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PREFACE.

IN the following work I have tried to present the

clements of Coordinate Geometry in a manner
suitable for Beginners and Junior Students. The
present book only deals with Cartesian and Polar
Coordinates, Within these limits I venture to hope
that the book is fairly complete, and that no proposi-
tions of very great importance have been omitted,

The Straight Line and Circle have been treated
more fully than the other portions of the subject,
since it is~generally in the elementary conceptions
that beginners find great difficulties.

There are a large number of Examples, over 1100
in all, and they are, in general, of an elementary
character. The examples are especially numerous in
the earlier parts of the book.
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I am much indebted to severa! friends for reading
portions of the proof sheets, but especially to Mr W
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CHAPTER L

INTRODUCTION.,

SOME ALGEBRAIC RESULTS.

A
1. Quadratic Equations. The roots of the quad-
ratic equation

aw® +bx +¢c=0
may easily be shewn to be
R and =0 N/ v
" Ya " Za :

They are therefore real and unequal, equal, or imaginary,
according as the quantity &'—4ac 18 positive, zero, or negative,

>
v.¢, according as b” £ 4ac.

2. Relations between the roots of any algebraic equation
and the cocfficignts of the terms of the equation.

If any equation be written so that the coefficient of the
hlilghest, term 1s unity, it is shewn in any treatise on Algebra
that

(1) the sum of the roots is equal to the coefficient of
the second term with its sign changed,

(2) the sum of the products of the roots, taken iwo
at a time, is equal to the coefficient of the third term,

(3) the sum of their products, taken three at a time,
is equal to the coefficient of the fourth term with its sign
changed,

and so on.
5



2 COORDINATE GEOMETRY.
Bx. L. If a and B be the roots of the equation

azt+ bz +e=0, ie. a:’+1.’ z+9.=ol

‘t

we have a+p=—-= und up.--.

Bx. 2. Ifa, 8, and v be the roots of the cubic equation

oxd 4+ bx? 4 ez 4-d=0,
b [ d
 Hip - -
. te. of r +az‘+az+ 0,
b
we have atf+y= ~a’
By+yataf= 2
d
and affy=~-

3. It can easily be shewn that thq solution of the
equations
ax+by+ez=0,
and az+by+ecz2=0,
Yy z

is = = — -,
bieg—be, caz—c, ad, - ab,

Determinant Notation.,

4. The quantity I b" %| is called & determinant of the
second order and stands for the quantity b, — a,b,, 50 that ,

lay, a!
|8,, &y] = %Pa= adhs

—_ 'n,s

) l_., Zol= - 8X(=0- (- Dx(~=18-28m -10,



DETERMINANTS. 3

@ Bay Oy

5. The quantity 5y, by, by..oonenvereiiiinnnnns (1)
1615 €y €

is called a determinant of the third order and stands for the

quantity

b Bo| _ [Bur B4, [Burbs
Cey O3 C1y Cgl 1y Cy
i.e. by Art. 4, for the quantity

0y (byes — byog) — ay (Byos ~ byey) + @y (bies— be.),
t.e. a, (bars—b,e,) + @y (biey — bye,) + ay (Bie, — byey).

8. A determinant of the third order is therefore reduced
to three determinants of the second order by the following
rtle:

Take in order the quantities which occur in the first row
of the determnmnant; multiply each of these in turn by the
determinant which is obtained by erasing the row and
column to which it belongs; prefix the sign + and — al-

ternately to the products thus obtained and add the
results.

Thus, if in (1) we omit the row and column to which @,
belongs, we have left the determinant ‘b” by and this is the

TR

. @ %

cerenenns (),

coefficient of a, in (2).
Similarly, if in (1) we omit the row and column to which
. .
a, belongs, we have left the determinant 3:’ i" and this
with the — sign prefixed is the coefficient of a; in (2).

1, —2. "3 v
9. Bx. The determinant | -4, 5§, -6
-7, 8, -9

5 -6 -4, -8 -4,5

8, -9""2)“!-7, -9|+("’)"'-7,s

~{5X(~9) 8 x ()} +3x {{~4) (~9) ~ (=) (- O)}
~Bx {(~4) X8~ (=T)x5}

w{ - 45.+48} +0{86 ~ 48} ~ 3 { - 53485}

=8-13-0= - 18.

=1x




4 COORDINATE GEOMETRY,

Qyy Qgy U3y Oy
biy byy by &4
Cly Cyy 3y €4

dl’ dﬂ’ d” d‘

is called a determinant of the fourth order and stands for
the quantity

8. The quantity

1Dy, by, b, by byy by
Oy X €y C3y C — 0y X €y Cyy Oy
dﬂ) dn d‘.! dl) dm d&
bu bn bt bu bfu bs
t ;X8 €y O —@UX €y €y G5,
‘11; d, dc, dn a,, dal .

and its value may be obtained by finding the value of each
of these four determinants by the rule of Art. 6.

The rule for finding the value of a determinant of the
fourth order in terms of determinants of the third order is
clearly the same as that for one of the third order given in
Art. 6,

Similarly for determinants ot higher orders.

9. A determinant of the second order has two terms,
One of the third order has 3 x 2, ie. 6, terms. One of the
fourth order has 4 x 3 x 2, 1.e. 24, terms, and so0 on.

10. Exs. Prove that

6 -8, 7
o) :' ‘;?:23. ) l:g _;I=sz. ©) |-2, 4 - 8/=-98,
' ! ' 9 8, -10
9,87 -a, b ¢
(4) 16,5, 4]=0. (3) a, -b, ¢|=4abec.
321 a, b, -¢
a, h'g
(6) |h, b, f|=abe+2fgh - aft- by ch,
fie

b3l



ELIMINATION, 5

Elimination.
11. Suppose we have the two equations
az+ay =0 1),
b + by =0 .o (2),

bétween the two unknown quantities  and y. There must
he some relation holding between the four coeflicients a,, a,,

by, and b,. For, from (1), we have .
zZ._ %
Y a’
b,

x
and, from (2), we have \.;/ =g

Equating these two values of ';f we have

b, G
b g
1.6 b, —ad =0 ... 3)

The result (3) is the condition that both the equations
(1) and (2) should be true for the same values of a and y.
The process of finding this condition is called the elimi-
nating of x and y from the equations (1) and (2), and the
result (3) is often called the eliminant of (1) and (2).

Using the notation of Art. 4, the result (3) may be
Gy @ 0 '
bl’ b’ o

This result is obtained from (1) and (2) by taking the
coefficients of # and y in the order in which they occur in

the equations, placing them in this order to form a determi-
nant, and equating it to zero.

written in the form

12. Suppose, again, that w2 have the three equations

ax+ay+az=0..... ... (1),
b+ by+bz=0.....cooinii. (2),
and . crtoy+er=0....... il (3),

between the three unknown quantities x, y, and .
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By dividing each equation by z we have three equations
between the two unknown quantities 5 and "—I Two of

these will be sufficient to determine these quantltles By
substituting their values in the third equation we shall
obtain a relation between the nine coefficients,

Or we may proceed thus. From the equations (2) and
(3) we have

LA A d
byes— by by by b —bg”
Substituting these values in (1), we have
@y (byes — byea) + @y (Byey = bicy) + a3 (biey — byey) = 0...(4).
This is the result of eliminating =, ¥, and z from the
equations (1), (2), and (3).
But, by Art. 5, equation (4) may be written in the form
@y Gy, B )
bh b‘u bi =
€1y €3y C3
This eliminant may be written down as in the last
article, viz. by taking the coefficients of =, y, and z in the
order in which they occur in the equations (1), (2), and (3),

placing them to form a determinant. and equating it to
ero,

18. Bx. JWhat is the value of a so that the equdtions
ax +2y +8z=0, 2z-38y+4z=0,
and bz+7y-8s=0
may be simultaneously true?
Eliminating #, y, and £, we have

a, 2, 8

2, -3, 4!=0,

5 1, -8
t.e. a[(-8) (—-8)-4xT7]-23[2x(-8)-4x5]+8[2x7~5x(~8)]=0,
te. af~4]-2[-86]4+38[20]=0,
ot anThEET_ 160

ol



ELIMINATION, 7

14. i again we have the four equations

ak + ayy + ez + aae =0, '
bt by+ba+bu=0,
G+ Clf + 62 + cu=0,
and dx + dyy + dz + du =0,

it could be shewn that the result of eliminating the four,
quantities @, y, 2, and « is the determinant

Gy, Oy, Gy, @)
byy bs, b5y bs

13\ Cay Cpy €4

dy, dy, dyy ds

A similar theorem could be shewn to be true for n
equations of the firkt degree, such as the above, between
» unknown quantities,

It will bo noted that the right-hand member of each of
the above equations is zero.

-0.



CHAPTER IL

COORDINATES, LENGTHS OF STRAIGHT LINES AND
AREAS OF TRIANGLES.

15. Coordinates. Let 0X and OV be two fixed
straight lines in the plane of the paper. The line 0X is
called the axis of z, the line OY the axis of y, whilst the
two together are called the axes of coordinates,

The point O is called the origin of coordinates or, more
shortly, the origin.

From any point P in the

plane draw a straight line R P
parallel to OY to meet 0X
m M,

M4
The distance OMf is called X' Ma M3 oM / X
the Abscissa,and the distance P
M P the Ordinate of the point
P, whilst the abscissa and the A

ordinate together are called (I

its Coordinates.

Distances measured parailel to OX are called =, with
or without a suffix, (e.g. 2, x,... &, «",..), and distances
measured parallel to 0 are called y, with or without a
suffix, (¢.9. ¥, ¥as.-. Y5 Y5 00)

If the distances O and MP be respectively z and y,
the coordinates of P are, for brevity, denoted by the symbol
(= )

Conversely, when we are given that the coordinates of
a point P are (z, ¥) we know its position. For from O we
have only to measure a distance OM (=x) along 0X and
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then from M measure a distance ML (=y) parallel to OY
and we arrive at the position of the point P. For example
in the figure, if OM be equal to the unit of length and
MP=20M, then P is the point (1, 2).

16. Produce X0 backwards to form the line 0.X’ and
YO backwards to become OY’. In Analytical Geometry
wé have the same rule as to signs that the student has
already met with in Trigonometry.

Lines measured parallel to OX are positive whilst those '
measured parallel to OX’ are negative; lines measured
parallel to OY are positive and those parallel to OY’ are
negative.

If P, be in the quadrant YOX' and P M,, drawn
parallel to the axis of 3 meet OX' in M,, and if the
numerical values of the guantities OM, and M,P, be a
and b, the coordinates of P are (- a and b) and the position
of P, is given by the symbol (— a, b).

Similarly, if P, be in the third quadrant X'0Y", both of
its coordinates are negative, and, if the numerical lengtha
of OM, and MV, be ¢ and d, then P, is denoted by the
symbol (—¢, —d).

Finally, if P, lie in the fourth quadrant its abscissa is
positive and its ordinate is negative.

17. Bx. Lay down on paper the position of the points
(i} (2, -1), (i) (-3, 2), and (iii) (-2, - 9).
To get the first point we measure a distance 2 along OX and then
a distance 1 parallel to OY’; we thus arrive at the required point.

To get the second point, we measure a distance 3 along OX’, and
then 2 parallel to OY.

To get the third point, we measure 2 along OX’ and then
8 parallel to OY’,

These three points are respectively the points P,, P,, and P, in
the figure of Art. 15.

18. When the axes of coordinates are as in the figure
of Art. 15, not at right angles, they are said to be Oblique
Axes, and the angle between their two positive directions
0X and 07, i.e. the angle X0Y, is generally denoted by
the Greek letter w.
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In general, it is however found #o be more convenient to
take the axes 0.X and OY at right angles. They are then
said to be Rectangular Axes.

It may always be assumed throughout this book that
the axes are rectangular unless it is otherwise stated.

19. The system of coordinates spoken of in the last
few articles is known as the Cartesian System of Coordi-
nates. It is so called because this system was first intro-
duced by the philosopher Des Cartes. There are other
systems of coordinates in use, but the Cartesian system is
by far the most important.

. 30. 7o find the distance between two points whose co-
ordinates are given.

Let P, and P, be the two
given points, and let their co-
ordinates be respectively (x,, y,)
and (wm y!)'

Draw P M, and P, M, pa-
rallel to 0Y, to meet OX in
M, and M,. Draw P,R parallel
to 0X to meet M. P, in R.

Then

My ™, X

PoR = MM, = 0, — OM, =, -,
RP,:M,P,—M’,P,=Q/,—_%,
and ¢ P,RP,=:0M,P,=180"—P, M X=180" -0,
‘We therefore have [ Trigonometry, Art. 164]
PP2=P,R*+ RP*-2P,R. RP cos P,RP,
= (2, — @a)? + (41~ 2)* — 2 (2, = 23) (¥1 — ¥s) c08 (180° ~ w)
= 0y = X (5, T 8 (1 ) (7~ 7 08 .. (1).

Tf the axes be, as is generally the case, at right angles,
we have w=90" and hence cos w=0.

The formula (1) then becomes
PP} = (2~ ) + (1~ 4"
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so that in rectangular coordinates the distance between the
two points (z,, ¥,) and (xy, 3,) is
N =X (V1 =T (2).
Cor. The distance of the point (z,, y,) from.the origin

is /2 + y}, the axes being rectangular. This follows from
(2) by making both =, and y, equal to zero.

21. The formula of the previous article has been proved for the
case when the coordinates of bpth the points are all positive.

Due regard being had to the signs of the coordinates, the formula
will be found to be true for all
points.

As a numerical example, let
P, be the point (5, 6) and P,
be the point (-7, — 4), #o that
we have

zl=60 Y1=6, 1,=-1, supene

and va=-4. X

Then .
PeR=M,0403M;=T45 B

= =2+,

and

RP,=RM,+ M, P,=440

* ==Yth.
The rest of the proof is as in the last article.
Similarly any other case could be considered.

22. To find the coordinates of the point whick divides
in a given ratso (m, :m,) the line joining two given points
(@ ) and (24, ya).

M~ M M,
Let P, be the point (2, v,), P, the point (=, ¥,), and P
the required point, so that we have
PP : PP, :: m:m,
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Let P be the point (x, y) so that if P,M,, P, and
P, M, be drawn parallel to the axis of y to meet the axis of
x in M,, M, and M,, we have

OM =z, M\P,=y,, OM=x, MP=y, CM,=m,
and M,P, =y,
Draw P,R, and PR,, parallel to 0.X, to meet MP and
M, in R, and /¢, respectively.
Then PR =MM=0M-0M, =x—x,
PR~ MM,=OM,~ OM =z, -z,
RP=MP-MP =y -,
and R.Py=MP, - MP=y,~y.
* From the similar triangles P, R, P and PR.P, we have
m PP PR, _ x- -
m, PP,~ PR, a—%
omy (- x) =m, (‘c )3
= M+ M
ny, + my
. m PP _RP _ y-y
Again En_PP:_R:P: (‘/z"y, ’
so that My (Y2 ¥) =My (Y — Y1)
= MYy + M,
my + m,
The coordinates of the point which divides P, Py in-
ternally in the given ratio m, : m, are therefore

Tt % and et
m, +my m; +m,
1f the point @ divide the line PP, externally in the
same ratio, <.e. s0 that P,Q : @QP, :: m, : m,, its coordinates
would be found to be
B =X and ’_“1!.:2‘:!1
m,; - m,
The proof of this statement is sumla.r to that of the
preceding article and is left as an exercise for the student.

t.e.

and hence
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.. Cor. The coordinates of the middle point of the line
joining (z,, ¥;) to (x,, ¥,) are

X+ %y $it¥
3 and 7

28, Bx. 1. Inany triangle ABC prove that
AB*+ AC*=2 (4D +DC?),
whére D is the middle point of BC.

Take B as origin, BC as the axis of z, and a line through B per-
pendicular to BC as the axis of y.

Let) BC=a, go that C is the point (a, 0), and let 4 be the poini
(21, %1)-

Then D is the point (‘% o).

a\? a\?
Hence ADA= (z,- +y,% and DC¥'=(;}) .

2 2
Ly
Hence  2(AD'+DC7)=2 [.z,=+y,= —az+ ':]
o =224 25,2 2ur, +a’
Aleo AC=(x, -a)* +y,%
and AP=z2+y2
Therefore AD2+ AP =221+ 2y,% ~ 2ax, + a’.
. Hence AR+ AC*=2(AD* + DC?),

Bx. 2. ABC is a triangle and D, E, and F are the middle points
of the sides BC, C4, and 477 ; prove that the point which divides AD
internally in the rutio 2 ;: 1 also divides the lines BE and CF in
the same ratio,

Hence prove that the medians of a triangle meet in u point.

Let the coordinates of the vertices 4, B, and C be (z;, y,), (3, ¥2),
and (z,, y;) respectively,

The coordinates of D are therefore zﬂ;—’* and y"l;—y 3,

Let G be the. point that divides internally 4D in the ratio 2:1,
and let its voordinates be Z and 7.

By the last article
ot
Bt g T lxa T+ L+
= = .
2+1

8o g=tithetty



14 COORDINATE GEOMETRY.

In the same manner we could shew that these are the coordinates
of the points that divide BE and CF in tae ratio 2 : 1

Since the point whose coordinates are
TSyt gy o0 YTt
8 3

lies on each of the lines 4D, BE, and CF, it follows that these three
lines meet in a point.

This point is called the Centroid of the triangle. .
EXAMPLES. I
Find the distances between the following pairs of points.
1. (2,8) and (5, 7). 2. (4 -7) and (-1, 5).
X 8. (-8, -2) and (-0, 7), the axes Leing inclined at 60°.
" 4, (a,0) and (o, b). 5. (b+¢, c+a) and (c+a, a+b).
)( 6 (a2 coB «, asin a) and {a cos g, asin g).

. {amy?, 2am;) and (amg?, 2am,). :
Lay down in a figure the positions of the points (1, -38) and
(-2, 1), and prove that the distance between them is 5.
9, Find the value of z, if the distance between the points (z;, 2)
end (3, 4) be 8.

10. A line is of length 10 and one end is at the point (2, —B
if the abscissa of the other end be 10, prove that its ordinate must
8or -9,

M1, Prove that the points (2a, 4a), (2a, 8a), and (32 +./8a, 5a)
gra the vertices of an equilateral triangle whose ude is 2a.

« 12. Prove that the points (-2, -1), (1, 0), (4, ), and (1, 2) ,u
at the vertices of a parallelogram.

13. Prove that the ‘points (2, -2), (8, 4), (56,7),and (-1,1)are
at the angular points of a rectangle. ¥

14. Prove that the point (-, #§) is the centra of the circle
cxtsu(ms;nh)mg the triangle whose angular points are (1, 1), (2, 8),
an , 2

Find the coordinates of the point which

,/is, divides the line joining the points (1, 3) and (3, 7) in the
ratio 8: 4,

18. divides the/same line in the ratio 8 : ~ 4.
, dlvides, in and externally, the line joining (~1, 8
1(2 rgneteaeios it joiniog (-1, %)

s



(Exs. L] EXAMPLES, . 15
v 18, divides, internally and externally, the line join -8, -4)
to (-8, 7) in the ratio 7 : 5. v Jolning (
9, The line joining the pointa (1, - 2) and (-8, 4) is trisected ;

find the eoordinates of the points of tion.

20. The line joining the points (6, 8) and (8, —8) is divided -
into four equal parts; find the coordinates of the points of section.
‘ 9]. Find the coordinates of the points which divide, internally
and externally, the line joining the point (a+b, a-b) to the point
(a-b, a+b) in the ratio a : b,

22, The coordinates of the vertices of a triangle are s:l, %)
(%4, yy) 80d (23, ¥5). The line joining the firat two is divided 1n
mtio! : k, and the line joining this point of division to the opposite

angular point is then divided in the ratio m ;: k+1 Find the
coordinates of the laiter point of section.

28, Prove that the coordinates, z and y, of the middle point of
the line joining the point (2, 3) to the point (3, 4) satisfy the equation
z-y+1=0,

24, If G be the centroid of a triangle 4BC and O be any other
point, prove that '

3(GA2+ GB+ GO =BC + CA + AB?,
and 042+ 0B+ 0C3=GA3+ GBY+ GC3+ 3G 0%

25, Prove that the lines joining the middle points of opposite
sides of a quadrilateral and the line joining she middle points of its
qingonals meet in a point and biseet one another,

26. A4, B, C, D... are n pointa in a plane whose coordinates are
(#1: ¥1), (T3> ¥a)» (Tyy Ys)s.... AB is bisected in the point G,; G,C is
divided at G; in the ratio 1:2; G,D is divided at G, in the ratio
1:8; G4E at G, in the ratio 1 : 4, and so on until all the points are
exhausted. Shew that the coordinates of the final point so obtained are

B+t zet., + 2 and y_1_+y,+;b-r-...+y,,'
n
h[l'l.‘]n.is point is called thie Centre of Mean Posttion of the n given
poluta.]

27, Prove that a gint ocan be found which is at the same
distance from each of the four points

(oms 2). (omnr ). (o 2) 008 (g e )-

24. 7o prove that the area of a trapezium, i.e. a quad-
rilateral having two sides parallel, is one half the sum of the
two porallel sides multiplied by the perpendicular distance
beteveen them. ~
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Let ABCD be the trapezium having the sides 4D and

BC parallel,

oin AC and draw AL perpen-
dicular to BC and C'N perpendicular
to AD, produced if necessary.

