 ;  —1). 459. (2; 1),
(1; 2). 460. (2; 1), (1; 2), ( - 2 ; . - l ) ,  ( - 1 ;  -2 ) ;  (0; 0). 461. (2; - 1 ) ,
( - 2 ;  1), (1; - 2 ) ,  ( - 1 ;  2). 462. (3; 1), ( - 1 ;  - 3 ) ,  ( / l 3 ;  - / l 3 ) .
463. (1; 2; - 1 ) ,  ( - 1 ;  - 2 ;  1). 464. (1; 2; - 1 ) ,  ( - 1 ;  - 2 ;  1),

/ 3 , 1 /'1 0 3  3 - i / ' 103’! I 3 l / i ^ ! 3 __ 3 _i_ i  /
\ 4 +  K 4 8 ’ 4 K 48 J ’ \  4 1 4 8 ’ V

/ 3 / 7 .  5 / 7 .  / 7 \  / 3 / 7  5 / 7 .  / 7 \
\ 7 ’ 7 ’ 7 / ’ I 7 ’ 7 ’ 7 /

465. (2; 1; 0),

( - 2 ;  - 1 ;  0). 466. (0; 0; 0), (1; 1; 1), (0; / 2 ;  / 2 ) ,  (0; - / 2 ;  - / 2 ) ,
( /2 ;  0; Y 2). ( —/ 2 ;  0; - / I ) ,  (l^2; / 2 ;  0 / ( - / 2 ;  —/ 2 ;  0).
467. (1; 2; 3), (1; 4; 1), (5; 2; - 1 ) ,  (5; 4; - 3 ) .  468. (1; - 2 ;  3), (3; - 2 ;
1), (1; - 3 ;  2), (2; - 3 ;  1), (5; —I;! 1), (1; - 1 ;  5). 469. (0; 0; 0),
{ Y 25 / 2 5  / 2 ) ,  ( - / 2 ;  - / 2 ;  - / 5 ) .  470. (3; 2; 5), (3; - 2 ;  - 5 ) ,
(—3; —2; 5), (—3; 2; - 5 ) .  471. (9; 3; 1), (1; 3; 9). 472. (3; -2 ;_ 2 ),
/9  +  3 / H  . — 7—3 / 5  1—3 / 5 \  / 9 —3 / 5  — 7 +  3 / 5  . l +  3 / 5 \
I 2 2 ’ 2 j  ’ I 2 ’ 2 ’ 2 /  '

473. (1; 2; 3). 474. (1; 1; 1). 475. (1; 1; 1). 476. (l; 2; —  ] ,

*77. (7_= /H a . 7 ± £ l l$ .  ,

( — 7 + / 1 1 3  —7 — /1 1 3
\  2 ’ 2 :

t + ; 2 ) ,  ( 2 U + )  . +
\ / 7 +  /1 1 3  7 — Y" 113
) ’ I 2 ’ 2

n\ I —7 - | / T l 3  _ — 7 + / 1 1 3  . 
9/ ’ \ 2 ; 2

1

; 9 

- 9

)■

) •

) •
(3; 4; 5), (4; 3; 5), (—3; - 4 ;  —5), (—4; —3; —5). 478. (0; 0; 0), (1; 2; 1),

(2; 1; 1), ( 3± Y ] >  . 3 - / 6  . 2 \ /  3 — / §
3

479. (13; 0; 13), (8; 2; 4). 480. 31.
484. 285 714. 485. 54. 486. 83

‘ x ) .  (
481. 24.

3 +  /  6
‘ x ) -3 ’ 3

482.12 and 1232. 483.103.
487. 428 and 824. 488. 8 hours.

489.820. 490.6; — 491. 12; 24; 36; 54 or 52.5; 37.5; 22.5; 13.5. 492.5103

°r 1H"* 493. 931. 494. 1350. 495. 12, 18, 27. 496. 20. 497. 5.
498. 0.25 kg. 499. Either 12 or 9.5 roubles. 500. 2. 501. 24 and 16.
502. 35 kg of wheat-dour and 45 kg of rye-flour. 503. By 20%. 504. 3%.
505. 200 roubles. 503. By 38.8%. 507. By 10%. 508.1. 509. 44 work­
ers. 510. 32 students. 511. 20 km. 512. 50 km/h. 513. 10 km/h.
514. Either 360 cm and 18 cm/s or 60 cm and 6 cm/s. 515. 1375 km.
516. 840 km, 80 km/h, 70 km/h. 517. 40 m/min. 518. 6 km/h and 3 km/h. 
519. 6 m/s and 8 m/s. 520. 20 km/h. 521. 20 km/h. 522. 3 km/h and 
1 km/h. 523.8 km. 524. 10 hours and 9 hours. 525. 60 km/h and 40 km/h.
526. 15 hours and 10 hours. 527. a (l +  ]^2) hours. 528. 50 km/h and 
100 km/h. 529. 60 km/h and 100 km/h. 530. 40 m/s and 36 m/s. 531.15 m/s,

1 1
10 m/s. 532. 20 m/min, 15 m/min, 230 m. 533. . 534. 25 hours.
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535. 16 hours. 536. 2 hours. 537. 25 km/h. 538. The speeds of the steam-
launches are equal to 15 km/h, the rate of flow of the river is equal to 3 km/h.
539. 14 km/h. 540.1 s. 541. 10 km/h. 542. 20 km/h. 543. The speed
of the first pedestrian is twice the speed of the second. 544. At 8.30 p.m.
545. Ten-fold. 546. 3 hours. 547.1:2. 548. 30 <  v <  40. 549. 8 km/h
and 7 km/h. 550. With the cyclist. 551. 2.75. 552. 48 km/h. 553. 6
hours and 4 hours. 554. 4 hours. 555. 3 hours. 556. 24 hours.

10 4557. 90 s. 558. 20/33 hours and hours. 559. 4 hours and y  hours. 560.
80 km/h. 561. 60%. 562. The first team manufactured 13 workpieces, the second 
team 11. 563. 60 m3/h and 24 m3/h. 564. 16 hours. 565. Twice as much delivers 
the second pipe. 566. The oil-level rose. 567. 20 hours and 30 hours.
568. 3 hours and 4 hours. 569. 12 hours and 8 hours. 570. — hour andb
5 20 16-75- hour. 571. 16 days. 572. - 5-  hours and —  hours. 573. 7.5 hours andlo O u

10.5 hours. 574. 14.4 hours. 575. 3 hours. 576. The productivity of 
the second factory is twice the productivity of the first. 577. 6 days, 

fin
578. — minutes. 579. 8 hours. 580. 50 hours. 581. Three-fold.

0
582. -jr- times. 583. 10 days. 584. 28 roubles and A is more expensive.
585. 300 g and 500 g. 586. 441 g. 587. 40 tonnes and 60 tonnes.
588. 187.5 kg. 589. 15 tonnes. 590. 53%. 591. 5%. 592. 10 kg.
593. ~2.77 kg. 594. 1:3. 595. 1.64 litres and 1.86 litres. 596. 15 kg.
597. 10 kg, 69%. 598. Two times. 599. 18 kg. 600. a +  b — c.
601. 6 litres. 602. 18 litres. 603. 2.4 kg and 4.8 kg. 604. 3.5 litres 
of glycerin and 0.5 litre of water. 605. 10 litres. 606. 5% and 10%.
607. 15% and 40%. 608. 62.5 ’o and 55%. 609 . 0  . 610 . 7; 8 . 611. 2.
612. 0. 613. 0; 2. 614. 0 . 615. 2 V 2; —2 Y 2. 616. 0; 0.5.

620. 1 ; — — .o 621. 1; ------ 3- .617. 1.25. 618. 1; - 1 . 619. 64.
622. 1; 2. 623. 4; —4. 624 . 2 . 625. 1024. 626. 1." 627. —0.5. 628." 1 .

— 1 +  /  74602629 . 6 ; —2.

— 1 —V"74602 
18

637. —1; 0. 
643. - 2 ;  5.

1

630. 2; —7. 631. 4; —1. 632.
18

633. 1. 634. —1; 8 ; 27 . 635. 1; — 1 .  636. 1 .
638. —2; l .  639. 5. 640. —37; 6 . 641. 2. 642. 15.

644. 1. 645. 2. 6 4 6 . 1 . 647. —8 8 ; —24; 3.
648. —1; — y  ; 1; 2. 649 . 2. 650. 1. 651. 1; 2; 10. 652. 1; 20. 653. —3; 3.

12 YTl 12 1̂ 21
----: 8 — ------------- ;=— . 656. 0. 657. 1416. 658. 9.654. —2. 655. 8 ; 8  +

. 2; 3.

6 6 6 . 2; 6 . 667. 1; 32. 6 6 8 . 17 +  /2 5 7 ;  1 7 - ^ 2 5 7 .  669.

7 ’ ~ 7
659. 12 . 660. 1 . 661. 2; 3. 662. 1 ; 4. 663. 2 ; 6 . 664. —61; 4. 665. 16; 81.

6 Y 119
__  119 -

670. 0 . 671. 0.25. 672. 3; 5+ ^ 297< 673  . 2  ; 3. 674. 1; - 6 .

675. 1. 676 . 3. 677 . 5. 678. 679. (1; 4). 680. (9 ; 4).