Since the area of a triangle is one
half the product of any side and the
perpendicular drawn from the opposite angle, we have

area ABCD=AABC + AACD

=}.BC.AL+}.4D.CN
=}(BC +4D) x AL

25. T find the area of the triangle, the coordinates of
whose angular points are given, the axes being rectangular,

Let ABC be the triangle
and let the coordinates of its Y
angular points 4, B and C be
(20, $1)s (22 3a), a0d (25, y,).

Draw AL, BM, and CN per-
pendicular to the axis of x, and !
let A denote the required area. j .

Then o L N M X
A=trapezium A LNC + trapezium C N B -trapezium ALUB

= MLN (LA + NC) + }NM (NC + MB) — } LM (LA + MB),
by the last article,
=3 [ =) (91 + ys) + (2 ~2) (%2 + ¥5) — ("‘z —x) (11 +¥)}
On simplifying we easily have
A =§ (Y= XV; + X3 ~ XYz + X9, - XYy,
or the equivalent form
A=3[m (ya— o) + 22 (¥ - 1) + 7 (v — )]

If we use the determinant notation this may be written
(as in Art. B)
I 1 1

A=§l

okliz

Cor. The area of the trm.ngle whose vertices are the
origin (0, 0) and the points (2, ), (%3, %) i § (%igs— @)
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20. In the preceding article, if the axes be oblique, the perpun-
diculars 4L, BM, and CN, are not equal to the ordinates y;, ¥,, and
s, bul are equal respectively to y, sin w, y, 8in w, and y,sin w.

The area of the triangle in this case becomes

48in w {zyy, — Zayy + T4Ys — TYa + Talhy — T1¥shs
Zp, Y1 1
Zgy Yus 1.
Zg, Ygo 1

27. In order that the expression for the area in Art. 25 may be
a positive quantity (as all areas necessarily are) the points 4, B, and
C must be taken in the order in which they would be met by a
person starting from 4 and walking round the triangle in such a

manner that the area of the triangle is always on his left hand.
Otherwise the expressions of Art. 25 would be found to be negative.

$8in wx

28. To find the area of a quadrilateral the coordinates
of whose angulur points are given.

1
1
! 1
H 1
H 1
' ]
i
'
1
H H

WX

Let the angular points of the quadrilateral, taken in
order, be A, B, C, and D, and let their coordinates be
respectively (a1, ¥,), (Im AR (.T,,, ¥s), and (xg, ¥.)-

Draw AL, BM, CN, and DR perpendicular to the axis
of x,

Then the area of the quadrilateral
= trapezium ALKE D + trapezium DRNC + trapezium CN M5B
s —trapezium ALMB

=3LR(LA+ ED)+ }RN(RD+NC)+INM(NC + MD)

— LM (LA + MB)
=} {{m— =) (41 + ¥ + (@2~ ) (s + y3) + (22~ %) (42 + 43)

~ (@3~ ) (4, + )}
=} {(ys— w) + (25— 2a) + (@~ 2) + (zan - 2y )}

Z}ee--

o L R
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29. The above formula may also be obtained by
drawing the lines 04, 0B, OC and OD. For the quadri-
lateral 4BCD .

= AOBC+ AOCD - AOBA— AOAD.

But the coordinates of the vertices of the triangle 0BC
are (0, 0), (=, y,) and (x5, v,); hence, by Art, 25, its
area is } (my, — 25y,).

So for the other triangles.

The required area therefore

=} (s — @a) + (s~ %) = (a1 — 2ya) — (@ys — 2)]
=} {(oga — 2) + (@as — 2Y) + (@Yu = 2s) + (21— 2y,)]
In a similar manner it may be shewn that the area

of a polygon of n sides the coordinates of whose angular
points, taken in order, are

(=15 3)s (%> ¥a)s (25, Yshre-(Tas Yn)
is  }[(=ya—ay) + (@ — Zla) + oot (i #y.))

EXAMPLES. I

Find the areas of the triangles the coordinates of whose angular
points are respectively

(1,8), (- 7,6) and (5, -1). {(0, 4), (8,6) and (-8, -2).
(51 2)7 ("91 _3) and ("31 "5)'
(@, b+¢), (0, b-¢) and (-a, ¢).
(a, c+a), (s, ¢} and {~a, c-a).
(a cos ¢y, bsin ¢,), (acos ¢y, bsin ¢,) and (a cos ¢,, bsin @y).
(amy3, 2am,), (amg?, 2am,) and (amy?, 2amy).
{ommy, a (my+my)}, {amms, a (my+my)} and
{amgn,, a (my+my)}
a a a

fom o foma 2 wet o 2}
Prove (by shewing that the area of the triangle formed bmm in
tero) that the following sets of three points are in a straight 1

10- (lo “)b (3’ "2)1 and (—3, 16)'

11 ('iv 8), (—6I 6) snd (-—8, 8)'

12. (a, b+¢), (b, c+a), snd {c, as+d).

PP s S
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Find the areas of the quadrilaterals the coordinates of whose
anguler points, taken in order, are
18. (1,1), (3,4), (5, -2), and (4, -7).
14. (-1,6), (-8, -9), (5, —-8), and (3, 9).
15. If O be the origin, and if the coordinates of any two pointa
P, and P, be respectively (z,, y,) and (25, y5), prove that
OP,.0P,.c08 P,OP;=x,2,+19,95-

* 30. Polar Coordinates. There is another method,
which is often used, for determining the position of a point
in a plane. '

Suppose O to be a fixed point, called the origin or
pole, and OX a fixed line, called the initial line.

Take any other point # in the plane of the paper and
join OF. The position‘of P is clearly known when the
angle XOP and the length OFf are given.

[For giving the angle XOP shews the direction in which OP is
drawn, and giving the distance OP tells the distance of P along this
direction.] .

The angle XOP which would be traced out by the line
OP in revolving from the initial line OX is called the
vectorial angle of P and the length OP is called its radius
vector. The two taken together are called the polar co-
erdinates of 7.

If the vectorial angle be 8 and the radius vector be 7, the
position of 2 is denoted by the symbol (r, 6).

The radius vector is positive if it be measured from the
origin O along the line bounding the vectorial angle; if
measured in the opposite direction it is negative.

81. Ex. Construct the positions of the points (i) (2, 80°),
ii) (3, 160°), (iii) (-2, 45°), (iv)
-8, 880°), (v) (3, —210°) and (vi)
~8, -380°.

(ill To construct the first point,
let the radius vector revolve from
OX through an angle of 80° and
then mark off uloug it a distance
equal to two units of length. We
thus obtain the point P,,

(i) For the second point, the radius vestor revolves from OX
through 150° and is then in the position OF,; measuring a distance 3
along it we arrive at P,.
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{iii) For the third point, let the radius vector revolve from OX
through 45° into the position OL. We have now to measure along
OL a distance - 2, i.e. we have to measure a distance 2 not along OLL
but in the opposite direction. Producing LO to Py, so that OP; is
2 units of length, we have the required point P,.

(iv) To get the fourth point, we let the radius vector rotate from
OX through 830° into the position OM and measure on'it s distance
~8, i.e. 8 in the direction 3O produced. We thus have the point P,
which is the same as the point given by (ii). o

v) If the radius vector rotate through -210° it will be in the
position OP,, and the point required is P,.

(vi) For the sixth point, the radius vector, after rotating through
~80°, 18 in the position OM. We then measure -3 along i}, i.e. 8 in
the direction 370 produced, and once more arrive at the point I,.

32. It will be observed that in the previous example
the same point P, is denoted by each of the four sets of
polar coordinates

(3, 150%), (-3, 330°), (3, ~210°) and (-3, - 30°).

1n general it will be found that the same point is given
by each of the polar coordinates
(r, 6), (-1, 180° + 8), {r, —(360°— 6)} and {-», — (180° - §)},
or, expressing the angles in radians, by cach of the co-
ordinates :

(*6), ~7r,7+0), {r, —(2r-6)} and {~r,—(xr~6)}.

It is also clear that adding 360° (or any multiple of
360°) to the vectorial angle does not alter the final position
of the revolving line, so that (r, 8) is always the same point
as (r, §+n.360°), where n is an integer. *

So, adding 180° or any odd multiple of 180" to tle
vectorial angle and changing the sign of the radius vector
gives the same point as before. Thus the point

[-7 0+(2n+1) 180"]

is the same point as [—, 8 + 180°}, <.e. is the point [r, §].

[

38. To find the length of the straight line joining two
poinis whose polar coordinates are given.
Let 4 and B be the two points and let their polar
coordinates be (r,, 6,) and (r,, 8,) respectively, so tgzb
Od=r,, OB=r,, : X04=0,, and L XOB=4,,
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Then (Trigonometry, Art. 164)
AB'=0A*+ 0B*—- 204 .08 cos AOB
=72+l - 2rr,co8 (6, ~ 6,).
84. To find the area of « triangle the coordinates of
whose angular points are given.
s Tet ABC be the triangle and let (», 8,), (r,, 6,), and
(r3, 05) be the polur coordinates of
its angular points. v c
‘We have
AABC =AO0OBC+AOCA B
—AOBA .....(1). A
Now \
AOBC=}0R.0C sin BOC
[Trigonometry, Art. 198] o X
= }ryrg8in (0, — 6,).
8o AO0CA=}0C.04s8inCO0L =}ry sin(6,-6),
and AOAB=}04 . 0Bsin AQB = }ryysin (6, — 6,)
== §rry8in (- 6,).
Hence (1) gives
LABC =} [rrgsin (6 - 0,) + ryry sin (6, - 6;)
* + 7y 8in (6, - 6,)]
38. To change from Cartesian Coordinates to Polar
Coordinates, and conversely.
Let P be any point whose Cartesian coordinates, referred
to rectangulaf axes, are = and g, :
and whose polar coordinates, re- Y
ferred to O as pole and OX as
initial line, are (r, 8).

Draw P M perpendicular to OX P
so that we have |,
OM=x, MP=y, - MOP=8, 7
and OP=r. X0 <+ M X
From the triangle MOP we iy!
have
x=0M=0Pcos MOP =rcosé ......... (1),
y=MP=0Psin MOP=rsind......... (2),

r=0P=y0HT+ HP=JB+3p ...... 3),
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and

Equations (1) and (2) express the Cartesian coordinates
in terms of the polar coordinates.

Equations (3) and (4) express the polar in terms of the
Cartesian coordinates,

The same relations will be found to hold if J* be in any
other of the quadrants into which the plane is divided by
X0X' and YOY'.

Bx. Chuange to Cartesian coordinates the equations
(1) r=asind, and (2) r‘=a*coag.

(1) Multiplying the equation by r, it becomes r?=ar sin 4,
{.¢. by equations (2) and (3), 2% +y*=ay.

(2) Bquaring the equation (2), it becomes

r=acoe"g= ; (1+cosd),

e 2r=ar+uarcos §,

i.e 2(2*+yY) =an/2z? ¥ y*+ az,

i.c. (222 + 2% - az)?=a? (32 +1%).
BXAMPLES, III,

Lay down the positions of the points whose polar coordinates are
1. (8, 45°). 2. (-2, -60°. 3. (4,185%). 4. (2, 830°),

5. (-1, ~180°). 6. (1, -210°). 7. (6, -6759. 8, (a, ;)

0. (2-3)- 10. (-4, 7). 1. (-2 -%).

Find the lengths of the straight lines joining the pairs of points
whose polar coordinates are

12. (2, 80°) and (4, 120°). 18. (-8, 45°) and (7, 105°).
4, (u, g) and (Ba, !ﬁ)
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J15. Prove that the points (0, 0), (8, E) , and (B, :> form an equi-
lateral triangle.

V& Find the areas of the triangles the coordinates of whose angular
points are

18. (1, 80°), (2, 60°), and (8, 90°).
17+ (-8, -30%, (5, 150°), and (7, 210°)

V8. (—a. ’E') (a, 2) nnd( 2.,,___

Find the polar coordinates (drawing the figure in each case) of the
points

10. z=./8, y=1. 20, a=-./8, y=1. 2l z=-1, y=L

Find the Cartesian coordinates (drawing a figure in each case) of
the points whose polar coordinates are

23. (5, 3 2. (-5.)- 24. (5, -3)-

Change to polar coordinates the equations
25. #*+yt=at 26. y=ztana. 27. *+y*=2az.
28, 23-y?=2ay. 20. 2*=y3(2a-z). 30. (2'+y}):=a?(z?—-y?).

* Transform to Cartesian coordinates the equations

81, r=a. 32, 6=tan~im. 33. r=acsé.
84. r=asin 24. 35. r*=a%cos 26. 36. r%ain 26=2a2,
87. r®cos 20=a?, 3s8. 4 cos g =af, . 39. H=alsin g .

40, r(cos 80+ sin 36) =5k ain 6 cos 9.



CHAPTER IIL

LOCUS. EQUATION TO A LOCUS.

36. WuEN a point moves so as a.lwa.ys to satisfy a
given condition, or conditions, the path it traces out is
called its Locus under these conditions.

For example, suppose O to be a given point in the plane
of the paper and that a point 2 is to move on the paper so
that its distance from O shall be constant and equal to a.
It is clear that all the positions of the moving point must
lie on the circumference of a circle whose centre is 0 and
whose radius is a. The circumference of this circle is
therefore the ‘ Locus” of P when it moves subject to the
condition that its distance from O shall be equal to the
constant distance a.

87. Again, suppose 4 and B to be two fixed points in
the plane of the paper and that a point P is to move in
the plane of the paper so that its distances from 4 and B
are to be always equal. If we bisect 4B in C and through
it draw a straight line (of infinite length in both directions)
perpendicular to 47, then any point on this straight line
is at equal distances from 4 and B. Also there is no
point, whose distances from 4 and B are the same, which
does not lie on this straight line. This straight line is
therefore the “Locus” of 7 subject to the assumed con-
dition.

38. Again, suppose 4 and B to be two fixed points
and that the point 2 is to move in the plane of the paper
so that the angle APB is always a right angle. 1f we
describe a circle on 4B as diameter then P may be any
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point on the circumference of this circle, since the angle
in a semi-<ircle is a right angle; also it could easily be
shewn that A2°B is not a right angle except when 2 lies
on this circumference. The ¢ Locus” of P under the
assumed condition is therefore a circle on 4B as diameter.

.39. One single equation between two unknown quaan-
titles  and ¥, e.g.

zry=1.n 1,
cannot completely determine the values of « and ¥.
B
fa 1Y
e
P
e 0B
TTTMTTTOM X

Such an equation has an infinite number of solutions.
Amongst them are the following:

x=0,) =x=1,) == 2) =x= 3
T T R
[

w=-1, a:--—-2,}
- 2}, N TR

Let us mark down on paper a number of points whose
coordinates (as defined in the last chapter) satisfy equation
().

Let OX and OY be the axes of coordinates.

If we mark off a distance OF, (=1) along 0}, we have
8 point P, whose coordinates (0, 1) clearly satisfy equation
@)

If we mark off a distance OF,(=1) along OX, we have
a point P, whose coordinates (1, 0) satisfy (1).
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Similarly the point Py, (2, —1), and P,, (3, —2), satisfy
the equation (1).

Again, the coordinates (- 1, 2) of P, and the coordinates
(—2, 3) of P, satisfy equation (1).
On making the measurements carefully we should find

that all the points we obtain lie on the line PP, (produced
both ways).

Again, if we took any point @, lying on P, P,, and draw
a perpendicular QM to OX, we should find on measurement
that the sum of its 2 and y (each taken with its proper

sign) would be equal to unity, so that the coordinates of Q
would satisfy (1).

Also we should find no point, whose coordinates satisfy
(1), which does not lie on P, 2.

All the points, lying on the straight line 2, P,, and no
others are therefore such that their coordinates satisfy the
equation (1).

This result is expressed in the language of Analytical
Geometry by saying that (1) is the Equation to the Straight
Line P, 2,.

40. Consider again the equation

7 T S )
Amongst an infinite number of solutioms of this equa-

tion are the following: ¢
z=2,} T= ~/3} a:=~l2} w=1 }
y=0J)' y=1 )" y=J2° y=v3’
z=0 z=-1, x=— /2, z==,/3,
.'/=2}’ y=J3}’ y=u2 }’ y=1 }’
d=-2) e=-,3,) x=-./2 z==1,
y=0 }’ y=-1 }’ :'/=-./2}’ z/=—J3}’
a=0, x="1, w= /2 x=,/3
y-=—'2}' y=-J3}’ y=:/J2}' and y=:/1}'
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All these points are respectively represented by the
points Py, P, 2, ... Py, and they '
will all be found to lie on the

RY
dotted circle whose centre is O P R. B p
and radius is 2, p2 :QP
Also, if we take any other & i

point @ on this circle and its | A
ordinate QM, it follows, since B 0 MR X
OM3+ MQ* = 0Q*==4, that the « ’

,-‘p
and y of the point @ satisfies (1). o3 b e

The dotted circle therefore R —Is--""l?‘ s
passes through all the points whose 18

coordinates satisfy (1).

In the language of Analytical Geometry the equation
(1) is therefore the equation to the above circle.

41. As another example let us trace the locus of the
point whose coordinates satisfy the equation

If we give @ a negative value we sce that y is im-
possible ; for the square of a
real quantity cannot be nega-
tive,

‘We see therefore that thero
are no points lying to the left
of 07,

If we give = any positive
value we see that y has two
real corresponding valueswhich
are equal and of opposite signs.

-The following values,
amongst an infinite number of
others, satisfy (1), viz.

a=0 x=1, x=2,

y=0}’ y=+2or—-2}’ y=2J2or.-2J2}’
x=4 x=16, =+,
'y=+4or—-4}' " y=80r-—8}’ 'y 4+ or—oo}'

The origin is the first of these points and P, and @,
- Pyand @, Pyand Q,, ... represent the next pairs of pointe.
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If we took a large number of values of z and the
corresponding values of y, the points thus obtained would
be found all to lie on the curve in the figure.

Roth of ite branches would be found to stretch away to
infinity towards the right of the figure.

Also, if we took any point on this curve and measured
with sufficient accuracy its x and y the values thus obtaitied
would be found to satisfy equation (1).

Also we should not be able to find any point, not lying
on the curve, whose coordinates would satisfy (1).

In the language of Analytical Geometry the equation
(1) is the equation to the above curve. This curve iscilled
a Parabola and will be fully discussed in Chapter X.

42. If a point move so as to sutisfy any given condition
it will describe some definite curve, or locus, and there can
always be found an equation between the z and y of any
point on the path.

This equation is called the equation to the locus or
curve. Hence

Def. Equation to a curve. Z2%e equation fo a
curve is the relation which exists between the coordinates of
any point on the curve, and which holds for no other points
except those Lying on the curve,

43. Conversely to every equation between x and y it
will be found that there is, in general, a definite geometrical
locus.

Thus in Art. 39 the equation is z+y=1, and the
definite path, or locus, is the straight line P, (produced
indefinitely both ways).

In Art. 40 the equation is a?+ y*=4, and the definite
path, or locus, is the dotted circle,

Again the equation y=1 states that the moving point
is such that its ordinate is always unity, i.e. that it is
always at a distance 1 from the axis of #. The definite
path, or locus, is therefore a straight line parallel to OX
and at a distance unity from it.
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44. In the next chapter it will be found that if the
equation be of the first degree (i.e. if it contain no
products, squares, or higher powers of = and %) the locus
corresponding is always a straight line.

If the equation be of the second or higher degree, the
corresponding locus is, in general, a curved line.

45. We append a few simple examples of the forma-
tion of the equation to a locus.

Bx. 1. 4 point moves so thut the algebraic sum of its distances
JSrom (wo given perpendicular axes is equal to a constant gquantity a;
Jind the equation to its locus,

Take the two straight lines as the axes of coordinates., Let (2, y)
be any point satisfying the given condition. We then havex +y=a.

This being the relation eonnecting the coordinates of any point
on the locus is the equation to the locus.

It will be found in the next chapter that this equation represents
a straight line.

Bx. 3. T'he sum of the squares of the distances of a moving point
JSrom the two fized points (a, 0) and (—a, 0) is equal to a constunt
quantity 2¢®.  Find the equation to its locus.

Let (z, y) be any position of the moving point. Then, by Art. 20,
the condition of the question gives

{z-a)y'+5*} + {(z +a) + 4} =267,
ie, 2+ yt=c—-ad,
This being the relation between the coordinates of any, and every,

puint that satisfies the given condition is, by Art. 42, the equation to
the required locus.

This equation tells us that the square of the distance of the point
(x, y) {rom the origin is constant and equal to ¢® - a3, and therefore
the locus of the point is a circle whose centre ia the origin.

Bx, 8. 4 point moves a0 that its distance from the point (-1, 0)
is always three times its distance from the point (0, 2).
Let (z, y) be any point which satisfies the given condition. We

then have R L )
NETIFF G- 0f=8./(z =00+ ¥ - 2%
so that, on squaring,
2242204 1493=9 (a2 +y2 - 4y +4),
ie. 8 (#3+y%) -2z - 86y +35=0.

This being the relation between the coordinates of each, and
every, egoint that satisfies the given relation is, by Art, 42, the
roquired equation.

'Itsl will be found, in & later chapter, that this equation represcnts
a circle,
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EXAMPLES. IV.

By taking a number of solutions, as in Arts, 39—41, sketch
the loci of the following equations :

1. 2x+43y=10, 2 dx-y=1. 3, 2%-2ux+yi=0.
4, 22~ duz+y2+3a?=0. 5. y*=a. 6, Bx=3%2-9.
.2y

7. i +§ . «

A and B being the fixed points (a, 0) and (- a, 0) respectively,
obtain the equations giving the locus of F, when
8. PA?- PB?=a constant quantity =2k3,
0, P’A =nPB, n being constant.
10. P4+ PB=c, a conatant quantity.
11. PB*+ PC*=2P4%, C being the point (¢, 0).
12, Find the locus of & point whose distance from the point (1, 2)
is equal to its distance from the axis of .

Find the equation to the locus of & point which is always equi-
distant from the points whose coordinates ate

13. (1, 0) and (0, -2). 14, (2, 3) and (4, 5).
15. (a+b, a~b) and (a-b, a+bd).
Find the ¥guation to the locus of a point which moves so that

18, its distance from the axis of x is three times its distance from
the axis of y, D

17. its distance from the point (a, 0) is always four times its dis-
tance from the axis of y.

18. the sum of the squares of its distances from the axes 18 equal
to 8.

10, the square df its distance from the point (0; 2) is equal to 4.

20. its distance from the point (3, 0) is three times ita distance
from (0, 2).

21, its distance from the axis of x is always one half its distance
from the origin.

22. A fixed point is at a perpendicular distance a from n fizxed
straight line and a point moves o that ity distance from the fixed
point is always equal to its distance from the fized line. Find the
equation to ita locus, the axes of coordin being drawn through
{_he fized point and being parallel and perpendicular to the given
ine,

23, In the previous question if the first distance be (1), always half,

and (2}, always twice, second distance, find the equations to the
respeciive loci,
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THE STRAIGHT LINE. RECTANGULAR COORDINATES.

46. Tv find the equation to & straight line which is
parallel to one of the coordinats axes.

Let CL be any line parallel to the axis of % and passing
through a point C on the axis of x such that 0C =c.

Let P be any point on this line whose coordinates are
o and ¥.

Then the abscissa of the point P is vy L
always ¢, so that p

. L= Correrirriene o (1)

This being true for every point on ¢ C X

the line CL (produced indefinitely both
ways), and for no other point, is, by
Art. 42, the equation to the line.

It will be noted that the equation does not contain the
coordinate y:

Similarly the equation to a straight line parallel to the
axisof wis y=d,

Cor., The equation to the axis of 2 is y=0,

The equation to the axis of y is £=0.

4%7. To find the equation to a straight line which cuts
off a given intercept on the axis of y and iz inclined ot a
given angle to the axis of w.

Let the given intercept be o and let the given angle bea.
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Let C be a point on the axis of y such that OC is «
Through C draw a straight T
line LC L'inclined at an angle
a (=tan"1m) to the axis of z,
go that tan a=m.

The straight line LCL’ is
therefore the straight line
required, and we have to T
find the relation between the .
coordinates of any point P lying on it.

Draw PM perpendicular to 0X to meet in & a line
through C parallel to 0.X.

Let the coordinates of P be x and y, so that O.M ==
and MP=y. .

Then MP=NP+ MN--CNtana+0C -m.x+e,
ie y=mx+4cC. ) oy

This relation being true for any point on the given
straight line is, by Art. 42, the equation to the straight
line.

[In this, and other similar cases, it could bLe shewn,
conversely, that the equation is only true for points lying
on the given straight line.]

Cor. The equation to any straight line passing throu.gh
the origin, ¢.e. which cuts off’ & zero intercept from the axis
of y, is found by putting ¢=0 and hence is y =ma:.

48. The angle ¢ which is used in the previous article is the
angle through which a straight line, originally parallel to 0X, would
have to turn in order to coincide with the given direction, the rotation
being always in the positive direction. Also m is always the tangent
of this angle, In the case of such a straight line as AB, in the figure
of Art. 80, m is equal to the tangent of the angle X4P gnot of the
sngle PA0). In this case therefore m, being the tangent of an obtuse
angle, is a negative quantity.

The student should verify the trath of the equation of the last
article for all points on the straight line LCL', and also for straizht
lines in other positions, ¢.g. for such & ltnigimt line a8 4,B, in the
figure of Art. 59. In this latter case both m and c are negative
quantities.

A careful consideration of all the possible cases of & few proposi-

tions will soon eatisfy him that this verification is not always
necessary, but that it is sufficient to conalder the standard figure.
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40. Bx. The equation to the straight line outiing off en
intercept 8 from the negative direction of the axis of y, and inclined
at 120° to the axis of z, is

y=xtan 120°+(—3),
i.c. . y=-2x4/8-3,
i.e. y+z./8+3=0.

50. T find the equation to the struight line which cuts
offegiven intercepts a and b from the axes.

Let 4 and B be on OX and OY respectively, and be
such that Od =a and OB =0, .

Join AB and produce it in-
definitely both ways. Iet P be
any point (x, ¥) on this straight
line, and draw £Af perpendicular
to 0X. i
‘We require the relation that oM A\ x
always holds between.z and y, so
long as P lies on 4B.

By geometry, we have

oM _PB . MP AP
04 ~ AB’ 0B~ ADB°
0N NP _PB+AP_
047 OB T AB

1,
_ x, y_
1.6 E+B—1.

This is therefore the required equation; for it is the
relation that holds between the ‘coordinates of any point
lying on thé given straight line.

831. The equation in the preceding article may be also obtained

by expressing the fact that the sum of the areas ot the triangles OFA
and OPB is equal to OAB, so that

taxy+ibxz=4axd,
and hence Ca¥oy,
a b
838. Bx. 1. Find the equation to the straight line passing

through the point (3, —~4) and cutting off intercepts, equal dut of
opposite signs, from the two axes.

Let the interoepts cat off from the two axes be of lengths a and

-
L. 2
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The equation to the straight line is then
i ¥y,
e -a
e B=Y=urrrirrssessrtoessresrrrsssnsanse 1).

Since, in addition, the straight line is to go through the point
(8, —4), these coordinates must satisfy (1), so that

8-(-4)=a,
and therefore a=T. .
The required equation is therefore
z-y="T.

Bx. 2. Find the equation to the straight line which passes through
the point (- B, 4) and is such that the portion of it between the azes is
divided by the point in the ratioof 1 : 2.

Lot the required straight line be ';:--0- %:1, This meets the sxes
in the pointa whoae coordinates are (z, 0) and (0, ).
The coordinates of the point dividing the line joining thess
points in the ratio 1: 2, are (Art. 22)
2.a+41.0 and 2.0+1.b i 28 and b
2+1 241 " 8 8
If this be the point ( - 5, 4) we have
—5=22
8
so that a= -3 and b=12,

The required straight line is therefora *

and 4=§.

z =
Tt =l
i.e by - 8z=60,

53. To find the equation to a strasght line in terms of
the perpendicular let fall upon it from the origin and the
angle that this perpendicular makes with the axis of =x.

b Let OR be the perpendicular from O and let its length
»

Tet a be the angle that OR makes

with 0.X.

Let P be any point, whose co-
ordinates are s and g, lying on 43;
draw the ordinate PJM, and also ML
ggrpendicuhr to OR and PXN perpen-

cular to ML,
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Then OL=0Mcosa .......0cveurenuennnnnn (1),
and LR=NP=MPsin NMP.
But t NMP=90"~-: NMO=: MOL=a
LR=MPSina.....ocooreennsn. (@

Hence, adding (1) and (2), we have
. OMcosa+ MPgina=0L +LR=0R=p,
t.e. xcosa+ysina=p.
This is the required equation. .
54. In Arts 47—b53 wehave found that the correspond-

ing equations are only of the first degree in #and y. We
shall now prove that

Any equation of the ﬁr"a\t degres in x and y always repre-
sents o straight line.

For the most general form of such an equation is

A+ By+C=0..ccvvniiniinnnn o (1),

where 4, B, and C are constants, .. quantities which do
not contain # and y and which remain the same for all
points on the locus,

Lat (=, 1), (x4, %), ond (25, ¥») be any three points on
the locus of the equation (1).

Since the point (z,, ¥} lies on the locus, its coordinates
when substituted for « and y in (1) must satisfy it.

Hence Aoy + Dy +C=0 .oonennenen. (2).
So . Az + By, +C=0 ... ... cennnen. (3),
and * A2y +Byy+C=0 ..ocooernnnenn. (4)

Since these three equations hold between the three quanti-
ties 4, B, and C, we can, as in Art. 12, eliminate them.
The result is

@, #y 1
w” y" l == 0 ................... (5)-
%y Yy 1

But, by Art. 25, the relation (5) states that the area of the

triangle whose vertices are (x,, ¥,), (%, ¥,), and (=, ¥,) is
zero,

Also these are any three points on the locus.
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" The locus must therefore bea straight line; for a curved
line could not be such that the triangle obtained by joining
any three points on it should be zero.

88. The proposition of the preceding article may also be deduced
from Art. 47. For the equation

Az+By+c=o
may be written y...-—.t g, :
and this is the same as the straight line
y=mz+e,
. 4 c
it m=-3 and e=-g-

But in Art. 47 it was shewn that y=mz+c was the equation to
a am:xght line cutting off an intercept ¢ from the axis of y and

inclined at an angle tan—1m to the axis of =,
The equation Az +By+C=0 ’
therefore represents a straight line cutting off an intercept —% from
the axis of y and inclined at an angle tan—? (— %) {o the axis of .
86. We can reduce the general equation of the first
degree Ade+By+C=0..c..cooiiniinnnnn, )

to the form of Art. 53.
For, if p be the perpendicular from the origin on (1)
and a the angle it makes with the axis, the equation to the
straight line must be
zcosa+ysina—p=0..... RN ()%
This equation must therefore be the sameas (1).
cosa sina’ —p

Hence —A'— = _.B— = —(/T >

ie 2. cﬂs- a sina _ afcos’ o a+ sm‘ ___1___
BENEY SR ARIND (v NG S 7

Hence

cosa———-il—— sina= ~—=—— , and p=- L .
JA.’ _}_’Ln’ ‘J"‘—.‘—"le ? ‘J ‘.———'
The equation (1) may therefore be reduced to the iorm (2)

by dividing it by 47+ B* and arranging it so that the
constant term is negative,
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87. EBx. Reduce to the perpendicular form the equation

ZHYASBAT=00 vrivieieirrrenceeeniereans .
Here NI B = 1+ 8=,/4=2.
Dividing (1) by 2, we have
NL
-§z+y——+}=0,
i (- §)+y(~ﬁ/—) =0,
i.e. x cos 240° +y sin 240° - { =0,

58. 7o trace the straight line given by an equation of'
the first degree.

Let the equation be
Az + By +0=0.iiiiiiiinannnnnn. (1).
(a) This can be written in the form

e
“4 "B

Comparing this with the result of Art. 50, we see that it

represents a straight line which cuts off intercepts —g- and

—-.% from the axes. Its position is therefore known, '

If C be zero, the equation (1) reduces to the form

® Yy=—3

B
and thus (by Art. 47, (,:r) represents a straight line
passing through the origin inclined at an angle tan™ (— —-)

{0 the axis of . Its position is therefore known.

(B) The straight line may also be traced Ly finding
the coordinates of any two points on it.

If we put y=0 in (1) we have a:=.—§. The point
(- 7+ 0 ) therefore liss on it,
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If we put =0, we have y=—%, so that the point

(0, - g) lies on it.
Hence, as before, we have the position of the straight
line.
89. Bx. Trace the straight lines
(1) 82-4y+7=0; (2) 7z+8y+9=0;
(3) By=z; (4) z=2; (3) y=-2.

Y
S
() /‘é
3).
yA. A (5} Ay X
(208,
®  \[Bs <

(1) Patting y=0, we have z= -,
and patting z=0, we have y=1}. '
nﬁ:nuring 04, (= - 1) elong the axis of & we have one point on
6 line.

Measuring OB, (=) along the axis of ¥ we bave another point.
Hence 4,B,, produced both ways, is the required line,

(2) Puiting in succession y and z equal to zero, we have the
intercepts on the axes equal to - § aitd — $

If then 04d,= ~$ snd OB,= -}, we have A, B, the required line.

he(8) The point (0, 0) satiefies the equation so that the origin is on
the line.

Also the point (8, 1), i.c. C,, lies on it. The required line is
therefore OC,.

(4) Theliner=2is, by Art. 46, parallel to the axis of y and passes
through the point A, on the axis of = such that 04¢=2.

(5), The line y= - 2 is parallel to the axis of £ and passes throu
the point B, on the axis of y, such that OB, = — 2. e &

60. Straight Line at Infinity. We have seen
that the equation Az + By + C=0 represents a straight line
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which cuts off intercepts ¢ and -¢ from the axes of

4 B
coordinates.

If A vanish, but not B or C, the intercept on the axis
of z is infinitely great. The equation of the straight line
then reduces to the form y=constant, and hence, as in
Axt. 46, represents o straight line parallel to Ox.

So if B vanish, but not 4 or C, the straight line meets
the axis of y at an infinite distance and is therefore parallel
to it.

If A and B both vanish, but not C, these two in-
tercepts are both infinite and therefore the straight line
0.x+0.y+ C =0 is altogdther at infinity.

61. The multiplication of an equation by a constant
does not alter it. Thus the equations
22—-3y+5=0 and 10z~ 10y+25=0
represent the same straight line,

Conversely, if two equations of the first degree repre-
sent the same straight line, one equation must be equal to
the other multiplied by a constant quantity, so that the
ratios of the corresponding coefficients must be the same.
o For example, if the equasions

ax+by+e=0and 42+ By+C, =0

Al
represent the same straight line, we must have ‘”ﬁ
- a_b_a
3°57c¢ ¥

63. To find the equation to the straight line which
passes through the two given points (', y) and (=", y”).
By Art. 47, the equation to any straight line is

By properly determining the quantities m and ¢ we can
make (1) represent any straight line we please.
If (1) pass through the point (', ¥’), we have
Y =ma + .. eererae 2.
Substituting for ¢ from (2), the equation (1) becomea
Y=y =m@E=X) . (3).
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This is the equation to the line going through («/, ') making
an angle tan-! m with OX. If in addition (3) passes through
the point (2", "), then
Y -y =m (" -,
. _ yl' — !{-I

giving m= .

Substituting this value in (3), we get as the requii'ed
equation

- yll — y’

= i-"__—x‘ (x—x').

y-y

63. Find the equation to the straight line which pasaes
through the points (-1, 8) and (4, ~2).
Let the required equation be
Y=MEEC coeiviiirrenniseennianranins (1).
Bince (1) goes through the first point, we have
8= -m-e, s0that c=m+3.
Hence (1) becomes
Y=MIHEM+B,. . iiiiniinennnceniianeraes (2).
If in addition the line goes through the second point, we have
~2=4m+m+3, sothat m= -1,
Hence (2) becomes
y=-2z+2, ie. z+y=2. .
Or, again, using the result of the lest article the equationis  °
-2-38
=y
i.é. y+z=2.

y-3= (z+l)=-x-1,

64. To fix definitely the position of a straight line we
must have always two quantities given. Thus one point
on the straight line and the direction of the straight line
will determine it; or again two points lying on the straight
line will determine it.

Analytically, the general equation to a straight line
will contain two arbitrary constants, which will have to be
determined so that the general equation may represent any
particular straight line.

Thus, in Art. 47, the quantities m and ¢ which remain
the same, so long as we are considering the same straight
line, are the two constants for the straight line.
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Similarly, in Art. 50, the quantities @ and b are the
constants for the straight line.

65. In any equation to a locus the quantities « and ¥,
which are the coordinates of any point on the locus, are
called Current Coordinates ; the curve may be conceived as
traced out by a point which “runs” along the locus.

EXAMPLES. V.

. - Find the equation to the sfraight line

1. outting off an intercept unity from the positive direetion of the
azxis of y and inclined at 45° to the axis of x.

v. 2. ocutting off an intercept —§ from the axis of y and being equally
inelined to the axes.

* 3. outting off an intercept 2 from the negative direction of the
axig of y and inclined at 30° to OX.

4, cutting oft an intercédpt - 3 from the axis of y and inclined at
an angle tan—1§} to the axis of 2.

Find the equation to the straight line
5. cutting off intercepts 3 and 2 from the axes.
8. cutting off intercepts — 5 and 6 from the axes,

7. Find the equation to the straight line which passes through the
poiwt (5, 6) and lins intercepts on the axes

(1) equal in magnitude and both positive,
(2) equal in magnitude but opposite in sign.
8. Find the equations to the straight lines which pass through
the point (1, ~2) and cut off equal distances from the two axes.

9. Find the eqlation to the straight line which passes through
the given point (#, ') and is such that the given point bisects the
part intercepted between the axes.

10. Fiid ibe equation to the straight line which passes through
the point ( ~ 4, 8) and is such that the portion of it between the axes
is divided by the point in the ratio 5 : 8.

Trace the straight lines whose equations are
11, =+2y+38=0. 12, 6z-Ty-9-=0.
13, 8z+Ty=0. 14, 25-3y+4=0.

Find the equations to the straight lines passing through the
following pairs of points.

15- (01 0) and (2' "s)e V4 16- (3- 4) and (5n 6)-
17. (-1, 8) and (6, =7). s18. (0, -a) and (3, 0).
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19. (e, d) and (a+b, a~b).
20, (st %at;) and (atf, %at). 9L («,.;;) and (a:,, ;1’)

« 22, (acos¢,. asin¢) and (acos ¢,, a sin ¢,).
23. (aocos ¢, bein ¢,) and (acos gy, bsin @y).
24. (aves gy, btan ¢,) and (asec ¢,, b tan ¢,).
Find the equations to the sides of the triangles the coordinates of
whose angular points are respectively
25. (1,4), (2,-8), and {-1, -2).
28. (0, 1), (2, 0), and (-1, —-2).

27. Find the equations to the diagonals of the rectangle the
equations of whose sides are r=a, c=a’, y=0, and y="V’,

98. Find the equation to the siraight line which bisects the
distance between the points (a, b) and (a’, ) and also bisects the
distance between the pointa (-a, b) and (a/, - ¥).

29. Find the equations to the straight lines which go through the
origin and trisect the iortion of the straight line 3z+y=12 which
is intercepted between the axes of coordinates,

Angles between straight lines.

66. To find the angle between two given straight lines.

Let the two straight lines be AL, and 4 L,, meeting the
axis of x in L, and L,. )

Y
A
c ¥
Gy
-1, 4 O X
I. Let their equations be
y=mz+c and ¥y=myx +cgueenn.n (1)

By Art. 47 we therefore have
tan AL, X =m;, and tan 4L, X =m,,
Now tL ALt ALLX—1r AL X.
" tanL,AL,=tan[41; X~ AL,X]
tan AL, X~-tandL, X _ m-m,
FirtanALX. tan AL,X~ T+mm,’
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Hence the required angle = . L, AL,

{In an{ numerioal example, if the quantity (2) be a positive quan.-
tity it is the tangent of the scute angla between the lines; it negative,
it is the tangent of the obtuse angle.}
II. Let the equations of the straight lines be
4,2+ By+C, =0,

and Az + By +Cy=0.
By dividing the equations by B, and B,, they may be
written
LA, G
y 7B
AI 02
and ¥- - B, x— B
Comparing these with the equations of (I.), we see that

"‘1="%‘:v and m,:—%i.

Hence the required angle

_é_(_A,)
VoLgap-! T B, 3,
1 +m,m, ] (_A_n)(_%,
B,
B4,- A,B,
N =tan—1 S A _"13
= G TR, @)

III. If the equations be given in the form
xcosa+ysina—p, =0 and xcosB+ysinB—-p,=0,
the perpendiculars from the origin make angles « and 8

with the axis of «.

Now that angle between two straight lines, in which
the origin lies, is the supplement of the angle between the
perpendiculars, and the angle between these perpendiculars

is B~a.

[For, if OR, and OR, be the diculars from the origin upon
the two’,lineaflthen thf’points O]:eg)le’n ,and 4 lie cn a ocircle, ;’:d
henoce the angles R,0R, and R,4 R, ato either equal or supplementary.)
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87. To find the condition that twno siraight lines may
be parallel. .

Two straight lines are parallel when the angle between
them is zero and therefore the tangent of this angle is zero.

The equation (2) of the last article then gives

m; =m,.

Two straight lines whose equations are given in ‘the
“m” form are therefore parallel when their “m’s” are the
same, or, in other words, if their equations differ only in
the constant term,

The straight line dx+By+ C'=0 is any straight line which is

parallel to the straight line 4z+By+ C=0. For the “m's” of the
two equations are the same,

Again the equation A (z - 2')+ B (y-y')=0 clearly represents the
straight line which passes through the point (z’, y') and is parallel to
, Az+By+C=0,

The result (3) of the last article gives, as the condition
for parallel lines,
\ Bx“:"-4131= 0,
4, 4,
. BTE
68. Bx. Find the equation to the straight line, which pasies
through the point (4, —5), and which is parallel to the straight Jine

BZ 4y +B=0uurerririsrireneennans ).

" Any straight line which is parallel fo (1) has its equation of the
orm

t.e.

8z +4y+C=0............. L (2).
[For the “m” of both (1) and (2) is the same.]
This straight line will pass through the point (4, — 5) if
8x4+4x(-5)+C=0,

i.e. if C=20-12=8.
The equation (2) then becomes
8z +4y+8=0.