681. (3; 2), (—  ; - y )  . 682. r( y  ; - 1 )  . 683. (7; 13), ( - 7 ; - 1 3 ) ,
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( -  ; 14) , - 1 4 )  . 684. (3; 1). 685. (12; 4), (34; -3 0 ) ,

(103-19  V l7 ; — 77 +  25 / 1 7 ) .  686. (2; 8), (8; 2). 687. (1; 9),(9; 1).
688. (4; 1), (1; 4). 689. (8; 1), (1; 8). 690. (8; 1), (1; 8). 691. (8; 1),

t AQ A\ \
( - 8 ;  1), ( - 8 ;  - 1 ) ,  (8; - 1 ) .  692.(1; 7), (7; - 8 ) ,  ( — - ; — ) .

693. (0; 0). 694. (5; 4). 695. (2; 3), ( y  ; — | )  . 696. ( — - ;

698. (3; —2; 6). 699. (5; 4; 5).
3 + / 1 3  . 3 — / l 3  

2 ’ 2703.

697. (4; 9; 1 ), ( - 4 »  - 9 ;  - 1 ) .

™>- (S’ - ! ■ ! ) ■  ’ » ' •  3 . 7»2. - 3 ;  1 .

704. 3; — 4 - .  705. 3; - 4 - .  706 . 3. 707. 2. 708 . 0. 709 . 0.2 5
710. — 1 ; 1 ; / 2 ; — / 2 .  711. 3. 712. 1. 713. 3. 714. 2.5.
715. 0. 716. 1.5. 717. — 1 ; 1 . 718. 0. 719. log0. 45; — 1. 720. 0.
721. — 1 ; 1 . 722. 1. 723. 0. 724. 0. 725. 1; 1 +  / 2 ;  1 — / 2 .
726. 1; - 2 ( 1  + log* 2). 727. 2; — 1 — log5 2. 728. — 1; 1; 2 . 729. — 1 ;1 ;2 .

730. - 3 ;  1; 2; 3; 4. 731. 4  ; 2. 732. 2. 733. 2. 734. / l O ;  9.o o
735. — 1; 1; 4. 736. 2; 3. 737 . 0 ; 1.5. 738. 2 - / 3 ;  2 + + ' +
739 . 0.5. 740. 1.5; 3. 741. 8 . 742. 6 . 743. 1; 2. 744. 1.5; 10.

745 . 37. 746. 747 . 3; — 5. 748. 2; 3. 749 . 0 . 750 . 5.2o
751. 4; 6 . 752 . 41. 753 . 0.75. 754 . 3. 755 . 2. 756 . 0  . 757. 1.

3 — 2 / 2  . 3 + 2  / 2  
8 ’ 8

763. — 4. 764. 10~3; 10"1; 10, 103. 765. — 1 +  / 1 0 ;  9. 766. 10.
\

767 . 10-1; 105. 768. 10"1; 10*. 769. >/5; 5. 770. 10. 771. / 2 ;  4.

758 . 4. 759 . 2. 760 . 2. 761. 2; 8. 762.

772. 2-7; 2. 773. - 8 ;  1.9. 774. - 5 ;  5. 775. + :.12 -
776. 3 v'3

1 777. 1. 778. 2. 779. 10; 105. 780. 0.5; 32. 781. 10"1; 103.
Y  3 ■
782. 10-*; 10*. 783 . 0  . 784. 10"4; 10. 785 . 5"1; 5*. 786. 3"1; 3*.

787. /6 2 6 .  788 . 2. 789. — ; 790. 2~4; 2. 791. 2"1; 1; 16.

792. 100. 793...1; 1 0 “ r io g 1 '5; l O ^ 10̂ 1'5.

795. r & ; U 2 .

2; 103.

794 . 9-1; 9.

796. 2 ’ . 797. 3. 798. 0. 799. 17. 800. 10-1;

801. —2. 802. 7; 14. 803. 1. 804. —1; 46 ;
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1 +  Y  46 
5 805. 1 ; 2. 806. (—10; -1 2 ) ,  (12; 10). 807. (2; 3), (3; 2)-

808. ( i  ; -J-) , ( -  ; - )  . 809. ( i  ; 810. (3; 2). 811. (4; 1).

812. (3; 2). 813. (1; 1), (4; 2). 814. (1; 1), (2; 4), ( - 2 ;  4).

815. (1; 2), (2; 1). 816. ( - j  ; 64J , (8 ; 2). 817. (9; 7). 818. (2; 32),

<32; 2). 819. ; - - )  , (3; 1). 820. (7; 3). 821. (17; 9). 822. (2; 6).

823. (125; 4), (625; 3). 824. (3; 27), (27; 3). 825. ( — I ^ )  .

826. (4; 1). 827. (1 ; 1), (3 Y b  1^3). 828. (9; yr0), (3/ 9 ;  9).

829. ( j l 6 4 )  , ( j i j ) .  830. (5.5; 2.5). 831. (2; 3), («; 1), whore 1 <  t <  3.

832. ( ; • 833. (log4 12; log4 3). 834. (1; - 1 ) .

835. (0 ; 1) U (1; oo). 836. ( - o o ;  — U ( - |  ; 2 ) . 837. ( - 00; - 2) (J 

( - 2 ; - 1) U ( |  ; 3) . 838. ( - 5 ;  5). 839. ( -o o ;  - 8) U (0; 8).

840. [2; 5). 841. ( 7~ ^ 61 ; 7 +  j . 842. 4. 843. x £ R .

844. (—00; — 6) U [ — 2; 00). 845. ( — 00; 1). 846. —1; 1 .

847. ( - ~ ;  4 )  U (l:  -§-) . 848. ( - 4 ;  - 3 )  U ( - 2 ;  -1 )U  ( —  : 3) •

849. ( - 00; 4 ] 1) [  ; 1 +  ̂ 13  ] u  [4 ; ~ ) . 8 5 0 . ( - 2 ; 2) U (2 ; 4).

851. [ - 3 ;  ]  u [0 ; 1 + / 41 j u  {3}. 852. ( - 00; 2) U (3; 5) U

7; oo). 853. (— oo; •- 3 )  U (2 - /  6 ; 3) U (2 + / 6 ; oo).

854. |( - I ; ° ] u ( 4 : °°! 855. ( - l ;  5). 856. ( — 8 , 1].

857. ( - *  “ (

CM

un—|— Cvl

I

1 . 858. ( - « > ;  — ) «
( x ‘ oo) . 859. (—oo; - 2) u [l; oo). 860. (—oo; 0)|J(3; oo).

861. ( - 0 0 ; —1). 862. (—3; —2) U ( - 1 ;  1). 863. ( - 0 0 ; 2 )U(2; 00).

864. ( ■~ (̂ 73 ; - 1 ) U ( l ;  1 + ^ 73  ) . 865. ( - 0 0 ; 1) u ( 4 -  ; 2 ) .

8 6 6 . ( - 00; ------------ U ( — 4 ~ )  U(2; 00). 867. ( -« > ;  ~ 7 ]U (-1 ;0 )U

[0; 1] U (3; 00). 8 6 8 . ( - 00; —1)(J(—1; 2]. 869. ( - 00; 2)1) [3.5; 4)U
(7; 00). 870. ( - 0 0 ; 5). 871. (0. 9). 872. (2.7; 6). 873. (1; 2).
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874. [1; 2). 875. ( - 3 ;  - V 7 )  U ( / 7 ;  3). 876. ( -  oo; | )  U ( j  ; 2 ) .

877. ( - 1 ;  1)U(3; 5). 878. ( - 5 ;  l ) .  87» - [ —

880. (0 ; 1 ). 881. (— 4; - 3 ) ( J [  — 2 ; — 1] U [1; 2). 882. ( - 8 ; — 6.5) U

(0 ; 5). 883. ( - 4 ;  - 3 ) U ( - 2 ;  - 1 ) U  (o ; - )  U (1; 2 ) U (2; 3) U (3; 4).

884. ( - o o ;  —7) U ( — 7; - 2 ] U ( 1 ;  7)U(7; 8]U(11; ~ ) .  885. [ -  1 ; -----L ]  [}

I l ]  • 8 8 6 . ( - 0 0 ; 1)U (1; 2 )u (2; OO). 8 8 7 - [ t ‘ ; 6 ) u  ( 6 ; 7 ]  .

888. [-■ ; 2 j U(3; 00). 889 . 0  . 890. ( -o o ;  1)U(2; 3). 891.

(3 ; 0 0 ). 892. ( - 1 ; 1 ). 893. [0 ; 8 ]. 894. ( - 0 0 ; 2 ) U (3; 7).

895. (a) (1; 6 ); (b) ( — ; l ]  (J [6 ; 0 0 ); (e) 0 . 896. ( - 0 0 ; — 1 )U(2; 3).

897. (— 6 ; 2). 898. ( - 2 ;  4). 899. ( — 0 0 ; — 16)U(6; 0 0 ). 900. (1 ; 4).

901. ( — 0 0 ; — - ] l l [ 2 ;oo) .  902. [1.5; 2.5]. 903. ( - 0 0 ; — l ) U

(0 ; 0 0 ). 904. ( - 0 0 ; - 0 . 4 ]  U [4; 0 0 ). 905. ( - 0 0 ; — 5 ) U ( - 1 ;  1)U(1;  °°).