89. ' To find the condition that two straight lines, whose
equationg are given, may be perpendicular.
Let the straight lines be
y=mz +a,
and Y =My® + 0y *
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If 0 be the angle between them we have, by Art. 66,
=
tanf = Vi oo (1).
If the lines be perpendicular, then §=90°, and therefore
tan f=:c0.

. The right-hand member of equation (1) must therefore
be infinite, and this can only happen when its denominator
is zero.

The condition of perpendicularity is therefore that
l+mymy=0, .. mmy==1.
The straight line y = m,z + ¢, is therefore perpendicular
to y=mx+ ¢y, if m,=—’—,?1.
It fullows that the straight lines
Ax+By+C =0 and Ad,x+B,y+C,=0,

for which m,:—%! and m’=_%" are at right angles if
) 2

(4) ()
. B, B !
e if A 4,+BB,=0.

70. From the preceding article it follows that the two
straight lines

. Ax+ By+C=0. vnennnen. (1),

and Ba— Ay +Ca=0..covvrenrnrnnnn. 2),
are at right angles ; for the product of their m's

4, B
=— B, x JT: ==1,
Also (2) is derived from (1) by interchanging the coefficients
of = and y, changing the sign of one of them, and changing
the constant into any other constant.

®x. The straight line through (z’, ¥') perpendicular to (1) is (2)
where By — Ay + Cy=0, 8o that Cy=A,y’ - B2,
This straight line is therefore
B, (z-&) -4, (y-y)=0
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73. Bx.1. Find the equation to the straight lins which passes
through the point (4, ~ b) and {s perpendicular to the straight line

Br+dy+8=0.....c..c0rverrriunreiarennns {1).
First Method. Any siraight line perpendicular to (1) is by the
last article
42-8y+C=0...c.ccuvmvinnnnn erevensnenna{B)e

[We should’ expect an arbiirary constant in (2) because there are
an infinite number of straight lies perpendicular to (1).] .

The atraight line (2) passes through the point (4, - 5) if
4x4-8x(~8)+C=0,

i.e if C=-16-16=-81,
The required equation is therefore
4z -8y=38lL.

Second Method, Any siraight line passing through the given
point is
y—(-5)=m(z-4).
Thislltraight line is perpendicular to (1) if the product of their
m's is ~1,

e il mx(-§=-1,
t.e. if m=4§.
The required equation is therefore
y+5=p(z-4),
i.c. 4x-8y=81. ,
Thrird Method. Any straight line is y =mz +¢. It passes through
the point (4, ~ 5), if .
~b=dmte...unriiiiiinnnns crarnane «(8).
Ii is perpendicular to (1) if
LYY VXD F o (4).

Hence m=4 and then (3) gives c=-8},

The required equation is therefore y=2z -4, ¥
i.e 4z - 8y=31.

{In the first method, we start with any straight line which is
perpendioular to the given straight line and pick out that partiounlar
straight line which goes through the given point.

In the second method, we start with any 't“ifzt line passing
through the given point and pick out that particular one which is

dicular to the given atraight line,

n the third method, we start with any straight line whatever and
determine its constants, so that it may seatisfy the two given
conditions.

The student shonld illustrate by figures.]

Ax. 8. Find the equation to the straight line which passes through
the point (', y') and is perpendicular to the given straipht line

yy' = (z+ ),



THE STRAIGHT LINE 47

Tha given straight line is
yy' - 2az - 2az’ =0,
Any straight line perpendioulsr to it is (Art. 70)
Bay 42y + C=0.cceeeee vcriveannerenane ).
This will pass through the point (’, ) and therefore will be the
atraight line required if the coordinates z’ and y’ satisfy it,
t.e. it 2ay’ + 2y’ 4 C=0,
t.elif C=-2ay -2y
Substituting in (1) for C the required equation is therefore
% (y -¥') +V’ (- 2)=0.

72. To find the equatione to the straight lines which
pass through a given point (2, ¥') and make a given angle a
with the given straight ling y =mx + c.

Let P be the given point and let the given straight line
be LMN, making an angle 6
with the axis of x such that

tan 6 =m.

In general (i.e. except when
a is & right angle or zero) there
are two straight lines PM R and
PN§ making an angle a with
the given line.

Let these lines meet the axis of # in R and § and let

them make angles ¢ and. ¢’ with the positive direction of
the axis of x.

The equations to the two required straight lines are
therefore (by ‘Art. 62)

y~y=tanpx(@—2x)...ccecrninnnn, (1),
and Y-y =tand’ x (@—a)eiriiniieninnnn. (2).
Now =L LME+ L LLM =a+6,
and ¢ =L LNS+ o SLN=(180"—a)+4.
Hence
tan ¢ = tan (a + 6) = tana+tanf  tana+m

]-tenatand I—-mtana’
and tan ¢'=tan (180° + - a)
tanf-tana m-—tana
=tan(f0-a)= e = Temtana
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On substituting these values in (1) and {2), we Lave as
the required equations

, m+tana ,
Y=V = mtane &%)
, m-—tana
and Y=Y = Irmtane O %)

. EXAMPLES. VL

Find the angles between the pairs of straight linca

1, z-y/3=5 and /Bz+y=T. |,

2, z-4y=8 and 6x-y=1L. 8. y=3z+T and 8y—-2z=8.
-4 y=2-./8)z+5 and y=(2+./8)z~ 1.

5. (m*—mm)y=(mn+n?)z+n® and (mn+md)y=(mn-n?)z+md

6. Find the tangent of the angle between the lines whose inter-
cepts on the axes are respectively ¢, - § and b, ~&.

7. Prove that the pointa (2, - 1), (0, 2}, (2, 8), and (4, 0) are the
eoordinates of the angular points of a parallelogram and find the
angle between its diagonals.

Find the equation to the straight line
8. ‘passing through the point (2, 8) and perpendiocular to the
straight line 4z -3y=10.
9. passing through the point (-6, 10) and perpendicular o the
maigkg line 7z +8y=5.
10, - passing through the point (2, —3) and perpendieular to the
struight line joining the points (5, 7) and (- 6, 8). )
. 11, passing through the point (-4, - 8) and pegnndicular to the
stiaight line joining (1, 3) and (2, 7).
v~ 12, Pind the equation to the straight line drawn st right angles to
the straight line E - %=1 through the point where it meets the axis
of z.
13. Find the equation to the straight line which bisects, and is

?erpg'ndicnhr to, the straight line joining the points (a, b} and
a’, ¥). .

14. Prove that the equation to the straight line which passes
thro the point (xcos®d, asin’d) and is perpendioular to the
etraight line 2 se¢ 0 +y cosec 6= is x c0s § ~ y 8in #=q 008 26,

5. Find the equations o the straight lines passing through (2,
and respectively perpendicular to the straight Euel @)
= +yy' =d,

~
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xx' Yy
wrE=h
and 'y +zy =ad
168. Find the equations to the straight lines which divide, internally
and extegnally, the line joining (-8, 7) to (5, —4) in the ratio of 4:7
and which are perpendicnlar to this line.
17. Through the point (8, 4) are drawn two straight lines each
inalined at 45° to the straight line z-y=2. Find their equations
and find also the area included by the three lines.

18. Shew that the equations fo the siraight lines passing tbrough

the point (3, — 2) and inclined at G0° to the line
N3z+y=1 are y+2=0 and y - /8z+2+38,/3=0.

19. Find the equations to the straight lines which pass through
the origin and are inclined at J5° to the straight line

2+y+a/3(y-x)=a.

20. Find the equations to the straight lines which pass through
the point (A, k) and are inclined at an angle tan—!m to the straight
line y=mz+ec.

21, Tind the angle between the two straight lines 8z=4y+7 end
5y=12£+6 and also the equations to the two straight lines which
pass through the point (4, ) and make equal angles with the two

given lines.

73. 7o shew that the point (x, y) is on one side or the
other of the straight line Ax+ By+ C=0 according as the
quantity Az’ + By’ + C is positive or negative.

Let LM be the given straight line and P any point
@ ¥).

Through 2 draw PQ, parallel to
the axis of y, to meet the given
straight line in @, and let the co-
ordinates of Q be (z', ¥").

Bince @ lies on the given line, we
have

42’ + By” + C =0,
80 that Y = e e (1)

It is clear from the figure that PQ is drawn parallel to
the positive or negative direction of the axis of y according
as P is on one side, or the other, of the straight line LM,
4.¢. according a8 " is > or < ¢/,

%.¢. according as y” ~ v is positive or negative,
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Now, by (1), Al s O
v o + 1
y -y =222y LA+ By 10}

The point (=, y') is therefore on one side or theswther of
LM according as the quantity Az’ + By + € is negative or
positive,

Cor. The point («, y’) and the origin are on the same
side of the given line if 42’ + By'+ Cand A x0+Bx0+C
have the same signs, 1.6. if 47 + By + C has the same sign
as C. ’

If these two quantities have opposite signs, then the
origin and the point (2, ¥’) are on opposite sides of the
given line.

74. The condition that two points may lie on the
same or opposite sides of a given line may also be obtained
by considering the ratio in which the line joining the two
pointa is cut by the given line.

For let the equation to the given line be

Az +By+C=0...cc0vvninininnnens (1),
and let the coordinates of the two given points be (2, 7,
and (2,, ¥5)- *

The coordinates of the point which divides in the ratio

m, : m, the line joining these points are, by Art, 22,
e e QPN i’ s ki S (2.
7y + My m+my =

If this point lie on the given line we have

A %5 + Vgl + B"h?/s+m=!/x+c=0
ny +my m, +my ’
" _ __Aa:l + By, +C
80 that e Ay ¥ By T O {3).
If the point (2) be between the two given points (»,, y,)
and (x;, y,), 4.e. if these two points be on opposite sides of
the given line, the ratio s, : m, is positive.

In this oase, by (8) the two quantities 4w + By, +C
and da, + By, + C have opposite signs.

The two points (x,, y,) and (x,, ;) therefore lie on the op-
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posite (or the same) sides of the straight line Az+ By + C =0
according as the quantities Ax, + By, + C and Az, + By,+C
have oppocite (or the same) signs.

Lengths of perpendiculars.

78. To find the length of the perpendicular let fall from
a given point upon a given straight line.

(i) Let the equation of the straight line be
zeosa+ysina—p=0...........eit (1),
s0 that, if p be the perpendicular on it, we have
ON=p and L XON=a.
Let the given point P be («/, ).
» Through P draw PR parallel to the given line to meet
OX produced in R and draw PQ the required perpendicular.

If OR be p', the equation to PR is, by Art. 53,
wcosa+ysina—p' =0,
Since this passes through the point (2, '), we have
o cosa+ysina—p =0,
so that p'=a cosa+ysina
But the required perpendicular
=PQ=NR=0R-ON=p'-p
'mx'cosaty sina~p............ {2).
The length of the required perpendicular is therefore
obtained by su.:tituting ’ and ¥’ for z and y in the given
equation.
(ii) Let the equation to the sbraight line be
Ao+ By+0=0...c00virirercennnnnn (8),
the equation being written so that C is a negative quantity.
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As in Art. 56 this equation is reduced to the form (1)
by dividing it by ¥/ 4*+ B, It then becomes
Ax By 4
I e 4 — =0,
NATL B JA+ B A B

Hence
cosa= -—-.—4—_—-—', sina.=-———=—_7, and —])=-_—.g:=‘:' .
VA + B VA i+ B VAT B
The perpendicular from the point («/, 3') therefore
=a'cosa+ysina—p
_AxX +By'+C
+
The length of the perpendicular from («, y') on (3) is
therefore obtained by substituting o and %’ for = and y in
the left-hand member of (3), and dividing the result so
obtained by the square root of the sum of the squares of
the coeflicients of = and y.

Cor. 1. The perpendicular from the origin

= C+a A%+ B

Cor. 2. The length of the perpendicular is, by Art. 73,
positive or negative according as («, %) is on one side‘or
the other of the given line.

76. The length of the perpendicular may also be
obtained as follows:

Az in the figure of the last article let the straight line
meet the axes in 7, and M, so that

c c
OL= —Z and OM-—._E.

Let PQ be the perpendicular from P (', y') on the
given line and PS and PT' the perpendiculars on the axes
of coordinates.

‘We then have
APML + AMOL=AOLP + 5 OPM, .
1.¢., since the area of a triangle is one half the product of
its base and perpendicular height,
PQ.LM+OL.OM=0L.PS8+0M, PT.



EXAMPLES, 58

But 1=/ (-5Y + (-5) = Z o)

4 B

since C is a negative quantity.

Hence
JA’ + B c ,. (C
.I’Q x(—C) + --—Ixy +<—E)xa:’,
A:c' + By +C

80 that PQ="F 2",

¢ JA+ I8

EXAMPLES. VIL
\

Find the length of the perpendicular drawn from
4. the point (4, 5) upon the straight line 82 +4y=10.

/ 2. the origin upon the straight line % - %=1.

4 3. the point (-8, —4) upon the straight line
12 (z+6)=5 (y..
4. the point (b, a) upon the straight line f - ’g= 1.

» 0. Find the length of the perpendicalar from the origin upon the
!trnght line joining the two points whose coordinates are

{acosa, anine) and (a cos 8, a sin 8).
6. Shew that the product of the perpendiculars drawn from the
two pointa (& \/a¥= 1%, 0] upou the straight line

—oos0+—um0=1 is b4,

7. If p and p’ be the perpendiculars from the origin upon the
straight lines whose equations are = sec # +y cosec §=a and

zcos §—yeind=acos 20,
prove that 4p*+pr=al.
'~ 8, Find the distance between the two parallel straight lines
y=mz+c and y=mz +d.
9. What are the pointa on the axis of z whose perpendioular

distance from the straight line ‘f + % =lisa?
4 10 Shew that the perpendwulnru let fall from any point of the
straight line 2z+11y=5 upon the two straight lines ;:z+7y=20
and 4z -8y=12 are equal to each other,
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11, Find the perpendicular distance from the origin of the
perpendionlar from the point (1, 2) upon the straight line -

x~4/8y+4=0,
77. To find the coordinates of the point of intersection
aof two given straight lines.
Let the equations of the two straight lines be
ax+by+e,=0..coeenrnnienn. (1),
and age+ by +0a=0 ..ociiiiiniinil (2),

and let the straight lines be AL, and 4Z, a8 in the figure
of Art. 66.

Since (1) is the equation of 4Z,, the coordinates of any
point on it must satisfy the equation (1). 8o the coordi-
nates of any point on 4L, satisfy equation (2).

Now the only point which is common to these two
straight lines is their point of intersection 4.

The coordinates of this point must therefore satisfy
both (1) and (2).

If therefore 4 be the point (z,, g,), we have

X +by +6=0 . ccuivnnnnnnn . ()
and age, + by +63=0 oo (4).
Bolving (3) and (4) we have (as in Art. 3)
% % 1

byes — beey " ooy —cm B a,bs— agh,’
so that the coordinates of the required common point are

. bica — by, 6y — Csy
— d 2—=0,
aby—-azb, o by~ ah,
78. The coordinates of the point of intersection found
in the last article are infinite if

@by~ ah, = 0.
But from Art. 67 we know that the two straight lines
are parallel if this condition holds,

Hence parallel lines must be looked upon as lines whose
point of intersection is at an infinite distance.
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79. To find the condition that thres straight lines may
meet in a poind.

Let their equations be
ax+by+e=0......... veererens ),
A+ by + 6 =0.0ncriiiiinnianinnnn(2),
ang G+ by +e3=0...ccooiiiiniiannnn, (3).

By Art. 77 the coordinates of the point of intersection
of (1) and (2) are
b1y —byey e B
d L 4).
ab, — ab; o aby — aghy 4

If the three straight lines meet in a point, the point of
intersection of (1) and (2) must lie on (3). Hence the
values (4) must satisfy (3), so that

L= be €10y — 040y
+ b,
“admah " aby—ak,
.o, ay(biey—byey) + by (0,85 — €am) + 05 (@b, — ady) = 0,
6. ay (byey — bycs) + by (€43 — €33) + ¢y (@gby — ashy) = 0. (5).

Aliter. If the three straight lines meet in a point let
it be (=, y,), so that the values x, and y, satisfy the
equations (1), (2), and (3), and hence

oz, + by, +¢, =0,
ag®, + by, + ¢, =0,
and asz, + by, + ¢, = 0.

The condition that these three equations should hold
between the two quantities =, and y, is, as in Art. 12,
o, b, ¢
ay by o
] a, by, o
which is the same as equation (5).

80. Another criterion as to whether the three straight
lines of the previous article meet in a point is the following.

If any three quantities p, g, and » can be found so
that

Plow+by+e) +qlax+by +c,) +r(ax+by+6)=0
identically, then the three straight lines meet in a point.

=o’
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For in this case we have

ayx + by + c,=—-l;-_(a,z+ b,y+c,)—g(a,:v+b,y +65) ..o(1).

Now the coordinates of the point of intersection of the
first two of the Jines make the right-hand side of (1) vanish.
Hence the same coordinates make the left-hand side vanish.
The point of intersection of the first two therefore satisies
the equation to the third line and all three therefore meet
in a point.

81. Ex. 1. Shew that the three straight lines 3z-3y+5=0,
8x+4y - 7=0, and 9z — 5y +8=0 meet in a point.

If we multiply these three equations by 8, 1, and ~1 we have
tdentically

8(2z-8y+56)+(8c+4y-7)~ (92~ 5y +8)=0.

The coordinates of the point of intersection of the first two lines
make the first two brackets of this equation vanish and hence make
the third vanish. The common point of intersection of the first two
therefore seatisfies the third equation. The three straight lines
therefore meet in a point.

Bx. 2. Prove that the three perpendiculars drawn from the
vertices of a triangle upon the oppostte sides all meet in a point.

Let the triangle be 4 BC and let its angular points be the points
(T 1) (%21 ¥3), 804 (25, Y. .

The equation to BC is y ~y, = i—’-—-’;: (z -~ z,).
s

The equation to the perpendicular from 4 on this straight line is
y-th=-2""1{a-z),
Yo !
ie Y (Ws—va) + 2 (23— ) =41 (V3= ¥5) + &3 (23~ Tg) e (1)
8o the perpendiculars from B and € on CA and 4B are
Y sV +2 (2~ T) =Y (41~ Yg) + % (T1 = Zg)ooon s .

and Y a9 +2 (@ —2) =0 W~ Y1) + &5 (@~ 7))o (3).
On adding these three equations their sum identically vanishes.
The straight lines represented by them therefore meet in a point.

This point is called the orthocentre of the triangle.

82. To find the equation to any straight line which
passes through the inlersection of the two straight lines

PN TR I § § 3
and @ +dy + =0 ..ooiivininnennn. (2)
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If (2, ) be the common point of the equations (1)
and (2) we may, as in Art. 77, find the values of «, and y,,
and then the equation to any straight line through it is

y-y=mx-m)
where i is any quantity whatever.
Aliter. If 4 be the common point of the two straight

lines, then both equations (1) and (2) are satisfied by the
coordinates of the point 4.

Hence the equation

ax+by+e+Aag+by+e)=0......... (3)
is satisfied by the coordinates of the common point 4,
where A is any arbitrary constant.

But (3), being of the first degree in 2 and y, always
represents a straight line.
Tt therefote represents a straight line passing through 4.

Also the arbitrary constant A may be so chosen that (33)
may fulfil any other condition. It therefore represents
any straight line passing through 4.

83. Bx. Find the equation to the straight line which passes
thmough the intersection of the straight lines

22 ~3y+4=0, 3x4+4y-5=0................. 1),
and is perpendicular to the straight line
Bz —Ty+8=0.....cccrevrmrririrnnninn, . (2)

Solving the equations (1}, the coordinates z,, y; of their common
point are given by

L) )] 1 =
Too)(=6) ~4xd = 4x8-2x(=5) “BX4=Bx(-8) "
&0 that o= -7y and y,=1}.
The equation of auy straight line through this common poini ia

therefore
y-{t=m{z+o).
This straight line is, by Art. 69, perpendicular to (2) if
mx =1, fe if m=-4§
The required equation is therefore
y-1#=- e+ ),
i 1192 + 102y =125.
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Alitex. Any straight line through the intersection of the straight

lines (1) is
2z —~ 8y + 4 4\ (82 + 4y - 5) =0,
ie. 2+ z+y (AA-8)+4-5r=0,...c0c00riinrnns (8).
This straight line is perpendieular to (2), if
6(24+3N\) - T(4\-8)=0, (Art. 69)
i it =44 .

The equation (3) is therefore

z{2+43) +y (W - 8) +4 - 442 =0,
ie. 1192 + 102y — 125=0.

Bisectors of angles between straight lines.

84. To find the cquations of the bisectors of the angles
between the straight lines
ax+by+e=0..... Tererrens (1),

and ax+by+e,=0 ..... coooennn, (2).

Let the two straight lines be 4Z, and 4 Z,, and let the
bisectors of the angles between them be A M, and 4.Jf,.

Let P be any point on either of these bisectors and
draw PX, and PN, perpendicular to the given lines.

The triangles PAN, and PAN, are equal in all respects,
so that the perpendiculars PN, and PN, are equal in
magnitude,

Let the equations to the straight lines be written
so that ¢, and ¢, are both negative, and to tho guantities

Ja? + b and fa.! + bt let the positive sign be prefixed,
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If P be the point (A, k), the numerical values of PN,

and PN, are (by Art. 75)
whtbkro g wbitbkia ).
~/ e, + b ~/ a? +b,'

If P lie on AM, ie on the bisector of the angle
between the two straight lines in which the origin lies, the
point P and the origin lie on the same side of each of the
two lines. Hence (by Art. 73, Cor.) the two quantities (1)
have the same sign as ¢, and ¢, respectively.