906 . ( - 0 0 ; — 2 ) U ( - J  ; « ) .  907. [4.5; 0 0 ). 908. ( - 0 0 ; 1 ] U [1-5; 0 0 ).

909. x £ R .  910. (0; 0.4). 911. [ 0 ; - | - ]  . 912. ( - 0 0 ; U

U ; =0 ) .  913. ( - 0 0 ; 1 )U (2 .2 ; OO).

914. ; - l )  U ( - 1 ;  D l l [ l ;  ~ 1 ^ T/'11] .  915. ( - o o ; - 2 ) U

( - 2 ; — 1)U ( - 1 ;  o). 916. ( - 0 0 ; — 2]U[  — 1; °°). 917. ( - 0 0 ; - 2 ) U
( - 2 ; 0 ] U [1 .6 ; 2 )U (2 ; 2.5]. 918. [ - 1 ; 1 ]. 919. ( - 0 0 ; - 3 )U ( 3 ;  °°).

920. ( - 0 0 ; -----1 - )  U (3; ~ ) .  921. ( - 0 0 ; — 4 ]U [1 ;°° ). 922. ( - 0 0 ; - 5 )  U

( — 1; 0 0 ). 923. x £ R .  924. [1.5; 2). 925. (1; 3). 926. ( - 5 ;  — 2)U
(2; 3 )U(3; 5). 927. ( - 0 0 ; 3). 928. ( - 2 ;  3). 929. ( - 0 0 ; - 2 ) U ( 3 ;  0 0 ) .

930. 9 3 1 . ( ----- T ; t ) -  932‘ ( - o o :  °>U(«; « ) •
933. (— 0 0 ; —4) U (— 2; 1) U (3; 0 0 ). 934. ( — 0 0 ; 2 ] (J[4; 0 0 ).. 935. (— 0 0 ; 2 )

936. (0; 0 0 ). 937. [ - - -  ; 3 ]  . 938. ( - 0 0 ; _ L ) u ( - | - .  0 0 ) .

939. There are 29 parts in the first box and 7 in the second. 940. There 
are 11 workers in the first team and 17 workers in the second. 941. 119. 
942 . 25,300 m. 943. 850 litres. 944. 9 persons in each team.
945. 8  books. 946. 11 “twos”, 7 “threes”, 10 “fours”, and] 2] “fives”. 
947 . 180 roubles. 948. 14 roubles. 949. [ — 0.5; 12). 950. (1; oo)#
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964. [3; 00). 965. | 966. 0 .

968. 3̂, 15+16 /1 5 -1
15 J*969. 0 . 970 . 0  . 971. [2.5;

972. 0 . 973. [ /2 1 ; 2 / 7 ] . 974. ( - 5 ;  5). 975

951. [2.6; 4). 952. (—oo; 0.5] U [0.68; oo). 953. (3; oo). 954. (— oo; —1). 

955. [0.5; oo). 956. ( - 00; —2] U (5; 5 — ) . 957. [4; 00).

9 5 8 .(-3 ;  1). 959. 4 ) U (5; oo). 960. ( - 0 0 ; 0]U (4.5; 00).

961. (— 00; 0], 962. [ - - 2J U [3; 00). 963. ( - 00; 00).

967. [4; 5).

- 5 + / l 4 9 \
2 /*

976. (9; 00). 977. ( - 00; —2)U (20.5; 00). 978. ( - 00; —4)U(1; 00).
979. [ - 1 ;  4]. 980. ( - 1 ;  3] U [3.5; 7.5). 981. (2; oo). 982. ( - 00; 00).
983. (— 00; 00). 984. (0; 00). 985. [2; 6]. 986. (—00; / 2 )  U ( /2 ;  00).

987. ( -o o ;  -2)U<P; l ) U( l !  » ) . 988. ( - 2 ;  - l ] u [ ---------; - | - )  .

989. (— 00; —4 + 2 / 5 ) .  990. ( — 00; — j ] l J [ 3 ;  00). 991. (2; 8).

992. [ — 2; 0)U(0; 2]. 993. (5; 00). 994. [ —1; 00). 995. ( - 00; —2] |J

[ — 1; ^ 1g ~ 1 ) . 996. [0; 3]. 997. [2; 5]. 998. [ - 1 ;  0]. 999. (0, 00).

1000. (—00; 0.4). 1001. ( — 00; 1.5). 1002. ( — 00; -1)U(7; 00).
1003. ( - 00; — 6] (J [2; 00). 1004. ( - 00; l - l o g 23). 1005. ( - 2  / 2 ;
2 / 2 ) .  1006. 1; 2; 3; 4; 5; 6; 7. 1007. [ - 3 ;  - / § )  u ( -  / 6 ;  - 2 j |J

[2; / 6 ) U ( / 6 ;  3]. 1008. ( - 1 ;  0)U(0; 1)U(1; 2). 1009. ( - 2 ;  — | )  U

( o ; - | - ) .  1010. ( - 00 ; 66], 1011. Iog„6o)l. 1 0 1 2 . (2; 00).

1013. (3; 00). 1014. (0; 00). 1015. ( — 1; 1). 1016. (0; 1).
1017. (2; 00). 1018. 0 .  1019. (0; 00). 1020. ( — 00; log1>50.5).

1021.(0; 00). 1022. (—00; loga (l + / § )  ]• 1023. ( ---- i -  ; 00 j .

1024. (2; 00). 1025. (0; 2). 1026. 2) • 1027 • ( —°°: — y ) ( J

(1; 00). 1028. [logs 7; 2]. 1029. [logls 5; 1], 1030. (0 ; 0.5).
1031. (1; 1.5). 1032. (1; 2)U(4; 5). 1033. ( - 1 ,  0)(J(1; 2).
1034. (—1; 1) U (3; 5). 1035. (4; 5) (J [95; 00).

r—1 +  2 / 9 1 .  , \  / . 911036. ; 4j , 1037. (3; 4. 5). 1038. ( —1 ; - ^ - ) .

1039. (3; 4)U(4; 00). 1040. (0; 00); 1041. (1; 1.04)U(26; 00). 1042. (3; 7).

1043. ( - 2 ;  j j .  1044. [1; 4]. 1045. ( -  00; - 2 )  (J (6; 00).

2 0 - 0 8 4 0
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1046. ( 0 ; 3 U ( 3 +  ̂ 5 ; 3) . 1047 . 0 .  1048. (1; 3). 1049. (1; 3).

1050. (0; 1)U [ - -113—  ; 2) . 1051. ( - 2 / 3 ;  - 2 )  U (2; 2 / § ) •

1052. (1; 00). 1053. (0; 0.75)11(1.25; 2). 1054. [2; 3)U(3; 4], 1055. (1; 4).

1056. (2; 00). 1057. (0; 1)U ; 2 ) .  1058. ( - 00; 0)lJ(5;°o).

1059. (—00; —7)U( —5; — 2]U[4; 00). 1060. [0.5; 4]. 1061. (0; 0.5)U

[ 2 / 3 ;  00). 1062. ( - 00; -5)11(3; °o). 1063. [•—  ; U (4; 8).

1064. (4log°*8°’2; 00). 1065. ( / 5 ;  5). 1066. ( l o g ^ - ( / 2  +  l) ; log53)-

1067. (0; 0.4) U(l; <»)• 1068. (0; 0.25)U(4; 00). 1069. (1; 2) U (64; 00).

1070. ( 0 ; - - j  U(243; 00). 1071. (0; 0.5) J (5; 00). 1072. (0.01; 00).

1073.(1; 5). 1074. (0.25; 1)U(1; 4). 1075. ( — 00; log4 ( - 1  +  / 3 ) )  U

(1.5; 00). 1076. (log3§  ; log3 4j . 1077. (0; 2’ «). 1078. (1; 00).

1079. ( lo g 4.5 I J p -  ; 1 .5 ) . 1080. [ ^  ; - ^ )  U ( l ;  / ^ ] .

1081. 10.5; 1). 1082. (3; 00). 1083. (0; 2)U(4; 00). 1084. ; y )  U .

(1; 21/"2). 1085. ( - / 3 ;  -1 .5 )  U (l.5; / 3 ) .  1086. £ —1; — ) U

O ' 1087, °-5; 2)- 1088- ( 4 - ; 3) • 1089* (2*28; !)•
1090. ( - 00 ; 0)(J(1; 00). 1091. (4; 10). 1092. ( - / 2 ;  - l ) u ( l ;  / 2 ) .

1093. (log2 / l 3 ;  2]. 1094. (0; 4). 1095. (~ o o ; U(3; 00). 1096. (0; 0.5)U

(2; 3). 1097. ( -o o ;  0)U(1; 2)U(2; 3)U(4; 00). 1098. ( - 3 ,  - 2 ) ( J ( - 1 ,  0).
1099. (5; 00). 1100. (—2; 13). 1101. (13; 29). 1102. (40; 41)U (48; 00).

1103. ( — 3; 2.96] U [22, 00). 1104. (° ; (J [1; 00). 1105. ( — 1; — 0.5) 'J

(0; 1). 1106. ( - 00; 0]U[log« 5; 1). 1107. (—00; 0] U[log23; 2).
1108. [0.2; 5]. 1109. (3; 00). 1110. (—1; 0)(J[1; °°). 1111. (0; 1)U
[2; 00). 1112. (0; 1) U [2; 00). 1113. ( - 1 ,  0)(J(1.5; 2). 1114. [log30.9;2).

1115. (0.5; 1). 1116. ( ----- 4 ’ ° ) -  H17. (1; 1.5). 1118. ( - 1 ;  0)U

(1; 3). 1119. (— 00; 00) for a =  1; ° ^ 3 for a =#= 1. 1120. (—00; 00) for

1 /  a # 1  
a — 1; 0  for a —  2, a =  —  2; - 5— 7 -  for \  a  = £  2

a 4 l a ^ - 2 .
1121. 0  for a =  —3,
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a= —1.5, a =  0; a (a2-{-3a—9) f 
3 (2a+ 3)

a — 2

( & =/= —3 
< a +  — 1 .
I a =+ 0.

5 1122. 0  for a= —2,

a =  —1; —2a2—3a for |  1123. 0  for a =  —3, a =  0, a= 2;

6 —a 
a +  3

for
a #  —3 

+  0 
¥=2.

1124. 0 for a =  0; xi =  a, z2 =  3a for a =£ 0.

1125. — 2 for a =  0 ; 0  for a ; — 3 for a = ---- ; -— — ±  i4 4 2a
1 1 1  _

fo r ---- ^- <  a <  0 , a >  0 . 1 1 2 6 .---- — for a =  —  ; 0  for — 9— j/ + 4  <

a < - 9 + + ~ 8 4 ;  ^ + 1 + ^ ± -1.??.~ 3 for a ^ - 9 - / 8 4 ,  - 9 + ) / 8 4 s £ a <

H 2 7 .---- 5- {or a = - 2 ; 0  for a = l ;  Xl =  L z l  t6 6 o 2-j-a

*2  =
1 -j- CL
l _ a f o r { a J l  1 1 2 8 . 0  for 6 — 2 ]/"21 <  a <  6 + 2  l/*21;

— a ±  / a2— 12a— 48
6 for a < 6  — 2  I/- 2 1 , a > 6 + 2  V 2 1 . 

a =+ — 2

1129. - 1  for

{ a = i  ;* i =  « +  l .  *. =  « “ 2 for 1130. 0  for a =  0;

a for a +  0. 1131. 0  for a =  0; —1.5 for a =  1; l f o r  a =  — — ; ^! =  1 ,
o

{ , 2
0 ^  X

a ^ 0  1132. 0  for asjt 1; (—oo; — 2)U(— 2; —1)U
a = l .

( - 1 ;  1)U(1; 2)U(2; oo) for a = l .  1133. 0 for a > - / § ;  ^  =  0,

for a < — 1^3. 1134. 0  for a < 0 ,  0 < a <  1 ; 0 for a =  0;

x2 = 1
( « + /3 ) 2

(a—l )2 for a ^  1 . 1135. 0  for a <  0, ~ < a < l ;6 2a — 1 for 0  <  a <

X ’ a > 1 - 1136. 0 for a >  —4; °a.+  ̂ + 16 f0r a ^ - 4 .

1137. —a / 3  for a<c0; a J^3 for a ^ 0 .  1138. 0 for a<0*» —a for
aa ^5 0. 1139. 0  for a ^  1;

y V  —1 for a >  1. 1140. 0  for | a | >

1 . 4a2+  1 . 1 , t l , , a +  / a 2-1 6 a + 6 0  , .1 5
X ’ ~ 4-  for l a K - g - .  H41. ± -----------------------   for a <  T  ;

45 _______
0  for 1142. 0  for a < 0 ,  a > 3 ;  1 ±  1^1 —21og9a for 0 <  a < 3 .

1143. 0  for a > 1 ;  0 for a = l ;  ±  log12 (l +  |^ l —a) for a <  1. 1144. 0

2 0 *
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for o ^ 3 ,  o > 2 7 ; log4 ^ —^  +  2 for 3 < a < 2 7 .  1145. 0  for as^O;
o  CL

~  2 ±  I/" 4 —2 log a
2000a 3 for a >  0. 1146. 0  for a ^ l ,  a> 100; -----------------------

for 1 <  a <  100. 1147. 0  for a 0 , a =  1; a6 for {  ̂^   ̂ 1148. 0  for

a < 0 ,  a =  1, a >  2 1^2; 4 —a2 for 0 < a <  1, l < a < 2 > ^ 2 .  1149. 0  for

a < 0 ,  a > l ;  | f o r 0 < a < l .  1150. 0  for a ^ 0 ,  a =  l; xx =  a2,

x2 =  - ~  for 0 <  a <  1, a >  1. 1151. 0 for a =  0; (0; 6) for a =  l; 2 for

| ® 1152. 0 for a =  0; z > 0  for a =  l; 3n, where  ̂=  ± 1 , ± 3 ,

1 ( a¥z °±  5, . . .» for a =  — 1; *i =  3, x2 =  —  for < a =̂= — 1 1153. 0  for R .
d l a # l .

1154. 0  for a ^ 0 , a =  l ,  a =  2 ; a +  2 for 0 <  a <  1 , l < a < 2 , a =  3 ; 
Xi = a — 2j x2 = a-\-2 for 2 < a < 3 ,  a > 3 .  1155. 0  for a ^ l ,  a =  Y"2] 3
for a =  2 ; x1 = a—\, z2 =  a + l  for l < a < J / r2 , |^*2 <  a <  2 , a > 2 .

1156. 0  for a =  — 1; j ,*for a=£ — 1; 1157. 0 for a =  — 7;

( t ^ - n r ) '  where for a = 3; ( / + r - 2 i  : a^+(L - 32 i ) for
I   ̂J 3 7 1158. ^  for a = —1 ; (t; 1 , —0 , where for a =  l;

(— R ^  ’ -S T r )  f°r { a 5 - 1 .  1159- <0; “>’ <« °> for
1160. (a; 2a), (2a; a) for a£R.  1161. (ix; J2; 1 —^ — f2), where t i£R,
t2(zRj for a =  l; (—1 —a; 1; a +  1) for a 1 . 1162. (£; a£; 2a£), where

for a (j /?. 1163. ,0 for a < 0 ;  (9a2; a2) for a ^  0. 1164. 0  for

j for a >  1 . 1165. j2f for a =  - 1 ;  ( -c » ;  1—a)

1166. (— 0 0 ; 0 0 ) for a = ;

a< 1 ; (— r "  ’ T
for a >  — 1 ; (1 — a; 0 0 ) for a <  — 1 .

for a > \  ' ( 9̂ 5-= 00) for a < -T* 1167- 0  for
a = — 3, a =  1 , a =  3; ( — oo; ^ 3  ) for a <  — 3 , l < a < 3 ,  a > 3 ;  

( S - 3 ; ° ° )  ^°r 3 < a <  1 . 1168. ( - 0 0 ; 8 ) for « =  1 0 ; ( ^ ^  i ~ )

for a > 1 0 ;  ( — 0 0 ; 4 ? -)  U ( 2 ^1 0 ^ a )  ’ 0 0  ) I o r a < 1 0- 1169. ( — 0 0 ; 0 0 )

for a = “ 3: ( i w  : - s t f )  for a > - 3: ( t t t  : ^ t t )  for

L.

<2 <  —3.
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1170. ( —00; — j for a = ---- ; 0  for a > - | -  ; -------- \r  for a =  - | -  ’

2------------------------------------------ 2 2 (— 00; 00) for a ^ -----g- ; ( — 00; xj) jj (x2; 00) for — — < a <  - y  ;

2 2
(*a; xx) for ~ l T < a < 3 ’ where *1 =

— a — 2+ 1^4  — 9a2 
5a"+2

—a—2 — Y 4 —9a2 . 3 . / 1 \
*» _  5a+ 2  • 1171, 0  f°r a ' 2 ’ I (2a +  3)a ’ °° /

for « > ---- y  ; (o'. (2a+ 3)2) for a <  —T - 1172' 0  for 0 =  2;

[ —  ; -— ) fo r a > 2 ;  ( - ^ 3 -  ; - L ]  for a < 2 .  1173. 0  for a^O ;

(l — 2 / a ;  1 +  2 Y'a) for 0 < a <  1; [a, 1 +  2 / J )  for a >  1. 1174. |l;oo)

for a < 0 ;  |Y, (1 j for 0 < a < l ;  0  for o > l .  1175. 0  for as^ — 1;

( y ^ 2 o  ’ —1]  for —1 < a <  —-i- ; (—oo; —1] for —

—’oo; —1]U Ô; <[̂ _2a ) f°r a -> 0 - 1176. 0  for a^ O , a ^ 4 ;  (—2; 2)

for a =  2; [—a; a] for 0 < a < 2 ;  ^—y- / ^ a —aa; -y / 4 a — aaj for

2 < a < 4 .  1177. 0  for a < —1; [  — 1; a~ ^ 2~ ° - ) for — l < a < l ;

[ _ ! ;  a~- ^ 2~ ° 2 ]  U [-a + -̂ 2~"—  i l ]  l < a < / 2 ;  [ - 1 ;  1J for

a > y r 2- 1178. [a; 0] for a < 0 ;  0  for a =  0; (0; a) for a > 0 *

1179. [a  ; o ]  for . < 0 ;  [a ( l  — ; 2a] for a > 0 .  1 1 6 0 .0

f . , o < 0 , . - l ;  ( 1 ; i ± l 2 H )  for 0 < a <  1; ( ; .a )

for a >  1. 1 1 8 1 . ( 1 - / 9 ^ ;  1 - / J 3 ^ )  |j U + / i ^ ;  l  +  / 9 ^ )
for a ^ l !  (l —/ 9 —a; 1 +  / 9 —a) for l < a < 9 ;  0  for a ^ 9 .