In this case, since ¢, and ¢, have the same sign, the
quantities (1) have the same sign, and hence

ah+ bk + ¢ ah + bk + ¢,
S =y SARUR
Jai + 57 Vad+b?
But this is the condition that the point (%, k) may lie on
the straight line
az+byte aw+by+e
Joiidl T Jal+bt '
which is therefore the equation to AN,
If, however, P lie on the other bisector AM,, the two

quentities (1) will have opposite signs, so that the equation
to AM, will

The equations to the original lines being therefore
arranged so that the constant terms are both positive (or
both negative) the equation to the bisectors is

ﬁ‘+p7+g]= i_E'i-bq-!-g"
a," + by Yy +Dby
the upper sign giving the bisector of the angle in which
the origin lies.
85. Mx. Find the equations to the bisectors of the angles
between the straight lines
8x-4y+7=0 and 12z - by -8=0.
Writing the equations so that their constant terms are hoth
positive they are
Bz -4y +7=0 and - 12246y +8=0.
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The equation to the bisector of the angle in which the origin lies

is therefore
8z-4y+7_-132+5y+8
NE W V12855 '
i 18(3z - 4y + T)=5 (- 12z + by +8),
i.e 99z - 77y +51=0.
The equation to the other bisector is
8z-4y+7_ -12z4+5y+8
vEie o Jidge
ie. 13 (3z - 4y +7) +5( - 122+ 5y +8) =0,
i.e. 21z +27y -131=0.

86. It will be found useful in a later chapter to have
the equation to a straight line, which passes through a
given point and makes a given angle § with a given line, in
a form different from that of Art. 62.

Let A be the given point (h, k) and Z'AL a straight
line through it inclined at an
angle @ to the axis of z.

Take any point P, whose
coordinates are (z, ), lying on
this line, and let the distance
AP be r.

Draw PM perpendicular o
to the axis of  and AN perpendicular to PAL.
Then z~h—~ AN = AP cosG=rcosb,
and Yy—k=NP=APsin=rsin 6.
x~-h y-k

Hence m: m [ N (1).

This being the relation holding between the coordinates
of any point 2 on the line is the equation required.

Cor. From (1) we have
2=h+rcosd and y=~k+rsind,
The coordinates of any point on the given line are
therefore h+recosd and k+ruind,
87. To find the length of the straight line drawn
through a given point in a given direction to meet a given
straight line.

Ajw |

z feccnwnsea
1
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Let the given straight line be
d2+ By +C=0.ccvereerrninn,n, (1)

Let the given point 4 be (&, k) and the given direction
one making an angle 6 with the axis of .

Let the line drawn through 4 meet the straight line
(1) in P and let AP be r.

By the corollary to the last article the coordinates
of P are

h+rcosf and k+7rsiné.
Since these coordinates satisfy (1) we have
A(h+rcosb)+B(k+rsind)+C =0,
o AbsBELC
giving the length AP which is required.

Cor. From the preceding may be deduced the length
of the perpendicular drawn from (4, k) upon (1).

For the “m” of the straight line drawn through 4 is

tan @ and the “m” of (1) is —‘;,

This straight line is perpendicular to (1) if

. tn.nﬂx(——-)—-—l

t.e if tano_—

50 that cos f _ sm 6 1

4 TRy -k
and hence
Acosf+ Beinf= -+.—Be = A7+ B
Vi e B
Substituting this value in (2) we have the magnitude
of the required perpendicular.

EXAMPLES. VIIIL

Find the coordinates of the points of intersection of the straight
lines whose equstions are

1, 22~8y+5=0 and 7x+4y=8. .
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Y r ¥
2, ;+3=1 and 5+;—1-

a a
.8, y=m!z+;-.l and y=m,s+m—..
* 4, zcosd +ysing,=a and xcos Py +ysin g,=a.

5. Two straight lines cut the axis of  at distances ¢ and - a and
the axis of y a4 distances b and ¥’ respeotively ; ind the coordinates
of their point of intersection.

v. @, Find the distance of the point of intersection of the two

straight lines
2z -8y +5=0 and 82+4y=0
from the straight line
- 5z -2y =0,
.. Shew that the perpendioular f.om the origin upon the
straight line joining the pomts
(acosa, asin a) and (acos g, asin )
bisects the distance beiween them, .
8. Find the equations of the two straight lines drawn through

the point (0, e“Lon which the perpendiculars let fall from the point
(3a, 2a) are of length

Prove slso that the eqmnon of the straight line joining the feet
of these perpendiculars isa y+2r=35a.

tin 9. Find the point of intersection and the inolination of the two
o8 .

Az4+By=4+B and 4 (z-y)+B(s+y)=2B.
10. Find the coordinates of the point i which the line
2y-8z+7=0
meets the line joining the two points (6, —2) and (-8, 7). Find also
the angle between them.

11, Find the coordinates of tha feet of the perpendicnlars let fall
from the point (5, 0) upon the sides of the iriangle {formed by joining
the three pointa (4, 8), (-4, 8), and (0h~6), prove also that the
points so x:term.m io on & straight

12. Find the coordinates of the point of intersection of the

straight lines
27 -8y=1 and by-z=8,
and determine also the angle at which they cut one another.
18. Find the angle between the two lines
85+y+12=0 and £+ %y ~1=0,

+ Find also the coordinates of their point of intersastion and the
::unh;)m of lines drawn perpendicular to them from the point
y = \
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-

Prove that the points whose coordinates are respectively
(3, 1), (1, ~1), and (11, 4) lie on a straight line, and find 1ts intercepts
on the axes.

Prove that the following sets of three lines meet in a point.
15. 2z -8y=17, 82 -4y=18, and 8z -11y=38.
* 16, Br+4y+6=0, 6r+5y+9=0, and Bz +3y+5=0.
F ]

" 17 Z+%=1’ £+%=1. and y=uz,

18. DProve that the three straight lines whose equations are
152 - 18y +1=0, 122+ 10y - 8=0, and 6z +66y - 11=0
all meet in a point.

Shew aleo that the third line bisects the angle between the other
two.

19, PFind the conditions that the straight lines
y=mg+a,, y=mz+ay and y=myzr+a,
may meet in & point.
Find the coordivates of the orthoocentre of the triangles whose
angular points are
. %0. (0,0), (2, -1), and (-1, 8).
21- (1, 0), (2, _4)l and (" 5’ ‘2)'
82, In any triangle ARC, prove that
¥ (1) the bisectors of the angles 4, B, and C meet in a point,

o(2) the medians, i.e. the lines joining each vertex to the middle
point of the opposite side, meet in a point,
and (8) the straight lines through the middle points of the sides
perpendicular to the sides meet in & point.

Find the equation to the siraight line passing through
23, the point (8, 2) and the point of intersettion of the lines
2r+3y=1 and 3z~ 4y=0.

24, the point (2, ~9) and the intersection of the lines
211+5y -8=0 and Sz—4y=35.

25, the origin and the point of intersection of
z-y—-4=0 and Tz+y+20=0,

proving that it bisects the angle between them.
. 28. the origin and the point of intersection of the lines

»

;+%=1 and ‘-:-0-%::1.
27. the point (a, ) and the interseotion of the same two lines,
8, the intersection of the lines
z2-9-a=0 and z+43y-Ba=0
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and paraliel to the straight line
, 8z +4y=0.
29. the intersection of the lines
' x+2y+38=0 and 8z+4y+7=0
and perpendicular to the straight line
y-z=8,
30. the intersection of the lines
4 8z-4y+1=0 and bx+y—-1=0
and cutting off equal intercepts from the axes.
381. the intersection of the lines
) 2z-8y=10 and z+2y=6
and the intersection of the lines
16z~ 10y =33 and 12z+ 14y +29=0.
32. If through the angular points of a triangle straight lines be
drawn parallel to the sides, and if the intersections of these lines be

jowned to the opposite angular points of the triangle, show that the
joining lines so obtained will meet in a pont.

33. Find the equations to the straight lines passing through the
point of intersection of the straight lines
Az+By+C=0 and A’2+B'y+'=0 and
(1) passing through the origin,
(2) parallel to the axis of y,
{8) oculting off a given distance a from the axis of i,
and (4) passing through a given point (&, y).
34. Prove that the diagonals of the parallelogram formed by the
four straight lines
NV3x+y=0, /8y +z=0, /Bz+y=1, and /8y +=z=1
are at right angles to one another.

86, Prove the same property for the parallelogram whose sides
are

z .y z. ¥ z .y 2.y
—giE=1 ~4+=Z= —_—t = ~+&=2,
a+b » b+a 1, a+b 2, and b+“=-

36. One side of a square is inclined to the axis of z at an angle a
and one of its extremities is at the origin; prove that the equationa
to its disgonals are

y (cos a - sin o)==z (sin a +cos a)
and y (sin a -+ cos &) + 2 (co8 a —sin a) =a
where a i the length of the side of the square.

Find the ations to the straight lines bisscting the angles
between the iﬁl‘:ming irs of straight lines, placing first the bisector
of the angle in which the origin lies.

87. z+y\/8=6+2,/8and z-y,/8=6-12,/8.
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88. 125+5y-$=0and 8244y +7=0.

89, 4248y-7=0and 24247y -81=0.

40, 2r+ym4éand y+82=5.
* 41, Find the biseotors of the angles between the straight lines

om 2m’

g e L

Pind the equations to the biseotors of the internal angles of the
triangles the equations of whose sides are respeclively

49, 8z+4y=6, 13z~ 5y=3, and 47-8y+12=0,

43, 8z+6y=15, z+y=4, and 2z+y=0.

44, Find the equations to the straight lines passing through the
foot of the perpendicular from the point (h, k) upon the straight line
Az+By+C=0 and bisecting the angles between the perpendicular
and the given straight line,

45, Find the direction in which a straight line must be drawn

through the point (1, 2), so that its point of intersection with the line
z+y=4 may be at & digtance §,/6 from this point.

y~b=

(x~a) and y-b=




CHAPTER V.
THE STRAIGET LINE (confinued).

POLAR EQUATIONS., OBLIQUE COORDINATES,

MISCELLANEOUS PROBLEMS. LOCL

88. 7% find the general equution to a straight line in
polar coordinates.

Let p be the length of the perpendicular OY from the
origin upon the straight line, and
let this perpendicular make an
angle a with the initial line. v

Let P be any point on the B P
line and let its coordinates be #
and 8. ‘

The equation required will
then be the relation between r, 6, p, and a.

From the triangle 0Y P we have
p=rcos YOP =rcos (a—0)=rcos (§ - a).
The required equation is therefore
r c08 (0 —~a)=p.

o A

{On transforming to Cartesian coordinates this equation becomes
the equation of Art. §3.)

.. 89. To find the polar equation of the straight line
Joining the points whose coordinates are (r,, 6;) and (ry, 65).
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Let A and B be the two given points and P any point
on the line joining them
whose coordinates are » and

0. 8
Then, since
AAOB - A AOP + A POB, 7
wa have o X~

}rry8in AOB =1} rirsin 40P + }rr,sin POB,
t.e.  77y8in (6,—6,) =7 8in (0 — 6,) + rry 5in (6,— 0),
sin (6, - 6,) _sin(0-6)) . sin (6,~0)
[ r, ’

r

t.e.

3 1
AY

OBLIQUE COORDINATES.

90. In the previous chapter we took the axes to be
rectangular. In the great majority of cases rectangular
axes are employed, but in some cases oblique axes may be
used with advantage.

In the following articles we shall consider the proposi-
tions in which the results for oblique axes are different
from those for rectangular axes. The propositions of Arts.
50 and 62 are true for oblique, as well as rectangular,
coordinates,

81. To find the equation to a straight line referred to
axes inclined at an angle w.

Let LPL' be u straight line which cuts the axis of ¥ at
a distance ¢ from the origin and is
inclined at an angle @ to the axis
of x.
. Let P be any point on the
straight line. Draw PNM parallel
to the axis of y to meet 0.X in M,
and let it meet the straight line
through € parallel to the axis of «
in the point N,

Lot P be the point (x, y), so that

CN=0M=x and NP=MP-0C=y=-o.
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Bince t CPN =+t PNN' =~ ¢t PCN'= a~ 0, we have
y—c_XNP_ sin NOP  sinf
x  CN enCPN~ sin(u—0)

Hence LY==z Ei%q—-a) F Currrrrnernnneiines 1).
This equation is of the form .
y=mx+c,
where
sinfd sin 6 tan 6
“sin(w—0) sinwcosf—coswsin® sinw—coswtand’
and therefore tang= ToRO
l+mecosw
In oblique coordinates the equation
y=mx+ec
therefore represents a straight line which is inclined at an
angle o
m w
tan~! 1+mcosw
to the axis of .

Cor. From (1), by putting in succession 6 equal to, 90°
and 90° + w, we see that the equations to the straight lines,
passing through the origin and perpendicular to the axes of

2 and y, are respectivelyy:—w—t—‘;a.ndy=-—éeosw.

92. The axes being oblique, to find the equation to the
siraight line, such that the perpendicular on it from tha origin
i oflengthp and makes angles o and P with the axes of «
and y.

Let LM be the given straight line and OX the perpen-
dicular on it from the origin.

Let P be any point on the
straight line; draw the ordinate
PN and draw NR perpendicular
toROK and P3§ perpendicular to
N .
Let P be the point (x, y), so
that ON = and 1\!’?’=y( » °
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The lines NP and 0OY are parallel.

Also OK and SP are pa.ra.llel each being perpendicular
to NB.

Thus ¢ SPN=: KOM=4.
‘We therefore have
p=0K=0R+SP=0Ncosa+NPcosB=xcosa+ycosf.
Hence zcosa +ycos B—p=0,
being the relation which holds between the coordinates of
any point on the straight line, is the required equation.

98. 7o find the angle between the ;tmigkt lines
y=mz+c¢ and y=m'z+¢,
the axes being oblique.

If these straight lines be respectively inclined at angles
6 and & to the axis of @, we have, by the last article,

tanf= —2on® _ and tan® = —’E-s—,mL .
l+mcosw 14+m'cosw
The angle required is 6 ~ §'.
tan 0 ~ tan ¢’
NOW tan (0 - 0’) = m;
* msin © w/ sin ©
_ limoosw 1+mcosw
- 1, Mmsme m’ 8in o

T+mcosw 1+m'coBw *
_msinw(l+m’ cos w)—m’sin (1 +m cosw)
(T + mcosw) (1 +m' cos ) + mm’ sin’ w

TIi(m+m)cosw+mm
The required angle is therefore
w1 (m—m)sinw
1+ (m+m') cosw+mm'”
Cor. 1. The two given lines are parallel if m =m’.,
Cor. 2. The two given lines are perpendicular if
14 (m 4 m’) cosw+mm’' =0,
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94. If the straight lines have their equations in the

form .
Az + By+C=0 and d'z+ By+ (' =0,
then m=-'34; and m’=-F.

Substituting these values in the result of the last article
the angle between the two lines is easily found to be

A'R-AR .
AL BB~ (4B + A B)oosw
The given lines are therefore parallel if
A'B- 4B =0,
They are perpendicular if
AA’'+ BB =(AB + A'B)cosw.

tan-!

08. Ex. The azes being inclined at an angle of 80°, obtain the
equations to the straight lines which pass through the origin and are
inclined at 45° to the straight line z+y=1.

Let either of the required straight lineg be y =1z,

The given straight line is y= — z+1, so that m'=-1.

‘We therefore huve

{m-m')sin w o
1% (m+m’) cos w + mm’ =tan (+45%,

where m'= -1 and u—'30°
m+1

This equation gwes 2+ (m-1)/B— B

Taking the upper sign we obtain m= - 73 .
Taking the lower sign we have m= - /3.
The required equltwnl are therefore

y--—,,/s:c and y_-g‘-’z,

e y+./82=0 and ,/3y+z=0.
96. To find the length of the perpendicular from the
point (2, ¥') wpon the straight line Az + By + C =0, the axes

being inclined at an angle w, and the equation bemy written
s0 that C is a negative quantity.
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Let the given straight line meet the axes in L and ¥,

8o that 0L=-§ and QXM = —%.
Let P be the given point (=, ¥).

Draw the perpendiculars PQ, PR,

and PS on the given line and the

two, axes.

Taking O and P on opposite sides ¢ U R |_ X
of the given line, we then have

ALPY + AMOL=AOLP + AOPK,
ie. PQ.LM+OL.0Msinw=0L.PR+O0M.PS..(1).

Draw PU and PV pu?z:llel to the axes of y and z, s0
that PU=y and PV =2

Hence PR = PUsin PUR = y'sinw,

and PS=PVsin PVS =x'sinw.
Also
LM = JOL Yy OM*—20L. 0M cos w
0’ (o C? —C T—:T—:W?BF
YE A e="ONEt B T

since €' is a negative quantity.
On substituting these values in (1), we have

PQ x (-—C’)x l. ;‘—2;0;M+‘%smm

c . c ..
=~— .y Bine - .2 sinw,

A4 B

Ax 4By 4 C
-— cos w

0 that PQ= .8lnw.

Cor. If w=90°, i.e. if the axes be rectangular, we
have the result of Art. 75.
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BXAMPLES. IX,

1. The axes being inclined at an angle of 60°, find the inclination
to the axis of x of the straight lines whose equations are
(1) y=22+5,
and 2) 2y=(Jy8-1)x+17.
2. The axes being inclived at an angle of 120°, find the tangent
of the angle between the two straight lines

8r+Ty=1 and 28z-73y=101.

8. With oblique coordinates find the tangent of the angle
between the straight lines

y=mz+c¢ and my+z=d.
1lx 19
24 24

at right angles, prove that the angle between the azes is E .
§. Prove that the straight lines y+x=c and y=x+d are at
right angles, whatever be the angle between the axes,

B8. Prove itbat the equation fo the straight line which passes
through the point (h, k) and is perpendicular to the axia of = is

z+ycosw=h+kcosw.

7. Find the equations to the sides and diagonals of a regular
hexagon, two of its sides, which meet in a corner, being the axed of
coordinates.

8. ¥rom each corner of a parallelogram a perpendicular is drawn
upon the diagonal which does not pars through that corner and these
are produced to form another parallelogram; shew that its diagonals
are perpendicular to the sides of the first parallelogram and that they
both have the samae centre.

9. If the straight lines y=m,z+¢, and y=m,z+¢, make equal
angles with the axis of  and b":alnot |lnnllef omt’me a.:'xother, prove
that o, +m, + 2mym, cos w=0.

10, The axes being inclined at an angle of 30°, find the equaifon
to the straight line which passes through the point (-2, 8) and is
perpendicular to the straight line y+3z=6.

11. Fiod the length of the perpendicular drawn from the point
(4, ~8) upon the straight line 6z +3y - 10=0, the angle batween the
axes being 60°,

12. Find the equation to, and the length of, the perpendioular

drawn from the point (1, 1) upon the straight line 82 + 4y +§=0, the
engle between l.hl:" ues( b’oing 11.,;0‘* R4

4, Ify=ztan anq y=ztan represent two straight lines
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13. The coordinates of a point P referred to axes meeting at an
angle w are (A, k) ; prove that the length of the straight line joining
the feet of the perpendiculars from P upon the axes is

sin w /iTF K2+ 20k o8 @,

14. From a given point (4, k) Jl)erpendiculars are drawn to the
axes, whose inclination is w, and their feet are joined. Prove that
the Jength of the perpendicular drawn from (k, &) apon this line is
. _h_k B-in’ w .
NI+ 2Rk cos w '
and that its equation is hz - ky="h3- k3

Straight lines passing through fixed points.
97. If the equation to a straight line be of the form
ax+by +e+A(ax+dy+e)=0.........(1),

where X is any arbitrary constant, it always passes through
one fixed point whatever be the value of A

For the equation (1) is satisfied by the coordinates of
the point which satisfies both of the equations

ax+ by +¢=0,

and dx+ly+¢=0.
This point is, by Art. 77,
. b’ ~Ve ea'—ca
(ab'-—:;'b ' ab —a'b)’

and these coordinates are independent of A

®|x. Given the vertical angle of a triangke in magnitude and
position, and aleo the sum of the reciprocals of the sides which contain
it; shew that the base always passes through a fized point.

Take the fixed angular point as origin and the directions of the
sides containing it as axes ; let the lengths of these sides in any such
triangle be a and b, which are not therefore given,

YVo have ‘—t + %:eonst.=’1‘ (BBY) . cenirrecrenrenrennnses (1).
The equation to the base is
E+%=L
i.e., by (1), z+y(%- $)=1.
fe e-n+d-1=0.
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Whatever be the value of a this straight line always passes through
the point given by
2-y=0 and %-1:0.
i.c. through the fized point (k, k).

98. Prove that the coordinates of the centre of the
circle inscribed in the triangle, whose vertices are the points

(J’u .'/l)» (“”:, ys)’ and (s, ya), are
avitboter, g Whtbta
a+b+e T a+b+c
where a, b, and ¢ are the lengths of the sides of ths triangle,
Find also the coordinates of the centres of the escribed
circles.