1182. (f; l ± V T 3 i )  f o ,a < 0 ;  (a . ' - 1 ^  )  U ( ‘ +  V C T .  .

for 0 <  a ^  -i-; 0  for a =  0, a ^  1; (a; 1) for -y- <  a <  1. 1183. 0  for

a ^  0, a =  1; (2; 3) for 0 <  a <  1, a > l .  1184. 0  for a ^ 0 ,  a =  l;

(a; 1) U ( - ;  «>) for 0 < a < l ;  ; l )  for a > l .  1185. 0  for a ^  1:

(2— / 4 —l o g a ; l ) u  ( 2 + / 4 —loga; oo) for l < a < 1 0 0 0 ;  (3; oo) for 
a =  1000; (l; 2 - / 4 —loga) U ( 2 + / 4  —loga; oo) for 1 0 0 0 < a <  10,000; 
(1; 2)U(2; oo) for a=10,000; (1; oo) for a>10,000. 1186. 0  f o r a < 0 ,
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a =  - - ;  ( l - / l - a ;  l +  ^ i - a )  f o r 0 < a < i ;  ( l - / l  +  a;

1 — >^T^a)U (l +  7 T z r a; l +  / l T a )  for - ^ - < a < l ;  (l —/  1+a;

i  +  V  1 + a) for a > l .
111187. a >  j . 1188. 2 / 2 = ^ a ^ j .

1189. a > 2 .  1190. - < a < l .  1191. 0 < a < y .  1192. a < ~ 1-^ ^  ;

a >  1. 1193. —1 <  a < 1 +  7 5 1194. a < 2 ;  a >  — ,

1195. - V 2  < a < - s =  » <  a <  7 2 - 1196. - 1  < 1a <

ICO1

1 C a .  1 +  7 6
2

1197. a <  —2 ; a ^  0 . 1198. a < - 1
' 2 ; a ^  1 .

1199. a =  1 ; a =  1>; 5 < a ^ 6 . 1 2 0 0 . VC3V/CD1 C —4; —3 < a <  —1 ; a =  1 .

1 2 0 1 . — — 5; a — —2; a =  —1 . 1 2 0 2 . 3 .
2 2 * a =  l .

1203. 2 cos a. 1204. C0S 2P 1205 1 1206. tan 2a.sin2 p • cos a *
1207. sin 2a. 1208. 1 . 1209 . 1 . 1 2 1 0 .  1 . 1 2 1 1 . tan 3a.

1 2 1 2 . tan 4a. 1213. tan/za. 1214. tan ( - f -

K |oo 
1 1215. 8  cos4 a.

1216. tan a. 1217. tan4 a. 1218.
7 1 sin

a 1219. cos
( 1

+  30°) .

1263.

1267.

V j 
3 •

—  7 6  — 7 2

1264. 1265.2 4

1268. — 7 6 -  7  2 1269.

1266. 2 - / 3 .  

. 1270 . 0.

o i/" 5 2 1/̂ 5
1271. 1272. 1. 1273. 4. 1274. sina =  - ~ ;  c o s a = ------- g—

4
3 ’

1 4tan a = ---- — . 1275. sin a =  t tan a =Z O
5 12 51276. cos a =  — T tan a =  — — , cot a  =  — .

cos 2a =  , tan 2a =  — , c o t 2 o c = - J ^ .  1278.

cot a =  -7-. 4

1277. s i n 2 a = J | j ,

125 
78 •

1279. - — . 1281. (a) m2 — 2 ; (b) m(m2 —3); ( c ) ± / m 2 —4.

1282. (a) sin —  =  , cos —  -  — -  , tan - | - =  ; (b) s in - -  —  ,
10 ’ —  2 10 

cos —  = — , tan 1283.-—. 1285. — . 1323.3
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1324.

1329.

1334.

1340.

1343.

1346.

1350.

1435.

1439.

1441.

1444.

1447.

— +  20 T

1452.

1455.

1458.

1460.

24 '
k .

7

1468.

1471.

1473.

- 1 . 1325. - ^ y .  1326. y .  1327. -5-.

1330. i . 1331. — o 1332. j  ji. 

13- J y .  1335 . 0.2. 1336. 1337. 0. 1338. 1339. gl

1328 . 0.3n. 

1333. jt.

8 / 5

xy — Y i —x i V l —y*. 1341. xy-\- Y i  —x2 Y  1 —y2. 1342. l xy

x Y i ^ t ± _ y Y i ^  1344 . 2x Y i =T*.

x 2 —  l
Y 1 — x2Y  1 — y2 — xy *
1 — x2 . _ 2x

1345. 2x

■j j 5 • 1347. „ •1 + r  1 +  x2
— l +  l /’l+x*

1348. z2-t-l # 1349. 1 +a:

1432. 0 . 1433. 0 . 1434. -g- A;.

—  fc. 1436. y  +  2nfc.

Jl , , JT . .±  +  Jtk.

Jt | Jt Jt I o
T + ~ 2 k; - ~ 2 +2nn-

1437. 2jifc. 1438. -r- +  -5- nk.o o

1440. ^5-fc; ±arccos ~ 1 +2nn.3 4

1442. ( - l ) f t  -y+ jifc . 1443. y + y  fc.

nfc; ( - l ) n 4-+nre. b 1445. ± — +2nk. 1446. 2nfc;-5--|— n.
b  o

Jt | 2 Jt . 0
j 2 + — nk’ ----4- + 2n«- i44« J L j _^L t  i44q t-

1448' 1 0 +  5 k' 1443  ■ 4 0 ^ 1 0  *’

y « .  1450. (-2nfc; ( — l )n+1 -5 -+ 2 im .

±  —g—H ji/c. 1453 • —r—f-jt/c; i  —\-2nn.& O

l4 5 l .-5 -H -5 - fc .  

1454. - 5 ~ h y -  k.

y  +  2jtA:; ( — l)n ^--f-jm. 1456. arctan —- +  jtA:. 1457. arctan-g--f nk.

jt jt-̂ •-{-jtA:; —arctan 2 + Jtrc. 1459. —+JtA:; arctan 3 +  nn.

arctan ( —1 ±  j^ 3 )+  jtA\ 1461. arctan Jt/c. 1462. --—A;;4 4

1 2 " n• 1463. -g- A:; -^--(-jih. 1464. ±  1^65. ——[-

- y + - y  «. 1466. y  fc; ±  y - + 2 nn. 1467. y+Jifc; — 5-H y-re.

jt Jt | . - (\r\ Jt I 1 Jt I Jt . . _/-v Jt I Jt _
T ± 8~ +  nk‘ 1469. y + n f c ;  — + —  n. 1470. r - y f c .

Jt I Jt . Jt i Jt . >an Jt f _ 3 .
— 2 2 T " j“ 72"+“9“ n* 1472. — +  jt/c; arctan y +  Jtn.

Jt JtJtA:; -£- +  jcrc. 1474. -^--fitA:; arctan 7 +  jm; arctan 3 +  Jtm0
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1475. -arctan  - | -  +  nfc. 1476. -y- k. 1477. 0  1478. 0 .

1479. 0 .  1480. 0 .  1481. ( — 1)* -£ + « * . 1482. ji+2nfc; 2 arctan-jj-+
D Z

2a n. 1483. arctan — ^ + an . 1484. -y  fc; - -  arctan 2 +  an.

1485. - £ - + jift. 1486 . 2jiA; 2 arctan (—2) +  2jw. 1487. - y  +  2iiA;

2jw. 1488. 0 .  1489. ~  +  2jifc; n +  2nn. 1490 . 2 n f c ;  y + 2 n » .

1491. j ± a r c c o s ^ + 2 a A .  1492. ±  y  + 2 ji*. 1493. (fc #  — ) ;

^ - - + —  » (»^=17m +  8). 1494. -  J L + J L  — + - - -  ». 1495. JI+2JI*;
n

( _ l ) n _ i + 2 nn. 1496 . 2it+4nfe; ( - l ) n y -+ 4 jtn . 1497. - j -  + n k.

1498. -Zj +  n*. 1499. ( -1 )*  -J +  nk. 1500. 3nk; ± - J - + T ‘* ’

1501. - i  +  n / c ^ i a r c c o s ^ - ^ - -2nn. 1502. y+JtA ; ±  y  arccos ( — +

JIM. 1503. Jl , 7—  +  nk\
y i —i

( — l)n y  arcsin r " +  -y- n-

1 5 0 4 .-----5- +  jilt; -5-±  arccos4 4
/ 2 — 10 -2 JIM. 1505. ~^~+ nk. 4

1506. ± J L + - i * .  !507. —|—j -  It. 1508. —I—j -  k. 1509. 2nfc;

5ji , 0---j- 2JIM.

8

1510. -|L+2ji*. 1511. ( -1 )*  -y+n*. 1512. ±  y  +  2n*.

1513. - -  +  nk.
1

— arctan — +  jim .

Q tt
1518. -^+ J ifc .

1516.

1514. 0. 1515. —arctan -g- +ji/c;

1517. d= + 2jiA." 2 ~  +  2 jiA:.

1519. —;— f- 2jxA:; — arctan 3 + n (2m + 1).4

1520. 5ji
- j -  2 jx/c; arctan 3 +  ji (2m +  1). 1521.----j — + n k \4

2nn. 1522. 0 .  1523. ±  - y  arccos y +  Jtfc; ±  y  arccos ( — j )  +  nn-

1524. 0 .  1525. — +  Jtfc; y - f - y -  n. 1526. ji+4jiA. 1527. 3i+2nfc.

1528. — +  2nfc. 1529. -y . +  3nfc. 1530. -ir +  nA.D

1532. 2n+24jifc. 1533. 0 .  1534. nk.

1531. 0 .

% +  2nk.1535. 0. 1536.
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1537. nk. 1538. ± 4 -+ fc (* 6 Z ). 1539. 2 -+ .ift; ±  arctan 4 -  +  jib.D  ̂ AJ
I 4. 1/9 1

1540. 1; 2. 1541.  ̂ . 1542. sin -2 . 1543. tan -=- n. 1544. 0.

1545. . 1546 . 0. 1547. —1 ~ * . 1548. . 1549. .

1550.4. 1551. |  — —+  2ji*; y + 2 j i n ) .  1552. (A; 0), (fe; 2), k £ Z .

1553. (2 -  +  2ji*; - 2 + 2 jib) .  1554. ( - 1 ;  1 + 2 -  (2n +  l)j  .

1555. ( — - + - 2 .  *; - 2  +  -2. » ) .  1556. ( l ; - 2 - + n * ) ,  ( - 1 ; - 2 -  +  Jin) . 

1557. ^-2 +  jiA:; -2 +  nn j .  1558. (nfc; -2 n; — mj . 1559. (2; 7),

(4; -1 3 ) , (1; 2), (5; - 8 ) ,  (8; - 5 ) ,  (13; - 4 ) .  1560. (— (* +  »); -2 (* _ » ))  .

1561.  ̂ +  Ji (A—n); 2- +  n (* + n ), ( —-2-f ji (A—b); -^2 +  ji (& +  n) j .

1562. —1)* —g—[-JiA; ± -g -+ 2 jir e j  , —l)k+l —h11̂ ! ± - g - 2jib j .

1563.  ̂ -2 -4 -jiA:; — jm j . 1564.  ̂ ( —1)* arcsin  ̂ 1 — j "I" n^’

arccos (2— V %  +  2jib ) , ( ( —1)* arcsin 'j +  JlA; _ arccos (2—^ 2 )  +

2jtb) . 1565. ^-2 +  jtA;-2. +  2jtR), (-2 +  **; —2  +  2jib) ,

^-2- +  2ji/c; -2- + jib j , -2 + 2 ji*; -2 - f jw j  . 1566. (<; t—ji ( 2 b  +  1)),

where t £ R .  1567. ^  +  /c; - | ~ f * )  , where k£ Z.  1568. ( - 2 +  jifc;

— n/cj, (nfc; -2 — rtA:j . 1569. ^-2-fjtfc; .5.— X&J, ^-2-|- jifc; -2- — nk j .

1570. |j ik; - 2 — nk'j , —y — Jtfcj . 1571. ^y-(-4jifc; 2ji+4jiBj ,

^—- 2 + 4ji/c; 2ji+ 4 jib|  , ^2n +  4jifc; y-)-4jiBj ^2ji +  4jiA; —-2 +  4jiBj .

1572. ( n f c ; - y - n f c )  , ( - 2 - f j , * ; i - « * ) .  i 5 7 3 . ( g + - 2 * ; g + 2 . fc) .

1574. 0 .  1575. (-2  +  2jiA; - 2 + 2 jw) .  1576. ( - -j-jt („ +  *); -2 + J l(n_ fe) ) t

I — 2-j-ji(B-t-i); — 2 -}-ji(b — A)j .  1577. (a +  .T(/c+B); — P +  Jt(* —b)),

(-2-— P +  Ji(* +  n)) ; ----2 . + a  +  Ji(* — b) J , (  — + P  + ji (*: + «);
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JT \—  — a  +  n (A; — n) \ , (ji — a  +  it (k +  n); P — j i (A; — rc)), where

i f  2 . 4 \ Q 1 / . 4  2 \a  =  I arcsin -g—  ̂ arcsin -g- J , p =  — ̂  arcsm -g----- arcsin-g- j .

1578. y ± :  -^-  +  2nk\ ± -~ - +  2n/ij . 1579. (a +  n ( n  +  k); P + ji (rc —A:)),

(P +  ji (n +  k); a  +  jt (n — k)), (— P +  jt(ra +  fr); — a +  it (n — A:)), ( — a +  JtX

0n +  k); — P +  Jt(rt —A;)), where a =  y  arccos ~ + - ^ -  , P =  4" arccos — .

1580.
4 8 2 “ 4 8

(jtA:; jm), (cc +  jtA;; P +  Jtrc), ( —a +  JiA:; —P +  jm), where a =

arcsin P =  arcsin , A: and rc are either both even or both )̂dd.

1581. ^a-fjtA*; -2-— a —jiA:j , ^P +  jiA;; P —jiA;j , where a =

arc tan — 7 +  T/ ' 97 p— — arctan —— ------. 1582. + n k ; —^  — JtA:) ,

^—~{~nk\  ^  — nk'j.  1583. ^ y  +  JiA:; —-g—(-jtfcj. 1584. ^arctan y-f~

Jifc; i  —arctan i  — jiA:) f ^arctan ^-\-nk;  a r c t a n — jiAc] , ^ —

1 1 \ / JT 1 1 \arctan —----nk; arctan — +  nk ) t — arctan — — nk; arctan-g- +  jiAm .

1585.. ( - J + 2 ji*;  - + 2 ji» )  f ( ^ -  +  2jifc; ^ + 2 jtm)  , ( --------- J - + 2jtA;

---- J -+ 2 n n ) , ( — ^-+2jtfc; —^  +  2nn) . 1586.- ( ( - l ) f t  - J - + n k ;

( _ l ) n+i iL+arctan it (fc—n) j . 1587. ( - j -  (&—n); - j n j  , ( ---- jr-+

jt(fc —2re); y  +  ji re |  +  n (k — 2n); — -y +  Jtrcj . 1588. -̂2-fc; Ji(n +  /f)j .

• (—^•+(-l)ha-i-j k; -+ ( - l ) f ta + y - j  .where « =  y  arcsin 2~ 3 ^ 3  _ 

2̂jtfc; -y  +  2jmj , ^n+2nfc; — y+2jrraj , ̂ —+2nfc;

£ + 2 j t o )  , ( -^  +  2nk; - ^ + 2 j m )  . ( ^  +  2jifc; - ^  +  2jm) , ( —  +

2jxft; — -̂ - +  2 j i n j .  1591. ^  +  nk; -5.— nfcj . 1592. +  2nk;

-|r +  2im j , ^ ----- 2nfc;----------------  -f- 2jm J . 1593. (2nk; n +  2jw).

1594. ( l } + n (fe +  n); - ^  + « ( * - » ) ) ,  ( - g - + J i  (k + n);

+  Jt (k — n) J , ( +  ji (k +  re); — —  +  Jt (A: — n) j ,

1589

1590
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( — ^ + n ( f c  +  n); +  n ( f c - » )  . 1595. +  |  +  rt(fc-n)) .

1596. ^-5-+nfc; — -2-+jxnj , ( — ̂ -+nfc;-^- +  nn) . 1597.

—y  a r c t a n n )  , ( —-̂ -+ - j  fc; — i-a r c ta n -| +  y  n ) . 1598. (nk;

(
JC 3X \  i n  3j ty  +  jt/c; y  +  2ji^j . 1599. ^ Y + nk; arctan 2 + Jtrc; -^— arctan 2 —

it (fc +  n) j  ̂ i  +  nA:; — arctan 2 +  jifi; +  arctan 2 — ji (A: +  n) j . 

1600. +  arctan 2 +  nn; -—̂- — arctan 2 — Jt(/c +  n)j ,  ̂ arctan 2 +  jm;

— -{-nk; — arctan 2 — Ji(fc +  rc)j . 1601. (̂nk; nn; n — n(k +  n)j ,

( - + 2  nk; -J +  2 n n ; - j - 2n(fc +  n)) , ( — -J+ 2  nk; — -J +  2 rtra;

2«(* +  « ) ) .  1602. (J+ n fc ; -J +  nn; X +  f ”1) ’ ( “  X +nfc;
3X,  Jt . JT \  /  Jt . 3T . 3 X . 3 X \  /  Jt .