Let ABC be the triangle and let 4D and CX be the
biscctors of the angles 4 and C

and let them meet in 0" Ap )
Then O’ is the required point. Y ({
Since 4D bisects the angle B \
BAC we have, by geometry,
BD_DC_BD+DC_ a_ o
BA T AC T BA+A4C b+e’ o %
so that
ba
) DC = e

Also, since C0' bisects tho angle AC'D, we have
A0" 4C b  b+e

2= 2% e DX SeTews I ————

OD CD  ba a

The point D therefore divides BC in the ratio
Bd : AC, ie ¢ : b
Also O divides AD in the ratio b+¢ : a.
Hence, by Art. 22, the coordinates of D are

c_f'_____+b¢, and O_}!!ib]/_..
c+b c+b
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Also, by the same article, the coordinates of 0’ are

cxy + by cys+ by,
(d+e)x oy . (b+°)x7_2+_b—'+“y‘
(b+e)+a an (b+c)+a !
ie. an +bay oy o ayy +bys + oy,

. a+b+e a+d+ec
Again, if O, be the centre of the escribed circle opposite
to the angle 4, the line C'O, bisects the exterior angle of
ACB.
Hence, by geometry, we have
A0, AC b+e
OD\NCD &
Therefore 0, is the point which divides 4D externally in
the ratio b+ ¢ : a.
Its coordinates (Art. 22) are therefore

cxg + b cys + by
(B+6) 2 —am, G+ BT gy,
(b+c)—a and G+ec)—a !
‘e —amrbavony g T bty
e ~a+b+c T —a+b+c

Bimilarly, it may be shewn that the coordinates of the
centres of the escribed circles opposite to B and C are
respectively

ax, — br, + cx;  ay, — by, +.°.'/a)
’

a~b+e a-b+e
and ’ (“"”1"'6'”2—"%’ “Z/l*'b?h“c.’/:)'
a+b-—c at+b—c

99. As a numerical example consider the case of the
triangle formed by the straight lines

3x+dy—T7=0, 120+5y—17=0 and 5z+12y—34=0.
These three straight lines being BC, CA4, and AR

respectively we easily obtain, by solving, that the points
4, B, and C are
2 19) -52 67
y

7’ -,‘:- ——é—, ﬁ and (1, 1).



76 COORDINATE GEOMETRY.

Hence
Y/ o Y5

e 85
=T€‘/4'+3"T§'

ST T/

150 85 19 1615
I U 2 § A

2
_676 13 6T 871
112 "= X 1551137

The coordinates of the centre of the incircie are therefore

170 676 429 1615 871 429
112 nz' e . Tz Yiet 112

-—-—+—+ YT

1.e. _—1 and 265

16 112°
The length of the radius of the incircle is the perpen-
1 265
dicular from ( 16’ -1—12) upon the straight line

3x+4y—7=°, ]
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() (s 38)-
and therefore =
Vo8
—-21+1060-784 255 b5l
Bx112 =Fx112_ 112"

The coordinates of the centre of the escribed circle
which touches the side BC externally are

170 676 429 1615 871 429
TI2 12T 1 ettt
~m, Y TEL R
167 77112 - 16t T 119
t.e :11—7— and =315
- 42 T

Similarly the coordinates of the centres of the other
escribed circles can be written down.

100. Ex. Find the radius, and the coordinates of the centre, of
the circle circumscribing the triangle formed by the points
0, 1), (2, 8), and (3, b).
duet (z,, ;) be the required centre and R the radius.
Since the distance of the centre from each of the three points is the
same, we have
o+ - 1)1=(z,~ 2+ (¥, - 3P =(z, - 8)*+ (y, - 5)*=R2...(1).
From the first two we have, on reduction, »
& + Y1 =8,
From the first and third equations we obtain
6:;+8v 1=38.
Balving, we have z,= - } and y, =38,
Substituting these values in (1) we get
R=4§410.

101, Mx. Prove that the middwnh of the diagonals qf a com-~
plete quadrilateral lie on the same & ht line,

[Complete quadrilateral. Def. Lei 0ACB be any quadrilateral.
Yot AC and OB be produced to meet in K, and BC and 04 to meet in
F. Join 4B, 0C, and EF. The resulting figure is called a oomplete
am usdrilsteral ; the lines A8, G0, and EF are called its diagonals, and

poin]tl E, F,and D (the intersection of 4B and OC) are called ita
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Take the lines OAF and OBE ss the axes of x and y.

o A F X

Let 04 =2z and OB=2b, so that 4 is the point (24, 0) and B is
the point (0, 25); also let C be the point (2h, 2K).

Then L, the middle point of 0C, is the point (%, k), and M, the
middle point of 4B, is (a, b).

The equation to LM is therefore
kE-b
y—b=h-_-_—“(z-a),
ie. B-a)y—-(k=-d)z=dbh—ak...... . .c....evees (1).

Again, the equation to BC is y - 2b=’£- 2:c.

h
o et ~ 20k s .
Puiting y=0, we have 2= o e that ¥ is the poin%

-2bh
( P °) .
Similarly, E is the point (o. - ﬂ) .
. h-a

Hence N, the middle point of EF, is

~b0h —ak
E-b' h-a)’

These coordinates clearly satisfy (1), i.e. N lies on the etraight
line LJI.

EXAMPLES. X,

1. A straight line is such that the algebraic eum of the perpen-
diculars Jet fall upon it from any number of fixed points is zero;
shew that it always passes through a fixed point.

3. Two fixed straight lines OX and OY are cut by a variable line

in the points 4 and B respeotively and P and Q are the feet of the

iculars drawn from 4 and B upon the lines OBY aud 04X,

m that, if AB through a fixed point, then PQ will also pass
through a fixed point.
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8, If the equal sides AB and AC of an isosceles triangle be pro-
duced to E and F so that BE . CF = 4B, shew that the line EF will
always pass through a fixed point.

4, I a straight line move so that the sum of the perpendiculars
let fall on it from the two fixed points (8, 4) and (7, 2) is equal to
three times the perpendieular on it from & third fixed point (1, 8),

prove that there 1a another fixed point through which this line always
passes and find its coordinstes.

Find the contre and radius of the circle which is inseribed in the
trisngle formed by the struight lines whose equations are

5. Sx+4y+2=0, 8z-4y+12=0, and 4z -8y=0.

6. 22+4y+3=0, 42+8y+3=0, and 2+1=0.

7. y=0, 12z-5y=0, and 8z +4y-7=0.

8. Prove that the coordinates of the centre of the circle inscribed

in the triangle whose angular points are (1, 2), (2, 3), and (3, 1) are
8+,10 - 16-,/10

Find also the coordinates of the centres of the escribed circles.

9. Find the coordinates of the centres, and the radii, of the four
circles which touch the sides of the triangle the coordinates of whose
angular points are the points (6, 0), (0, 6), and (7, 7).

10, Find the position of the centre of the circle circumscribing
the triangle whose vertices are the points (2, 8), (3, 4), and (6, 8).

Find the area of the triangle formed by the atraight lines whose
eqfations are

11, y=2, y=2z, and y=38z+4.
12. y+2=0, y=z+6, and y=Tz+5.
13. 2y+z-6=0, y+22-7=0, and z-y+1=0.

14. 3z-4y+4a=0,2z~3y+4a=0,and bz ~y+a=0, proving also
that the feet of the perpendiculars from the origin upon them are
collinear.

15. y=ax~be, y=bz - ca, and y=ca —ab.
a
"
17. y=mz+c,, y=mz+c,, and the axis of y.
18, y=mz+te, y=mgz oy, and y=myz +¢;,

19. Prove that the area of the triangle formed by the three straight
lines a,z + byy + 6, =0, a;z+ by +6,=0, and a2+ by +¢,=0 is

a;, by 0
3

a a
16, y=mgz+ »y=ma o and y=mz+ ol

a5, by, ¢
a3y by, 0y

3
} % (305 — ayhy) (aghy ~ aghs) (50, ~ @,by)
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20. Prove that the area of the triangle fo;med by the three straight
. zoosa+yeina—~p,=0, zcosS+ysinpwp,=0,
and 2cosy+ysiny-py= 0,
is i{pllin(-y—p)+1;,lin(m.—-y)+p,!in(ﬂ--u)}'
&n (y - B) sin (@ - ) 810 (3~ a) *

. 21. Prove that the area of the parallelogram contained by the
ines

dy-82~a=0, Jy~4z+a=0, 4y -8z-8a=0,
and 8y —4r4+2=0 is ja.

22. Prove that the area of the parallelogram whose sides are the
straught lines

05+ by +6,=0, a2+ by +dy=0, agt+by +y=0,

and ags + byy +dy =0
i (d1=¢;) (dy-0ey)
aby—agh *

23, The vertices of a quadrilateral, taken in order, are the points
(0, 0), (4, 0), (6, 7), and (0, 8); find the coordinates of the point of
m;.ersectxon of the two lines joimng the middle points of opposite
sidea.

24, Thelinesz+y+1=0, z-y+2=0, 42+2y+8=0,and
z2+2~4=0 .

are the equations to the sides of a quadrilateral taken in order; find
the equations to its three diagonals end the equation to the hine on
which their middle points le.

25. Shew that thd orthocentre of the triangle formed by the three
straight lines
a a a
ﬂ="‘r’+;l' V=”‘:z+,7.. snd !I="‘r"+,—l.

{ ( 1 1 1 1 )}
- ettt -— ),
My Ty My TRyMeghiy
26. A and B are two fixed points whose coordinates are (3, 2) and
(5, 1) respectivaly ; 4BP is an equilateral triangle on the side of AL

remote from the origin. Find the coordinates of P and the ortho-
eentre of the triangle ABP,

103. EX. The bass & o triangle is fived; find the
loous of the vertex when one base angle is double of the

is the point
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Let 4B 'be the fixed base of the triangle; take its
middle point O as origin, the direc-
tion of OB as the axis of « and a ¥
perpendicular line as the axis of y.

Let A0=0B=a. . !

. If P be one position of the ~A O B NX
vertex, the condition of the problem then gives
£ PBA=2. PAB,

i.e T - =20,
t.e —tand=tan 20...........c......... (1).
Let P be the point (4, £). We then have
k AS

k
h:a=t8n0 and m=mn¢.

Substituting these values in (1), we have

E 2Fra  2(i+a)k

h<a” (k 35 G ay—E2
1- Py
v+ a
i.e —(h+aY+R2=2(k? - a?),

i.e. M- 312 —2ak+a*=(.
But this is the condition that the point (%, ) should lie

on the curve
Y—3-2ax+a*=0,
This is therefore the equation to the réquired locus,

103. Ex. From a point P perpendiculars PM and
PN are drawn upon two fixed lines which are inclined at an
angle w and meet in a fized point O; if P move on a fixed
straight line, find the locus of the middle point of JIN.

Let the two fixed lines be taken as the axes. Let the
soordinates of P, any position of the
moving point, be (%, k).

Let the equation of the straight
line on which 2 lies be

dz+By+ Q=0 %
80 that we have
Ah+ B+ 0 =0 ...... (1).
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Draw PL and PL’' parallel to the axes,
‘We then. have
OM=0L + LM = OL+ LP cos w=h +kcosw,
and ON=OL' + LN=LP+ L'Pcosw=Fk+hcos w.
M is therefore the point (% + % cosw, 0) and N is the point
0, & + h cos w).

Hence, if («/, y) be the coordinates of the middle point
of MN, we have
2 =h+kcoB® «ooourinrannnann. (2),

and 2 =k+hcoBw coiiiirieinnnnn, (3).
Equations (1), (2), and (3) express analytically all the
relations which hold between &, ¥/, k, and k.

Also & and % are the quantities which by their variation
cause @ to take up different positions. If therefore between
(1), (2), and (3) we eliminate h and % we shall bbtain a
relation between z’ and‘y’ which is true for all values of &
and k, i.e a relation which is true whatever be the position
that P takes on the given straight line.

From (2) and (3), by solving, we have
Bl oy onn) g, 20— omu)
sinw sin' 0
Substituting these yalues in (1), we obtain
24 (o -y cosw)+ 2B (y —x cos w) + C sintw = 0.
But this is the condition that the point («, y') shall
always lie on the straight line
24(x~ycosw)+ 2B (y —xcos w) + Csinw=0,
i.e. on the straight line
x(d~Bcosw)+y(B—Acosw) +3Csin*w=0,
which is therefore the equation to the locus of Q.

104. Ex. A straight line is drawn parallel to the
base of a given triangle and its extremities are joined trans-
versely to those of the bass; find the locus of the point
of inlersection of the joining lines.
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Let the triangle be O4B and take O as the origin and
the directions of 04 and 0B
as the axes of x and y.

Let Od=a and OB=0,
so that ¢ and b are given
quantltles.

"Let A’ be the straight
line which is parallel to the

base 4.8, so that X
. o4’ OF
UA OB-A(MWX
and hence 0A' = Aa and OB = Ab.

For different values of N we therefore have different
positions of A'%’,
The equation to 4B’ is

]
-+ ——;Ib =] .; ..................... (l)'
and that to A'B is
x
E+-"3=1 ........................ (2

+Since P is the intersection of 4B and A'B its coordi-
nates satisfy both (1) and (2). Whatever equation we
derive from them must therefore denote a locus going
through P. Alsoif we derive from (1) and (2) an equation
which does not contain A, it must représent a locus which
passes through P whatever be the value of A; in other
words it must go through all the different positions of the
point P,

Subtracting (2) from (1), we have

200410
ne. E = -g_

This then is the equation to the locus of . Hence P
always lies on the straight line

y=zn
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which is the straight line 0Q where 04@B is a parallelo-
gram.

Aliter. By solving the equn.txons (1) and (2) we
easily see that they meet at the point *

( A a A b
A+l Xl )
Hence, if P be the point (%, &), we have

A A
]l=x—;'1a and /G=mb.

Hence for all values of A, i.e. for all positions of the
straight line 4'B’, we have
h k

a 3

But this is the condition that the point (%, &), t.e. P,
should lie on the sbmight line

Y
o'

The straight line is therefore the required locus.

105. Ex. A variable straight line is drawn through
a given point O to cut two fixed straight lines in R and 8 ;
on it 18 taken & point P such that

2 1 1
0P~ OR* 0%’
shew that the locus of P is a third fixed straight line.

Take any two fixed straight lines, at right angles and -
passing through O, as the axes and let the equation to the
two given fixed strmght lines be

Az +By+C=0,
and Az +By+C'=0.
Transforming to polar coordinates these equations are
1 dcos@+Bsind 1 A cosf+Bsind
—

Y sod o=
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L

If the angle XOR be § the values of OR and DI—S, are

therefore
Acosf+ Bsind
—_———— a
(4]
‘We therefore have

2 AcosO+Bsin0_A’cosB+1f’sin0

or ¢ (04

_ (4 4 P B B\ . é
= (5’ + Z"’) cos 6— ('é' + C') sin 6.
The equation to the lagus of P is therefore, on again
transforming to Cartesian coordinates,

2=-—-w(-g,+é,—:>—y g-l-g),

and this is a fixed straight line.

A’ cos @+ B'sin @

nd — — .

EXAMPLES. XL

&he base BC (=2a) of & triangle ABC i3 fixed; the axes being
BC and a perpendiocular to it throagh its middle point, find the loous
of the vertex 4, when

1. ihe difference of the bass angles is given (=a).
2. the product of the tangents of the base hngles is given (=2).

thgt the tangent of one base angle is m times the tangent of the
other.

4, mtimes the m‘uu'e of one side added to n times the square ¢f
¢he other side is equal to a constant quantity 3.

From a point P perpendiculars P) and PN are drawn upon two
fixed lines which are inclined at an angle w, and which are {aken as
the axes of coordinates and meet in O; find the locus of P

5. ifOM+ONbYeequalto2¢. @, if OM - OXN be equal to 24,
7. it PM4+PNbeequalto 2. 8, if PA-PN beequalto 2¢.
9. if MN be equal to 2¢.
, 10, if BN pass through the fixed point (g, b).
11, it MN be parallel to the given line y=ma,
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12. Two fixed points 4 and B are taken on the axes such that
OA=a and OB=b; two variable points 4’ and B’ are taken on the
same axes; find the locus of the intersection of AB’ and A'B

(1) when 04’ +0B'=04 + 08,
11 _1 1
04’ oF 04 OB’
13. Through a fixed point P are drawn any two straight lineg to
cut one fixed straight line OX in A and B and another fixed straight

line OY in C and D ; prove that the locus of the intersection of the
straight lines AC and BD is a straight line passing through 0.

14, OX and OY are two straight lines at right angles to one
another; on OY is taken a fixed point 4 and on OX any point B;
on AB au equilateral triangle is deseribed, its vertex C being on the
;ii;le of AB away from O. Shew that the locus of C is a straight

e, e

15. If a straight line pass through a fixed point, find the locus of
the middle point of the portion of it which is intercepted betwuen two
given straight lines,

16. 4 and B are two fixed points; if P4 and PB intersect a
constant distance 2¢ from a given straight line, ind the locus of P,

17. Through a fixed point O are drawn two straight lines at right
angles to meet two fixed straight lines, which are also at right angles,
in the points P and Q. Bhew that the locus of the foot of the
perpendicular from O on PQ is a straight line. .

and (2) when

18, Find the locus of a point at whioh two given portions of the
same traight line subtend equal angles,

19. Find the locug of a point which moves so that the difference
of its distances from two fixed straight lines at right angles is equal
to its distance from a fixed siraight line.

20, A straight line 4B, whose length is ¢, slides between two
given oblique axes which meet at O; find the locus of the orthocenire
of the triangle O4B.

21, Having given the bases and the sum of the areas of n number
of trisngles which have a common vertex, shew that the locus of this
vertex is a straight line,

22, Through a &iven point O a straight line is drawn fo out two
given straight lines in R and §; find the loous of a point P on this
variable straight line, which is such that

(1) 30P=0R + 05,
and (2) OP*=0R.O08.
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23. Given n straight lines and & fixed point O; through O is
drawn a straight line meeting these lines in the points R, Ry, R,
«.Ry, 80d on it is taken & point R such that

n 1 1 1 1
OrR™oR, * or, Y or,* Y oR;}
shew that the loous of R is a straight line.

24, A variable straight line onts off from n given coneurrent
streight lines intercepte the sum of the reciprocals of whick is con-
stant. Bhew that it always passes through a fixed point.

25, Ifa triangle 4BC remain always similar to a given triangle,
ond if the poiut A be fised and the point B always move along a
given atraight line, find the locus of the point C.

26. A right-angled triangle 4BC, having C a right angle, is of
given magnitude, and the angular points 4 and B slide along two
given perpendicular axes; shew thet the locus of C is the pair of

straight lines whose equations are y = *-zz.

27. Two given straight lines meet in 0, and through a given point
P is drawn a straight line to meet them in Q and R; if the
prlr;llelogram OQSR be completed find the equation to the locus
of 8.

28, Through a given point O is drawn a straight line to meet two
given parallel straight lines in P and Q; through P and Q are drawn
straight lines in given directions to meet in ; prove that the Jocua of
R ie a straight line,



CHAPTER VL

ON EQUATIONS REPRESENTING TWO OR MORE
STRAIGHT TJNES.

106. Surrost we have to trace the locus represented
by the equation

Y -3y +27=0......cooeennnn, M.
This equation is equivalent to
(y-=z)(y—~2x)=0........c...cee. (2).

It is satisfied by the coordinates of all points which
make the first of these brackets egqual to zero, and also by
the coordinates of all points which make the second
bracket zero, i.e. by all the points which satisfy the
equation

Y=2=0 .. (3)
and also by the points which satisfy
O g=2=0.irien (4).

But, by Art, 47, the equation (3) represents a straight
line passing through the origin, and so also does equa-
tion (4).

Hence equation (1) represents the two straight lines
which through the origin, and are inclined at angles of
45° tan™! 2 respectively to the axis of z.

107. Ex. 1. Trace the locus xy =0, This equation
is satisfied by all the points which satisfy the equation
=0 and by all the points which satisfy y=0, s.e. by
a,ll.t:hef points which lie either on the axis of y or on the
axis of .
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The required locus is therefore the.two axes of coordi-
'nates.

Ex. 3. Trace the locus 2» —~5x + 6=0, This equation
is equivalent to (€ —2) (x~3) =0. Tt is therefore satisfied
by all points which satisfy the equation x—2 =0 and also
by all the points which sutisfy the equation z— 3 =0.

But these equations represent two straight lines which
are parallel to the axis of y and are at distances 2 and 3
respectively from the origin (Art. 46),

Ex. 3. Trace the locus ay—4a—by+20=0. This
equation is equivalent to (x—5)(y —4)=0, and therefore
represents a straight line parallel to the axis of y at a
distauce 5 and also a straight line parallel to the axis of «
at a distance 4.

108. Let us consider the general equation
e+ 2hay + by =0, ceininnl. (%).
On multiplying it by a it may be written in the form
(0% + 2ahxy + hy?) — (B - ab) y*=0,
te. {(ax+hy) + y NI ab} {(ez + hy) — y Wi —ab} = 0.

s in the last article the equation (1) therefore repre-
sents the two straight lines whose equations are

ac+hy + YN =ab=0 .......ucc..... 2),
L ]
and ax+hy—yJiP—ab=0............... 3)

each of which passes through the origin.

For (1) is satisfied by all the points which satisfy (2),
and also by alf the points which satisfy (3).

These two straight lines are real and different if 42> ab,
real and coincident if * = ab, and imaginary if A*<ab.