+  -j-'• ~2m ) ’  0 + ^ 5  T  ' I F nk;
n .  ̂ . n , ji \ .cno / 5 jt 7 jt \ / i t  11 Jt \ / 7 jt 7 jt \

—6 + nn; t + t  m) • 1603- ( x ; - r )  • I t  ; x )  • ( x ; x )  •
( x 1 ; ‘x )  * 1604, (1) “ £ + 2 n k < x < ^  +  2nk; (2) -J +  2 j i* < ;r <

-^X“ +  2nk; (3) — r̂ +  n k ^ x <  ?---\-nk; (4) -^p +  nk ^  x <  n +  nk.

1 11605. (1) ji—arcsin -g-+ 2jifc <  x <  2it +  arcsin -g-+2jx/c; (2) — arccos (—0.7) +

2nk ^  x <  arccos ( — 0 .7 )  +  2 ji/c;

(4) JtA: <  x <  arccot  ̂ — ■—  ) +  nfc.

it
(3) — y  +  nk C  x ^  arctan 5 +  Jtfc;

5 jt
1606. —5— +  2 jtfc <  x <  o

—  +  2nfe. 1 6 0 7 . ------— +  2nk <  x ^  2nfc; -}- 2jtfc <  
7 jtx ^ jt  +  2jtfc. 1608. y ■ +  2jtA; ^  x <  2jt&; jt +  2ji& <  x ^  +  2nk.

1609. nk <C x <^r-{-nk;  y  +  ^  Y^+jrA;. 1610. arccosY +  2jt&<

I n  nx <  Jt—arcsin — -{-2nk. 1611. — y  + 2jt/c <  x <  arctan 3 +  2jt&; y +

( 3 \  3— Yj+2jtfc; Jt +  arccos -jr +  2JtA: <  x <  jt +  arctan 3 +  2jt&.

4 41612. arccot 2 +  2jtfc <  x <  arcsin y  +  2 jx/c; jt—arcsin y  +  2jtfc <  x <  j t + 2jtfc;

J t + arccot 2 +  2nk <  x <  2 ji +  2 jtA;. 1613. arccot 0.3 +  JtA: ^  x <  +  jtA;.
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o q_
1614. arcsin — -\-2nk<ix < —̂~-\-2nk. 1615. —oo<zx<Coo.  1616. arccot 7 +  

nk ^  x <  n +  nk. 1617. arccot 1^2-f- jiA: <  x <  y  +  nk. 1618. — y

yr — ■ ; j / 2 j i / c ---- - 5 - +  2JI*; - / -2L +  2 j i * < * <

— J / ^ — y  +  2nA; where Zc£iV. 1619. y  +  jiA; <  x <  jt +  Jt/c. 1620. y ? -)-  

^  / c < a : < - ^ | ^ - f / c .  1621. — y  +  2nk <  x <  y  +  2jtfc. 1622. y - f -

2 ji/c  <  x  <  - y -  +  2 ji /c . 1 6 2 3 .  & <  *  <  k ' * ^ 2 4 .  j i / c < o : <

■?-+ jx/c; arctan 3 +  n k  <  -2- +  nk. 1625. -J- +  2nk <  x  <  -J- +  2ji/c;4 Z b 2

-^+2ji& < a: <  ^ + 2 ti/c . 1626. —— -f  2nk <  x < ——4-2jt/c; -̂ - +  2 ; i f t< x <Z b  Z o o

— +2ji/c. 1627. — y  +  nk <  * <  y  -f-JiA:; y  +  JiA; <  x <  - y  +  Jifc.

1 6 2 8 . ---- y  +  y A ; < o ; < y  +  4p 1629. arccot - ~ - + jxA : < £ <

arccot

1632. y+ jiA : <  z <  arccot ^ — y j + J iA \  1633. y  +  nk <  a; <  - y - +  :ifc.

1634. y  * < * <  y  +  - f  *• 1635. - x  +  T fc< * <  ~ T T  +  ^ T *-

1 6 3 6 .   j -  +  2 jtA < x <  +  2n*; -£• +  2 n * < x <  ^  +  2n*.

1637. — y -f2 ji& < x < 2 jifc ; ^ -+ 2 n fc < x < ^ -  +  2 n fc ;ji+ 2 jilc< x < ^ + 2 jifc .

1638. 2r +  % - k < x <  - ^ + #  k. 1639. — 4  +  2nA^*<2jrfc; — +  2b 2 o 2 o o

x <  n+2nk. 1640. %- +  nk —  +  nk. 1641. 2 arccot 2 +  2nk <b b

x < 2 arccot ^---- - ) + 2 n /c .  1642. ^ + 2 n * < x < —  +  2jifc; - ^ - +  2nft<

7jx 1 1x <  —  +  2nk. 1643. — — arccos -5- + Ji/c C x C  — ~  +  jiA;; n k C x C  — +jiA; 4 2 o b b
1 1  jt  2 ji  3 jx ji

y  arccos y  +  jiA: <  a; <  y  +  jt/c; - y -  +  nk <  a; <  —  +  nk] y + J i f c < x <

j  +  nfc. 1644. — ~ -+ 2 jifc< x < 2 jt* ; 2nk <  x < - j-+2jik;  —  ̂+  2 n f c < x <

—■+2nfe; 4 ?  +  2 ji/c< x <  ^ -  +  2nfe; +  2n/c< x < ^  +  2nfc; —+ 2 n f e <

l 2 ) +nfc- 1630. — 00 < i < o o .  1631 • — y  +  j i/c <C x <  jtAc.
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8 ji , 0 , .„/c Jt . 2 ji ; ^  ^ ji , 2 ji ji , 2 ji ^* <  y +  2JI&. 1645. -  —  +  —  / c < J < ^ _ | _ / f ; _  f- —  k < x <
10

1 6 4 6 .-------j p - } - j i f c < x < --------- -f-Ji/c; n/c <  x  < - — - +  Jifc;

+ ji/c< x < — +  ji/c. 1 6 4 7 .---- i + 2 ; r / c < * < - -  +  2ji/c; +  2jifc <

x <  - ^ - +  2ji/c; +  2ji7c <  x <  - ^  +  2ji&. 1 6 4 8 .--------+  ji & <  x <  jtfc;4 o 4 o

5 - + n f c < i <  +nfe; — +  n f c < z <  ^ -  +  nk. 1649. —^ + n f e < i <

lfl50- - ^ + X  f c < I < f8+ l fe-
1 6 5 1 . --------- + 2 n * < K - |  +2nfe. 1652. + 10nfc<  x < -^ y  +  lOnfc;

10lT 7jr Qtt 20tT
g—- +  lOjifc <  x <  +  lOjtfc; -  +  IOji/c <  x <  5ji +  IOjt/c; +  IOjtA: <

x <  — +  lOjrfc. 1 6 5 3 . -—■ +  2ji/c <  x <r +  2ji/c; —- +  4jiA: <  x <

IOji +  4 Jifc. 1654. jt/c for a <  — 2, a > 2 ;  Xi =  jifc, x2 =

— ( — l)ft arcsin — |— fc for —2 <  a ^  2. 1655. 0  for a <  —8 ,

a >  8 ; -—+  (— l)ft a r c s i n +  for —8 ^ a ^ 8 . 1656. x £ R  for a =  2jtfc;o o
Xj =  ji +  2jtA:, x2 =  a + ji +  2ji/c for a =£ 2ji/c. 1657. x £ R  for a =  jx +  2n/c;

a =  0- T (~ 1,fti r  + nk for a Jt +  2jiA:. 1658. x £ /? for f a =  0
I b =  0;

Xj =  —f-Jt k, x2 =  ^-j-Jt/c for a = — xx=  — -Ji/r,

x2 =  arc tan 

1659. arcsin

— a 
b +  a 
1 —a

JiA: for a =?fc— ___5_ -L -I. for
6 jk 0; 4 +  n/c lor

f a =£ 0
I 6 =  0.

I/" 2a2 +  2
-( — 1)* arcsin <t 2

a2 +  l jx/c for a£R.  1660. x £ R

for a =  nk; - ~ \ - n k  for a =£ jt/r. 1661. 2jiA; for a rational a\ 0 for an 

irrational a. 1662. 0  for a >  1; ± ~ a r c c o s  —̂|--2 -fc

f o r —- < a < l .  1663. 0  for a <  —2, a >  2; -5- +  jifc for a = —2;

4  ( — l)ft arcsin (l — Y a + 2 )  +  -?~ k. 1664. 0  for a =  ̂ -\~nk', 0  foro =  | +

1665. x £R  lor {  ^ »  „  =
a-=fs. -g'-j-jt/c

Jin; —~t— a +  Jimfor
a =7̂= -^-H-jin.
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x2 = 2nn for { 1666. 0  for { * ¥= -  * for { *

x =  -^- k ^where k£Z,  but k=f* for { & 1667. jiA; for a <  — 1,

a ^  3; a;i =  ji/c, x2= ±  arccos +  for — 1 ^  a <  3. 1668.-^-+
*rt 1 q j ~ j

n/c for —3, a >  1; #! =  —  -{-nk, z 2 =  ±  arccos—-------jiA for

— 3 < a < l .  1669. 0  for a =  -^- (2k — 4n — 1);----- "̂ +  X  (2k +  *) for

a -^-(2/c — bn — 1). 1670. +ji/c for a= - +  jin; ^ i=  -y+ Ji&*

x2 =  — a H—- -+  nk for a #  +  jin. 1671. =  + ^ “

x2 =  " ~ T 0 ~ ~  ̂ *or 1672. 0  for a ^ l ;  z £ Z  for a= l .