[For in the latter case the coefficient of y in each of the
equations (2) and (3) is partly real and partly imaginary.]

In the case when A*<ab, the straight lines, though
themselves imaginary, intersect in a point. For the
origin lies on the locus given by (1), since the equation (1)
is always satisfied by the values 2= 0 and y=0.
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109. An equation such as (1) of the previous article,
which is such that in each term the sum of the indices of
and y is the same, is called a homogeneous equation. This
equation (1) is of the second degree; for in the first term
the index of z is 2; in the second term the index of both
and y is 1 and hence their sum is 2; whilst in the third
term the index of y is 2.

Similarly the expression

3a? + 4o’y — Dy + 9y
is & homogencous expression of the third degree.
The expression
3.2 + daty — by + 93P — Ty

is not however homogeneous; for in the first four terms
the sum of the indices is 3 in each case, whilst in the last
term this sum is 2. -

From Art. 108 it follows that a homogeneous equation
of the second degree represents two straight lines, real and
different, coincident, or imaginary.

110. The axes being rectangular, to find the a:&glc
between the straight lines given by the equation
, a2+ 2hay + byt=0....... ).
Let the separate equations to the two lines be
i y—mx=0 and y—ma2=0........... (2),
so that (1) must be equiva.ienb to

by —mz)(y—mgzx)=0............... (3).

Equating the coefficients of xy and 2* in (1) and (3), we
have

- b (m, +m,) =2}, and dbmm,=a,”

8o that m,+m,=-gb!-‘, and m,m,=‘l—:.
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1f 0 be the angle between the straight lines (2) we
have, by Art. 66,

tan g M= _ of(m +m) ~ dmym,

1+mm, 1 +mm,
E'—:_&;
NTT s/ “
= e ).
1+-5

Hence the required angle is found.

111. C(ondition that the straight lines of the previous
article may be (1) perpendichlar, and (2) coincident.

(1) If a+ b=0 the value of tan 8 is « and hence 0 is
90°; the straight lines are therefore perpendicular.

Hence two straight lines, represented by one equation,
are at right angles if the algebraic sum of the coefficients of
2* and g* be zero. *

For example, the equations
a*—~9*=0 and 62+ 1lay—6y*=0
bOtl‘l represent pairs of straight lines at right angles,
Similarly, whatever be the value of A, the equation
o+ 2hxy—y*=0, -
represents a pair of straight lines at right angles.

(2) If A?=ab, the value of tan @ is zero and hence § is
zero. The angle between the straight lines is therefore
zero and, since they both pass through the origin, they are
therefore coincident.

This may be seen directly from the original equation.
For if A* = ab, i.e. h=,Jab, it may be written

ax* +2.Jab zy + byt=0,
i.e. (Jaz+Jby) =0,

which is two coincident straight lines,
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112. 7o find the squation o the straight lines bissoting
the angle between the straight lines given by

azt+ 2hay + by =0...cceeiall, (1).

Let the equation (1) represent the two straight lines

‘L,OM, and L,0M, inclined at angles 6, and 4, to the axis
of x, so that (1) is equivalent to

b(y- =z tan 6,) (y — x tan 6,) = 0.
Hence

tan 6, + tanfy=~ ¥ and tan 6, tan § -%..@.

Let 04 and OB be the required bisectors. !
Since ¢ AOL, = ¢ L,04,
w2t 40X —-0,=0,— +t AOX,
S 2,.40X =4, +0,
Also ¢t BOX =90+ . A0X,
o 2:B0X =180+ 6, +46,.

Hence, if 8 stand for either of the angles 40X or BOX,
we have

tan §, + tan 0 2]
w20t 0)= B B
by equations (2). .

But, if (z, y) be the coordinates of any point on either
of the lines 04 or OB, we have

tmoaz.
@®
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. % _ 2tand
St e e

2

=ﬂ=
1-

xi - y?
a-b
This, being & relation holding between the coordinates

of any point on either of the bisectors, is, by Art. 42, the
equation to the bisectors.

|so

Yy

w |Bre
%

8]

=3
=

\
118. The foregoing equation may also be obtained in the follow-
ing manner:
Juet the given equation represent the straight lines
y~mz=0 and y-myz=0............ ..c.....(1),

o that m, +my= —2—;-‘ and m,;n,=; .................. 2).

'.l‘h; aquations fo the biseotors of the angles between the straight
lines (1) are, by Art. 84,
Y-Iha _Y-Ta® nd YT YoMt ,
NTEm?  Nivmd Nitm®  Wflemgd
or, cxpressed in one equation,
{v_—m - y-m.x} { y-mz  f-mys }=0
NIzmd  JTewd VTm? JTemE
(y—ma)! (y-mz)
i.e Trmd ~ I5mp =0,
G2 (L+my) (y*— Imy oy +my?2%) ~ (14 my?) (y? - 2y 2y + g 2"} =0,
ie (m,? ~my) (5 ~ %) + 2 (mymy — 1) (my — mg) zy =0,
i.e, {my + my) (3~ y?) +2 (m,m, — 1) 2y =0.
Henoe, by (2), the required equation is

:-:-'-' &~y +2 (}:- 1) zy=0,
f.e. ﬂ:—:—g—’n=¥.
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. EXAMPLES. XIL

Find what straight lines are represented by the following equations
and determine the angles between them,

1, 2%-Tay+12y%=0. 2. 427~ 34zy+11y2=0.

3. 832*-Tlxy - 14y2=0. 4, #*-0629+112-6=0.

5. y?-16=0, 6. ¥ -zyt-14x2y+2473 =0,
7. 2*+2zyse0d+y?=0. 8. 27+ 2zycotd+y°=0.

9. Find the equations of the straight lines bisecting the angles
between the pairs of straight lines given in examples 2, 3, 7, and 8.

10. BShew that the two straight lines
z (tan?0 + cos? @) - 2xy tan 6 + y?sin?0=0

make with the axis of z angles such that the difference of their
tangents is 2.

11. Prove that the two straight lines

(z?+ y?) (cos?9 sin®a +8in?@) = (x tan « ~ y sin 4)?

include an angle 2a. .

12. Prove that the two straight lines

a¥gin%a cos?0 -+ 4zy sin a 8in 9+ y*[ 4 cos a — (1 + cos a)? 00520 =0

mest at an angle a.

GENERAL EQUATION OF THE SECOND DEGREE,

L}

114. The most general expression, which contains
terms involving 2 and y in a degree not higher than the
second, must contain terms involving o* xy, 3", , y, and o
constant.

The notation which is in general use for this ex-
pression is
ax® + 2hxy + by + 29x + Yy + ¢ oonnoenl. (D).

The quantity (1) is known as the general expression of
the second degree, and when equated to zero is called the
general equation of the second degree.

The atudent may better remember the seemingly
arbitrary coefficients of the terms in the expression (1)
if the reason for théir use be given.
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The most general expression involving terms only of
the second degree in x, y, and 2z is

ax® + byt + ex* + Yyz + 292 + 2hay ...... (2),
where the coefficients occur in the order of the alphabet.
If in this expression we put z equal to unity we get
az? + by + ¢ + Yy + 2gx + 2hxy,
which, after rearrangement, is the same as (1).

Now in Solid Geometry we use three coordinates =, y,
and 2. Also many formule in Plane Geometry are derived
from those of Solid Geometry by putting z equal to unity.

‘We therefore, in Plnne Geometry, use that notation

corresponding to which weé have the standard notation in
Solid Geometry.

115. In general, as will be shewn in Chapter XV,
the general equation represents a Curve-Locus.

If a certain condition holds between the coefficients of
its terms it will, however, represent & pair of straight lines.

This condition we shall determine in the following
article.

1168. 7o find the condition that the general equation
of the second degres
ax’+°lmy+bj+2j.n+2fy+c L IR (1)
may vepresent two siraight lines.

If we can break the left-hand members of (1) into two
factors, each of the first degree, then, as in Art. 108, it
will represent two straight lines.

If a be not zero, multiply equation (1) by a and arrange
in powers of ; it then becomes

a2 + 2ax (hy + g) = — aby? ~ 2afy — ac.
On completing the square on the left hand we have
a2 + 2ax (hy + g) + (hy + g)* =y (I* — ab)
i + 2y (gh—af)+ 9"~ q¢,
t.e.

(ax+hy +g) =+ /P (P —ab) + 2y (yh— af ) + g* —ac ...(2).




96 COORDINATE GEOMETRY,

¥rom (2) we cannot obtain « in terms of y, involving
only terms of the first degree, unless the quantity under the
radical sign be a perfect square.

The condition for this is
(gh—af = (12— ab) (y’ —ac),

t.e. & — 2afgh + a¥f? = gl — — ach? + a*be.

Cancelling and dividing by a, we have the requn'ed
condition, viz.

abc 4+ 2fgh - af?-bg?—-ch?=0 ...... (3).
137. The foregoing condition may be otherwise obtained thus:
The given equation, multiplied by (a), is
a*zt+ 2ahzy + aby® 4 2agz + 2afy +ac=0 ............ (4.

The terms of the second, degree in this equation break up, as in
Art, 108, into the factora

az+hy ~y \/W~ab and az+hy +y /7= ab.
If then (4) break into factors it must be equivalent to

{az+(h - IEZab) y + A} {az +(h+ /8 ab) y + B} =0,
where 4 and B are given by the relations

(4 +B)=2200 ....coee crvrecrearennnens ),
Adhs J@TJJ) +B~JF al)=%a............. (),
and AB=@c...ccciniririrnnnnnirenininanes .
The equations (5) and (G) give
" AwB=3p, sand A-p=TeME
N[y

The relation (7) then gives
dac=44B=(d + Bp - (4-B)
a — gh)®
=dg- 451‘,’_97&_)_ .
t.e. (fa - gh)2= (g3~ ac) (h* - ab),
which, as before, reduces to
abc+2fgh - af? - bgd - cl3=0,
If a be zero, prove that the general equation will represent
two stnxght lines if
fph ~ by~ cht=0.
If both a and b be zero, prove that the condition is /g ~ch =0.
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118. The relation (3) of Art. 118 is equivalent to the
expression
|a 2 g
‘ b b f|=
o fic
This may be easily verified by writing down the value
of the determma.nt by the rule of Art. 5.
A geometrical meaning to this form of the relation (3)
will be given in a later chapter. [Art. 355.]
The quantity on the left-band side of equation (3) is
called the Discriminant of the General Equation.

The general equation therefore represents two straight
lines if its discriminant be zero.

119, Bx. 1. Prove thdt the equation
1222+ Tzy - 1042 + 18z + 45y ~ 85 =0
represents two straight lines, and find the argle between them.

Here

a=12, h=J], b=-10, g=34, f=4%, and c=-85
Hgnee abe+ 2fgh — af® - bg® — ch®

=12 % (= 10) x { - B5) + 2 x 4 x 30 x J =12 x (##)*~ (—10) x (R2)®

-(-85)@)
=4200 + 4924 - 6075 + 1922 4. 1388

= - 1875+ 1828 =0, i
The equation therefore represents two straight lines.
Bolving it for z, we bave

Stz 7“13 7y+18 10/’—4w+85 (7y+18

_(23y 43
- (Bz8Y.

T R

WY-T 7 -5y+5
. e . B S 3 _—4_..-

The given equation therefore represents the two straight lines
82=3y -7 and dz= -5y +&.
L. 4
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The *“m’s” of these two lines are therzfore § and - §, and the
angle between them, by Art 66,

=tan™! 1*:_:‘( (T_i‘) )= tan™1 (- ap),

Bx. 2. Fiund the value of h so that the equation
6094 2hzy +12y3+22¢ + 81y +20=0
may represent tico straight lines,

Here
a=6, b=12, g=11, f=3,andc=20.

The condition (3) of Art. 116 then gives
2017 - 8a1h + 2801 =0,

i.e. (% - 31) (20h - 171)=0.

Hence h=3f or A7L,

Taking the first of these values, the given equation becomes

6.7+ 17y +12y% + 222 4 81y 4- 20 =0,

i.e. 2z + 3y +4)(3z +4y +5)=0

Taking the second valae, the equation is

2023+ 57zy +40y® 240z + 2oy + 242 =0,

i.e. (4z + 5y +29) (52 + 8y +10)=0.

EXAMPLES. XIIL

Prove that the following equations represent two straight lines;
find also their point of intersection and the ungle between them.

1. 6y2-zy-22+30y+86=0. 3, z*-5zy+4y*+2+2y~2=0,
3. 3y*-8ry-8a°—29z+8y-18=0,
4, yYixy~222-5x-y-2=0.
5. Prove that the equation
2%+ 6zy +9y3+ 42+ 12y - 5=0
represents two parallel lines.

Find the value of k so that the following equations may represent
pairs of straight lines :

6. 62+ 1lzy-10y'+x+81y+k=0.
7. 122%-10zy+2y%+1lx - 5y + k=0,
8. 122+ kxy+2y%+ 115 - 5y +2=0.
9, 6a+ay+hyt~1lz+448y-~85=0,
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10. kzy-8z+9y-12=0,

11. z’+.1,¢zy+y’—5.r—7y+k=0.

12, 122%4xy - Gy? - 202 18y + k=0,

18. 2% +uwy-y?+kx+0y-9=0.

14, 2*+kzy+y?-5z-Ty+6=0.

15. Prove that the equations to the straight lines passing through

the origin which make an angla a with th i i =
e e o ok gle a o straight line y + £=0 are

x? 422y sec 2a 4 y2=0.
18. What relations must hold between the coefficients of the
equations
(i) az?+by?+ex+ey=0,
and (ii) ay3+bzy+dy+ex = 0,
8o that each of them may represent a pair of straight lines ?

17. The equations to a pair of opposite sides of a parallelogram
are
z1-Tx+ 060 and y?- 14y +40=0;

find the equations to its diagonals,

120. 7 prove that a homogyencous equation of the nth
degree represents n straight lines, real or imaginary, which
all pass through the origin.

Let the equation be
‘yr Ayl Ay i APy L+ A2 =0,
On division by «", it may be written

(&) + 4, (g)"" +4, (g)"—’+ gt Ay= 0. (1),

This is an equation of the nth degree in g, and hence

must have n roots.

Let these roots be m,, my, my, ... my. Then (C. Smith’s
Algebra, Art. 89) the equation (1) must be equivalent to
the equation

(=) (om) () - (om0

The equation (2) is satisfied by all the points which
satisfy the separate equations

y

my =0, %—m,=0,...%—m,,=0,
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i.e. by all the points which lie on the n straight lines
y—mz=0, y—mzx=0,..y—mz=0,
all of which pass through the origin. Conversely, the
coordinates of all the points which satisfy these n equa-
tions satisfy equation (1). Hence the proposition.
121. Ex. 1. The equation
? - 62yt + 112y - 629=0,
which is equivalent to
(v -2)(y - 22) (y - 32) =0,
represents the three straight lines
y~2=0, y-22=0, and y-382=0,
all of which pass through the origin.
Bx. 2. The equation y3-5y?+Gy=0,
i.e. y(y - 2)(y -3)=0,
similarly represents the three straight lines
y=0, y=2, and y=3,
all of which are parallel {o the axis of z.

122. 7o find the equation to the two straight lines
Jjoining the origin to the points in which the straight line

le+my=n.....cc..ce vivnrinn.n. (1 )
meets the locus whose equation is
ax? + 2hay + by* + 29z + 2fy +¢=0.. ...... (2).
The equation (1) may be written
le+my .
IR Lt ).

The coordinates of the points in which the straight line
meets the locus satisfy both equation (2) and equation (8),
and hence satisfy the equation

az'+2imy+by-+2(gm+fy)’“_’fnmy+c (’i’:;'"_-'!)’=o

[For at the points where (3) and (4) are true it is clear
that (2) is true,

Hence (4) represents some locus which passes through
the intersections of (2) and (3).
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But, since the equation (4) is homogeneous and of the
second degree, it represents two straight lines passing
through the origin (Art. 108).

It therefore must represent the two straight lines join-
ing the origin to the intersections of (2) and (3).

123. The preceding article may be illustiated geo-
metrically if we assume that the equation (2) represents
gome such curve as PQRS in the figure.

Let the given straight line cut the curve in the pointa
P and Q.

The equation (2) holds for all points on the curve PQES.

Phe equation (3) holds for all points on the line I’¢.

Both equations are therefore true at the points of
intersection P and @.

The equation (4), which is derived from (2) and (3),
holds therefore at 2 and Q.

But the equation (4) represents two straight lines, each
of which passes through the point 0.

It must therefore represent the two straight lines OF
and 0Q.

124, Bx. Prove that the straight lines joining the origin to the
points of interseciion of the straight line x ~y=2 and the curve

522+ 122y - By?+ 82 — 4y + 12=0
make equal angles with the azes.
As In Art. 123 the equation to tha required straight lines is

it JRTY Codot AR
Ez'+lazy-8y’+(sa—-4y)——2—+12(—§y) =0......(L).
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For this equation is homogeneous and therefore represents two
straight lines through the origin; also it s satisfied at the points
where the two given equaticns are satisfied,

Now (1) is, on reduotion,
yi=dat,
g0 that the equations to the two lines are
y=2¢ and y= - 2.
These lines are equally inclined to the axes.

125. It was stated in Art. 115 that, in general, an
equation of the second degree represents a curve-line,
including (Art. 116) as a particular case two straight lines.

In some cases however it will be found that such
equations only represent isolated points. Some examples
are appended.

Ex. 1. What is represented by the locus
(x—y+e)P+(x+y—c)=00........... (1).
We know that the sum of the squares of two real

quantities cannot be zero unmless each of the squares is
separately zero.

The only real points that satisfy the equation (1)
thercfore satisfy both of the equations «

z—-y+e¢=0 and z+y—c=0.
But the only solution of these two equations is

=0, and y=c
’I(‘)he only real point represented by equation (1) is therefore
¢).
© '.l)‘he same result may be obtained in a different manner.
The equation (1) gives
(=g + = (ot y—of,

e z—y+e=kN1(z+y—c)
It therefore represents the two imaginary straight lines

2(1— /=)=y (L+ /T +e(1 +/=1)=0,
and 2(l+ /I~y —-V"T)+e(l—JZ1)=0.
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Each of these two straight lines pnsses through the
renl point (0, c¢). We may therefore say that (1) represents
two imaginary straight lines passing through the point
(0, ¢).

Ex. 2. What is represented by the equation

(2 —~a?? + (i~ 1) =01
As in the last example, the only real poiuts on the locus
are those that satisfy dothk of the equations
- a*=0 and y*- =0,
t.e. x=a, and y=ab.
The points represented are therefore
(% b), (a, —b), (—aq, ), and (~a, —-1).

Ex. 3. What is represented by the equation
2+ +a?=01
The only real points on the locus are those that satisfy
all three of the equations .
2=0, y=0, and a=0,
Hence, unless a vanishes, there are no such points, and
the given equation represents nothing real.
The equation may be written
d+if=-d,
go that it represents points whose distanes from the origin
is as/<I. It therefore represents the imaginary circle
whose radius is an/—1 and whose centre is the origin.

126. Ex.1. Obtain the condition that one of the straight lincs
given by the equation

ax?+2hry + DY =0.oeeeeerriiiiiiiniiieeene (1)

may coincide with one of those given by the equation
a2 L 202y + VY =0 . ..cccoontrnnnnnnnnan. 2).

Let the equation to the common straight line be
Y-mz=0 .o (3).

The quantity y - m,‘::‘mst therefore be a factor of the left-hand of
bon:lh (}) and (2), and therefore the value y=m,z must eatisfy both (1)
and (2),
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‘We therefore have
bml'+2hm1+a=0. [ T  § %
and CREN 1 FE N s RO () 1
Solving (4) and (5), we hau
m,3 m 1
A(ha’—Wa) ab—a'b SN -Uh)"
. - Wa J ab-a'b
7 e Sl Sl DY Ty Y

so that we must have
{ab’ ~ a’b)3=4 (ha' - Wa) (b} - V'h).
Bx. 2.  Prove that the equation
m (2% - 3xy®) +y° - 32y =0
represents three straight lines equally inclined to one another.
Transforming to polar coordinates (Art. 35) the equation gives
n (cos*@ — 3 cos @ sin*@) +8in¥¢ — 3 cos?d sin §=0,

ie. m (1-3 tan?d) + tand9— 3 tan 4=0,
. 3ian 0~ tan* @
.. m= '—l'_m-—tln 8.
If m=tan a, this equation gives
tan 3¢=tana,

the solutions of which are
36=a, or 180°+a, or 860°+a,
a a &
i.e. 0;-:8, or 60"+§. or 120°+§.
The locus is therefore three straight lines through the origin
inclined at angles
%, 60°+%, and 120°4%
8’ 8’ 3
to the axis of z.
They are therefore equally inclined to one another.

Bx. 8. Prove that two of the straight lines represented by the

equation
az®+bzty +exy? +dy’=0 ............... e (1)

will be at right angles if
a?+ac+bd+ d*=0.

Let the separate equations to the thres lines be
y-ma=0, y-mz=0, and y-mp=0, ’
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so that the equation (1) must be equivalent to
d (y ~myz)(y —myz) (y - myz) =0,

and therefore Wy + Mg+ My= —% ........................... ),
b

Mgy MM MM =~ cvvainns seivrnninnne (3),

and mymng= —2(4)

1f the first two of these straight lines be at right angles we have,
in addition,

From (4) and (5), we luwemlm2

The equation (3) then becomes '

d( c+a) 1__

.8, attac+bd +dP= 0

EXAMPLES. XIV.