1673. 0  for a =£ - ; ——\~2nk for a =  . 1674. 0  for a <  — 5,

> 3 ;  (—1)& arcsin ( — 2 +  1^4 — a) -{-nk for - 5 < a < 3 .  1675. 0  for

a C  —4, a:> 2; 3—/ 9 —4a ±  arccos------- -------- +  2jiA; for —4 < a < 2 . 1676. 0  for

a < — / 2, a > Y  2; ±  -^-arccos (3 —2 3 —a2) +  nk for — V 2 < a ^  Y2-

1677. ji
"4" +  2ji/c for a =  V2; 5ji

~T +  2ji& for a =  — / 2 ‘,

ji f a = t Y  2
1678. 0  for a JI , JI

t  + nk for 1 a #  — 1̂ 2. =  — +  T  re;

2 ^
jia =  jin; -7-4 +  T *

r a =5̂= Jtn
X  =/= • jt/c for for < , ji - ji

a = 5 t 7  +  Y m ‘
1679. 0 for a = ji , 3ji .—  +  Jin, — hJtn <  a <. 5n .

— +  nn; arctan (tan a dt

Y  tan2 a — l) -{-nk for •— +Jtn < - — + jiti, +  Jin <  a ^  +  nn.

n —y  fl2 — /
1680. 0  for — 2 < a < 2 ;  ±  arccos  -̂------- \-2nk for a ^  — 2;

±  arccos2— ---- —+  2jtfc for 2. 1681. 0  for <p +  2jtn <  a <  ji —

, A cos a ±  l^cos2 a —sin a , _ r _ , 0 ^  ^ , .<p +  2jin; arctan--------------------------------  for — Jt—q> +  2Jirc <  a ^  cp +

2jin |<p =  arcsin ---- *~2 ) •  1682. 0  for a = —1; 1 for a #  —1.

1683. 0  for a < 0 ,  a = l ; ±  j / ^ — for {  ° 1684. nk for
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5 , , — i ± V 4a+  5 , .  , . 5a C -----y~ , a > 5 ;  x1 =  nk, x2 =  ±  arc co s----------  1----- \-2nk f o r ------— ^

a C  1; xx =  nk, x2= d = a rcco s------  ̂— -----\-2nk for 1 <  a ^  5.

1 6 8 5 .---- — +  Ji/c for a < --------- , a >  2; zi = ------ +  *2 =  y ( — l)fe X

arcsin 2 a — k for —— ^ a ^ 2 .a -j- 2
_  - 1  +  /1 0  .
a >  2

— 1 ±  v  — 4a2 — 4a +  9

1686. 0  for a < — 1 —V' 10

; =̂ —— f- jc/c, a:2 =  — arctan 3 +  nk for a = 1;

arctan

1 < a  <

t£R,

2 n k;

2 ( « - l )  
— 1+1^10

, f -  i — y"io ^Jik for -----------—-------  a <  1,

for

b — a

r b = 2̂ ik 
I a =  0;

— 2 nk j , |

1687. 0  for |  j

6 =£ 2 nk

0  for

b — a

b =  2jiA; 
#  0;

2 arccos
2siny

for

2
b =/= 2 nk 

a

-{- 2 jt k;

2 s i n —

6-f-a

> 1;

2ji/c

(t; b — t), where

6 +  a
( +

2sin T

j , where a =

^ 1 .  -1688. 0  for (   ̂^  0 and forI b =  2 nk

( b =f=- 2ji&

|  1 ^ 7 6  > 1 ; Where K R ' l0r { ! - L ;  (■^TrL+ 2"fc;2 sin — a
b — a

■ 2 ji/c ) •  (
fr — a . . 0 . b +  a  0 \— -̂----- \-n +  2 nk; — -̂------ n — 2nk J , where a =

b =/= 2  nk
— 2 arcsin

2 sin |
for

2 sin |

(
b4-a , . b — a1 nk; nk M

b — a

< 1 .  1689. 0  for |2a  +  c o s f r | > l ;

b +  a-nk; nk ) where a  =2 i ’ 2 ' \ 2 1 ‘w,/’ 2
arccos (2 a +  cos b), for | 2a +  cos 6 | <  1. 1 6 9 0 . 0  for \ 2 a — s i n h | > l ;
/ b +  a b — a \ /n +  6 — a .» . — n + b  +  a  ,\
( —2----hJlfe; ~ 2 ------nfc) ’ (“ ^ ----- +  nfc:  :T ^ ~  ”  "*) ’
where a =- arcsin (2a — sin b), for | 2 a—sin b | < 1 .  1691. 0  for j  °

and for
{

b nk
nk

i ; (t ; b—t), where t £ R ,  for j  ( b + a  +  nk;>sin 6
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b — a n-\-b — a . . — n +  b +  a  , \  , . a—   ------ nk)  , ( ——■?------- \-nk; --------  — 1 * *---------nk) , where a =  arcsin —— 7 t2 ) \ 2 , 2  / ‘ sin b
( b =#= nk 1 1

for< ^  1.1692. 0  for a < — —■, a > - ;  (a +  jt (*+"); +
I sin b I 4 4

P +jt(/c +  rc); — a +  Jt (k — n)), ( — P +  n (k-\-n); a +  ji(fc — ra)), (— a  +  Ji (/c +  rc);
D , vx v arccos 4a +  arccos 2a 0 arccos 4<t —arccos 2a
P +  n (A: —n)), where a =  -------------- -̂-------------- * P = ---------------2--------------  »

for—|  ^  a <  - .  1693. 0  for a < —-g-, a >  - ; (a +  ji (fc +  rc); P +  ji (A: — ft)),

+  P + j i  ( / c + a ) ; ---- g"- +  a +   ̂ — w)j * (~2~ — P +  n(n +  k);
3X \— ----a +  ji (n — &) j t (ji — a +  ji ( n A:); ji — p +  jt (n — k)), where a =

arcs in 3a-fare sin a D arcsin 3a —arcsin a „ 1 ^ _ 1 _
------------ ^ ----------  , P = ------------ 2------------ f or—— ^ a < T . 1694. 0

a =f= 0
for {:

=  0 
=£ nk and for

( a =/= 0

1 1 ^ -
I m

-cos b > 1 ;  (t\ b — t), where 4 t£ R, for

f a =  0
I b.= nk; 1 6t “ + ”*;

£1
81 

^
 

-0 / 6 —a 
V 2 +  jiA:; 6 +  a  

2

/2  sin b~arccos f ---------\ a

If a ^ O
where a -{- cos , for s -cos b < 1  •

±  
n — a

1695. 0

1696. 0  for a ■

ji -f- a
\ Z  Z /

■2- +  :rn;' ( - | - + J i k ; --------+  for a =  ±  +  2nn; ( n | ° - +  flfc;

-a  , T \ £ 2n . 0 ^ f__ _  ̂ 1 ^ 11 for a — ±   ̂* -f- 2jta 1697. 0  for a < ----   , a >  —  ;z / o z z
(— 1)&+1 arcsin a +  Jt/c; (— l)71 arcsin 2a +  jx/z), ((— 1)& arcsin 2a -f- ji/c;

(— I)77*1 arcsin a +  jm) for — ^  a ^  . 1698. 0  for a <  -jj-; arccot  ̂— — j +

— l +  / 2 i ^ 3  , , ^  * - 1  — 1 ^ 2 ^ 3-------—------------ 1- ji/c <  x <  arccot---------- -̂--------

for a <  ; n  ̂ a +  nk for

nk for a =  ; arccot -

nk for a > - . 1699. 0  z z '

 ̂ _  3 f — ----- |-JtA: <  x < -----+  n/c for a >   ̂ a =

^  i  X JtZl 4

arCC0S l^a^+4 ’ P =  arCC°S y W l

i_a+l_o_+4__L9wt a/~ -|-2nk ^  -\-2itk for a<0— arccos-

— +  2jx7c c  x ^

 ̂ -f 2Jifc, arccos g/~  ̂ +  2jtA: ^  x <  —

ji +  2:mt ——-+2:ifc <  x < - 2 - + 2 ji/c for a =  0; —-5- +  2ji7c <  x <  ^ -  +  2jx/c,

arccos-^— ^ ^ - i^ -  +  2jtfc ^  x <  2jt — arccos - — ^ +  2jiA; . for a > 0 .









In 1988 Mir Publishers will be issuing “Solving Problems in 
Geometry”, which is intended for the 

students in the mathematical and physical 
mathematical faculties at teacher training institutes 

which was written by V.N. Litvinenko,
A.G. Mordkovich, and VA. Gusev.

The “Solving Problems in Geometry” is a sequel to 
this book. It will contain some 1500 problems on every topic 

of plane and solid geometry. Most of the 
problems are of intermediate difficulty and should be the 

basis of the teaching or exercise programme.
The book was written so that it may either 

accompany a lecture course or used for private 
studies. At the beginning of each section, therefore, 
examples are given of problems and their solutions, 
and in several cases some general theoretical and

methodological remarks are made.
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