1. «Prove that the equation
y¥ -2+ 3zy (y - 2) =0

represents three straight lines equally inclined to one another.

2. Prove that the equation

y?(cos a + /8 8in a) 608 & — zy (sin 2a - /3 cos 2&)
+22(sina - /3 ¢08 ) sin a =0

represents two straight lines inclined at 60° to each other.

Prove also that the ares of the triangle formed with them by the
straight line

{cosa—,/8sina)y—- (smu+./3eos a)z+a=0

is Y -J 3’
and that this triangle is equilateral.

8. Shew that the straight lines

(43-8B% 29+ 84 Bxy + (B2 - 84%) y?=0

form wi:; the line 42+ By + C=0 an equilateral triangle whose area

T
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4., Find the equation to the panir of straight lines joining the
origin to the intersections of the straight line y=mx +¢ and the curve

z2 + y’ =ad,
Prove that they are at right angles if
2:2=0a? (1 +m),
5. Prove that the straight lines joining the origin to the points
of intersection of the straight line

kz + hy =20k
with the curve (T= 01+ (y-k)r=c*
are at right angles if W4 hA=c2,

8. Prove that the angle between the straight lines joining the
origin to the intersection of the straight line y =8x4-2 with the curve
2+ 2y + 8y + 4z -+ 8y ~ 11=0 s tan-2 22,

7. Bhew that the straight lines joining the origin to the other two
points of intersection of the curves whose equations are
az®+ 2hzy + by + 29z=0
and a'z?+ 2Wzy 4 Vy?+29'c=0
will be at right angles if
9@ +b)~g (a+1)=0.
‘What loci are represented by the equations

8, 2'-y2=0. 9. 2%-zy=0. 10. xy -ay=0.
11, z*-2-z+1=0. 12, z'~-ry'=0. 13. 2*+p*=0.
14 2+y°=0. 15. oy =0. 16. (=*-1){y*-4)=0.

17, (-1 (- 4)2=0. 18, (y-mz—c)f'+(y~m'z-c*=0.
19. (1!_ af.')! (zﬂ_ bﬂ)ﬂ_‘_ci (y!__uﬂ)'_—_o. 20. (z_ a)ﬂ_yl___o-
21, (z+y)-c3=0. 22, r=asec(f-a).
23, Shew that the equation
bt - Bhxy + ay?=0
represents a pair of straight lines which are at right angles to the pair
given by the equation
az®+2hzy + by?=0.

24, If pairs of straight lines
23— 2pzy ~ y*=0 and z2-2qzy -y?=0

be such tlat each pair bisects the angles between the other pair, prove
that pg= - 1.

925. Prove that the pair of lines

@223+ 3k (a + b) xy + VY=
is equally inclined to the pair
ax? + ey + by =0.
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268, Shew also that the pair
az?+ 2hay + by? 4\ (224 y%) =0
is equally inclined to the same pair,
27. If one of the straight lines given by the equation
ax?+ 2lxy + by? =0
coincide with one of those given by
a'z?+2Wzy + Vy2=0,
and the other lines represented by them be perpendieular, prove that
3.7 2,
N N
28, Prove that the equation to the bisectors of the angle between
the straight lines ax?+ 2hxy + by?=0 is
k(22 - y3) + (b - a) oy = (a2® - by®) cos w,
the axes being inclined at an ahgle w.
29, Prove that the straight lines
ax?+ 2hxy + by?=0
make equal angles with the axis of z if h=a cos w, the axes being
inclined at an angle w.
30, If the axes be inclined at an angle p, shew that the equation
o* + 2y 008 w+ % 008 2w=0
represents a pair of perpendicular straight lines.
31. Bhew that the equation
» ¢08 3a (2% — B2y?) + 8in 3a (y® - 32%y) + 3a (x?+ %) ~ 4a*=0
represents three straight lines forming an cquilateral triangle.
Prove also that its area is 8 \/3a3.
32. Prove that the general equation .
ax? + 2hey + byt + 292+ 2fy +¢=0
represents two parallel straight lines if
I3=ab and bgi=af?,
Prove also that the distance between them is

2 \/ ﬂr—E
afa+d)’
33. If the equation

ax34-2hxy + by + 292 4+ 2fy +¢=0

represent a pair of straight lines, prove that the equation to the third

pair of etraight lines passing through the points where these meet the
axes is

az*~2hty+by’+2gz+2fy+c+-4'gcy=0-
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84. If the equation
az®+ 2hxy + by + Bgx + Ay +c=0

represent two straight lines, prove that the square of the distance of
their point of intersection from the origin is

c(at+d)-si-g
ab~1? :
85. Bhew that the orthocentre of the triangle formed by the
straight lines
az3+2hay + by?=0 and le+my=1
is a point (’, 3’) such that

—-= ——

86. Hence find the locus of the orthocentre of a triangle of which
two sides are given in position and whose third side goes through a
fixed point,

87. Bhew that the distance between the points of intersection of
the straight line
wcosa+ysinag-p=0
with the straight lines az? + bzy + by?=0
e 9 /18 ab
bcos?a—2hcosasina+esnia
Deduce the aren of the triangle formed by them.
88, Prove that the product of the perpendiculars lef fall from the
pomnt (z’, y') upon the pair of straight lines
az®+2hxy + byt=
ax?+2h'y’ +by™
39, Bhew that two of the straight lines represented by the

equation
ayd+ bxyd + eyt + dzdy + b =0
will be at right angles if
(b+d) (ad +be) + (e~ a)® (a+c+6)=0,
40. Prove that two of the lines represented by the equation
azt+baty +cadyl+ dayd+ ayt =0
will hisect the angles between the other two if
¢+6a=0 and b+d=0.
4], Prove that one of the lines represented by the equation
az? + bady + ez 4+ dy? =0
will bisest the angle between the other two if
{8a-+¢)%(dc + 2ed ~ Bad) = (b + 8d)*(be + Sal ~ Bad),

is

is



CHAPTER VIL
TRANSFORMATION OF COORDINATES.

127. Ir is sometimes found desirable in the discussion
of problems to alter the origin and axes of coordinates,
either by altering the origin without alteration of the
direction of the axes, or by altering the directions of the
axes and keeping the origin unchanged, or by altering the
origin and also the directions of the axes. The latter case
is merely a combination of the first two. Kither of these
processes is called a transformation of coordinates.

We proceed to establish the fundamental formule for
such transformation of coordinates,

128. T alter the origin of coordinates without altering
the directions of the axes.

Let OX and OY be the original axes and let the new
axes, parallel to the original, be

O0X' and 0'Y'.

Let the coordinates of the new | V| |
origin O, referred to the original
axes be 4 and &, so that, if O'L be | N
perpendicular to 0.X, we have 0 X
OL=k and LU =k o L N X

Let P be any point in the plane
of the paper, and let its coordinates, referred to the original
:{xes, be @ and y, and referred to the new axes let them be
and g,

Draw PN perpendicular to 0.X to meet 0’'X’ in N,
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Then
ON=2, NP=y, ON'=2, and N'P=y.
We therefore have
2=0N=0L+ON' =)h+a,
and y=NP=LO'+N'P=k+y.
The origin is therefore transferred to the point (%, &) when
we substitute for the coordinates = and y the quantities
Z+h and ¥ +k.

The above article is true whether the axes be oblique
or rectangular.

129. To change the direction of the axes of coordinates,
without changing the origin, both systems of coordinates being
rectangular,

Let OX and OY be the original system of axes and OX’
and OY’ the new system, and let
the angle, X0X’, through which Y
tho axes are turned be called 6. 4
Take any point P in the plane " ’
of the paper. X
Draw PN and PN’ perpen- 0 NL X
dicular to OX and 0X’, and also
N'L and N'Al perpendicular to 0X and PXN.

If the coordinates of P, referred to the original axes,
be = and y, and, referred to the new axes, be «’ and ¥/, we
have

ON=x, NP=y, ON'=x, and N'P=y'.
The angle
MPN'=90"—: MN'P=: MN'QO=: X0X'- 0.
‘We then have
2=ON=0L-MN'=0N"cos0-N'Psinb
= coB0—y'sinb...ceoevriiiiiininnni. (),
and  y=NP=LN' + MP=0N'sin@+ N'Pcosf
=/ 8inf+y cosf.......cooeeinnnninn 2).
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Tf therefore in any equation we wish to turn the axes,
being rectangular, through an angle § we must substitute

x cos@—ysinf and x'sin@+y conl
for 2 and .
When we have both to change the origin, and also the

direction of the axes, the transformation is clearly obtained
by combining the results of the previous articles.

If the origin is to be transformed to the point (4, k)
and the axes to be turned through an angle 6, we have to
substitute

h+a'cos§—y sind and %+ 2'sin 6 + i/ cos @
for «: and y respectively.

The student, who is acquainted with the theory of projection of
atraight lines, will see that equations (1) and {2) express the fact that
the projections of OP on OX and O) are respectively equal to the
sum of the projections of ON’ and NP’ on the same two lines.

130. B=x. 1. Transform to parallel axes through the point { - 2, 38)
the equation

222 + 4xy + By?— 4z - 229+ T=0.
*We substitute z=2z’~ 2 and y =y’ +3, and the equation becomes
2(2'~23+4 (2 -2) (' +3)+5 (Y +3)° - 4 (' - 2) - 22 (y' +8) + T =0,
ie. 2273+ 42’y + By - 22=0,
[ ]

Bx. 3. Transform to azes inclined at 30° to the original azes the

equation
22+ 2,/3xy - y?=2a%
For 2 and y we have to substitute
' cos 30° — i’ sin 80° and 2’ sin 30°+y’ cos 30°,

ie. zﬂ?ﬁ;y_’ and 7+ zﬂ'} .

The equation then becomes

(@a/3 - ' P+ 3/8 {28 -y} (&' + J'\3) - (&’ +Y'n/B)=8d,
d.e. V- yi=dl
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EXAMPLES, XV.

1. Transform fo parsllel axes through the point (1, -2) the
equations

(1) y*—4z+4y+8=0,
and (2) 2x%4y%-dz+4y=0.
2. What doee the equation
(e-a'+ (y-i=e?
become when it is transferred {0 parallel axes through
(1) the point (a-¢, D),
(2) the point (a, b—c)?
3. What does the equation
{a ~ B} (#3+4°) - 2abz=0
become if the origin ba moved to the point (;a—_l:z . 0) ?

4, Transform to axes inclined at 45° to the original axes the
equations

M) -yr=at,
(@) 172%-16zy +17y9=1235,
and (8) y*'+z*+0Gz%y2=2,
5. Tranaform to axes inelined at an angle a to the original gxes
the equations
(1) zt+y*=1% .
and (3) 2'+2xytan2a-y?*=a?

8. If the axea be tarned through an angle tan—12, what docs the
equaticn 4zy — 32*=a? become ?

7. By transforming to parallel axes through a properly chosen
point (&, k), prove that the equation

1227 - 102y + 29 + 112 - by +2=0

can be reduced to one containing only terms of the second degree.

8. Find the angle through which the axes may be turned so that
the equation Az+4+By+C=0

may be redaced to the form z=oconstant, and determine the valus of
this constant.

131. The general proposition, which is given in the
next article, on the transformation from one set of oblique
axes to any other set of obliqne axes is of very little
importance and is hardly ever required.
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*138. To change from one set of axes, inclined at an
angle w, to another set, inclined at an angls o', the origin
remaining unaltered.

o] M NL X

Let OX and OY be thd original axes, 0.X' and 0Y" the
new axes, and let the angle X0X' be 4.

Take any point P in the plane of the paper.

Draw PN and PN parallel to OY and O’ to mect O.Y
and 0.X' respectively in N and &', PL perpendicular to 0.X,
and N'M and N'M’ perpendicular to OL and LP.

Now

¢PNL=¢ Y0X~=w, and PN'M' =Y'0X = o +0.
Hence if
* ONs=zx, NP=y, ON'=2a, and N'P=y,
we have ysino=VPsino=LP=MN'+M'P
=0N'sin 6+ N'Psin (v’ +0),

o that yeine=a'8ind+y sin (0’ + ...l (1).
Also
z+yoo8w=0V+NL=0L=0i + N'A'
=a' cosf+y cos{w +60)..c...cce...... (2).

Multiplying (2} by sin o, (1) by cosw, and subtracting,
we have
z8in o =2 8in (0 — ) + ¥ sin (0 - o' - 6)......(3).

[This equation (8) may also bo obtained by drawing a perpen-
dicular from P upon OY and proceeding as for equation (1).]

The equations (1) and (3) give the proper substitutions
for the change of axes in the general case,

As in Art. 180 the equations (1) and (3) may be obisined by
equating the projections of OP and of ON’ aud N’P on OX and a
straight ling perpendioular to OX.
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*133. Particular cases of the preceding artiole.

(1) Suppose we wish to transfer our axes from a
rectangular pair to one inclined at an angle . In this
case o is 90°, and the formule of the preceding article
become

x=a' cos 8 + ¥ cos (v’ +6),
and y=2/sin 0 + ¥ sin (v’ + §).
(2) Buppose the transference is to be from oblique

axes, inclined at o, to rectangular axes. In this case o' is
90°, and our formul®e become

x 8in o = ' sin (w — 0) — y’ cos (v — 6),
and ¥ 8in w =& sin  + 3’ cos 6,

These particular formule may easily be proved in-
dependently, by drawing the corresponding figures,

2

Bx. Transform the equation 2—2 - ——_1 Jrom rectangular axes to
axes inclined at an angle 2q, the new axis of z bemg inclined at an angle
J Eparh

Here 0= ~a and w'=2a, 8o that the formulm of transformation
(1) become

— a to the old axes and sin a being equal to

[}

x=(z'+Y)cosa and y=(y' - z')sina.

+b! b!
given equation becomes
@E+y)? _y -2
a®+ 12 a?+ b*
ie 2y =1 (a*+bY).

*¥134. The degres of an equation is unchanged by any
transformation gf coordinadtes.

For the most general form of transformation is found
by combining together Arts. 128 and 132. Hence the
most general formule of transformation are

. ’H_m,sm(m 6) y,am(w o — !'

81N

Since sin a= ———:_— , wWe have cos a==——— 'J a_., and hence the
a

=1,

and y=k+ ’smo+y’51—n—£.m—f—o2.

sinw Bln w
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For « and y we have therefore to substitute expressions
in 2’ and g’ of the first degree, so that by this substitution
the degree of the equation cannot be raised,

Neither can, by this substitution, the degree be lowered.
For, if it could, then, by transforming back again, the
degree would be raised and this we have just shewn to be
impossible.

*188. If by any chamge of axes, without change of origin, the
quantity az®+2hzy +by? become
a4 2Ky + Wy,
the axes in each cuse being rectangular, to prove thuat
atb=a’+¥', gnd ab-W3=a’h’' - K%,
By Art. 129, the new axis of z being inclined at an angle ¢ tu the
old axis, we have to substitute
x'cosd~y’'sin @ and z’8infd+y’ cosd
for z and y respectively.
Hence ax*+ 2hxy + by?
=a(z' cos -y’ sin 0)3+ 2k (z’ cos O — y’ #in 8) (=’ sin 6+ y’ cos 6)
+b (#'8in 0+ ¥’ cos 0)*
=z3[a cos? @ + 2k cos 8 6in § 4- b sin? 4]
+2z'y'{ — a 008 0 Ain 8 + ki (008 @ - 5in?0) + b cos # sin ]

. +y"?[a8in?@ - 2L cos @ sin 0+ b cos?d).

‘We then have
a’ =a cos*0 +2h cos # sin § + bsin? g
=§{(a+b)+(a-D)cos20+2hsip20]............... 1),
b =asin?@ - 2h cos 0 sin 4 + b cos?0
=}[(a+0)~(a—Db)oos20 -2hsin26)............... @,
and A= ~acos@sind+ h(cos?d —sin28) + b cos #ein &
=§[2h 0820 = (@ - 1) BIN 28] .oocirine it ®).

By adling (1) and (2), we have a’+ ¥'=a +b.
Also, by multiplying them, we have
4o’V = (a+b) ~ {(a - ) cos 20+ 2h 8in 20}2,
Hence 4a’t’ — 41
=(a+b)?~[{2ksin 20 + (a ~ b) 08 20}® + {2h cos 26 — (a ~ b) 8in 26} %]
=(a+b¥-[(a~b)?+4h2]=4ab - 443,
8o that @’V ~h=ab-13,
186. To jind the angle through which the axes must be turned so

that the expression az?-+ 2hzy + by* may become an expression in which
there is no term involving &'y’
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Assuming the work of the previous article the coefficient of &'y’
vanishes if )’ be zero, or, from equation (3), if

2h cos 20 =(a — b) 8in 20,

f.e. if m20=;2:"—b.
The required angle is therefore
i { 2h
jtan™? )

%*137. The proposition of Art. 135 is a particular
case, when the axes are rectangular, of the following more
general proposition.

If by any change of axes, without change of origin, the
quantity ax® + 2hxy + by* becomes a'z? + 2h'xy + by, then

a+b—2hcosw a' +b —2 cosw’

sinfo - sindo’ i
ab-l2 a'b A%
a'nd I T = T T
sninte #inte

o and o' being the angles between the original and final pairs
of axes.

Let the coordinates of any point P, referred to the
original axes, be z and y and, referred to the final axes, let
them be «’ and y'. .

By Art. 20 the square of the distance between J* and
the origin is #* + 2xy cos v + 3, referred to the original axes,
and 2 + 25’y cos o’ + Y7, referred to the firal axes.

‘We therefore always have

a* + 2xycosw+ yl=a" + 2’y cos o’ + y...... (1).
Also, by supposition, we have
ax? + 2hay + byt = a'a"t + 'L’y + By (2).
Multiplying (1) by A and adding it to (2), we therefore have
?(a+A)+2xy(h+Acosw) +32 (b +])
=a’* (o’ + X) + 22y’ (W + Acos ') + y* (B' + A)...(3).

If then any value of A makes the left-hand side of (3) a
perfect square, the same value must make the right-hand
side also & perfect square.

But the values of A which make the left-hand a perfect
square are given by the condition

(A + X cos w)*=(a + A) (b + A),
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i.e. by
M(1-cos’w)+ A(a+b—2hcos w)+ab— k=0,
. a+b-2hcosw ab-A?
t.e. by AT+ A ~ i =0 e (4).
In a similar manner the values of A which make the

right-hand side of (3) a perfect square are given by the
equation

a' +b' =2k cosw a't—A?
PLIDY s T iy =0 (5).

Since the values of A given by equation (4) are the same
as the values of A given by (D), the two equations (4) and
(6) must be the same,

Hence we have
a+b-2hcosw_a’'4b’ —3h cosw’
sintw’ - gin? w’
ab-h? ab’ -h?

and e = shfw
. EXAMPLES. XVI,

1. The equation to & straight line referred to axes inclined at 30°
fo one another is y=2z+1. Find its equation referred to axes
inclined at 459 the origin and axis of x being Lmohanged.

2. Transform the equation 2%+ 3,/8zy+8y?=2 from axen
inclined. at 30° to rectangular axes, the axis of z remaining
unchanged.

3. Tranaform the equation 2?+xy+ &’=8 from axes inclined at
80° to axes bisecting the anglos between the original axes.

4. Transform the equation y*+ 4y cota —42=0 from rectangular
:;9: to oblique axes meeting at an angle «, the axis of & being kept
@ same,

§. II z and y be the coordinates of & point referred to a system of
obligue axes, and &’ and &’ be its coordinates referred to another
system of oblique axes with the samb origin, and if the formulm of
transformation be

x=my +ny’ and yini'zs’ +ny,
wWemt-1 =’
prove that eni-1 " ma’ "



CHAPTER VIIL
THE CIRCLE.

138. Def. A circle is the locus of a point which
moves so that its distance from a fixed point, called the
contre, is equal to a given distance. The given distance is
called the radius of the circle.

139, To find the equation to a circle, the axes of coordi-
nates being two straight lines through its centre at right
angles.

Let O be the contre of the circle and let @ be its radius.

Let OX and OY be the axes of

coordinates. Y

Let P be any point on the circum- P
ference of the circlg, and let its coordi- “
nates be « and y.

Draw PM perpendicular to OX and X
join OP,

Then (Euc. 1. 47)

OM? + MP* =g,

i.e xt4y2=al -

This being the relation which holds between the coordi-
nates of any point on the circumference is, by Art. 42, the
required equation.

140. To find the equation o a circle referred to any

reéc r axeés.
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Let OX and OY be the two rectangular axes,

Let C be the centre of the p
circle and a its radius, Y

Take any point P on the
circumference and draw per- c
pendiculars CM and PN upon
0X ; let P be the point (x, y).

=

Draw CL perpendicular to —
NP, o M N A
Let the coordinates of C be

h and k; these are supposed to be known,
We have CL=MN: ON—-OM=x-1,

and LP=NP—-NL=NP-MC.-y—k
Hence, since CL'+LP =01,
we have (x-:h)3+ (v—-k2=a%........ .. (1).

This is the required equation.

Ex. The equation to the circle, whos® centre is the point (- 3, 4)
and whose radius is 7, is

(54804 (y- 4=,
e 2t py?+ 0z -8y =24,

L J
141. Some particular cases of the preceding article may be

noticed

(a) Let the origin O be on the circle so that, in this case,
OM3I+ MC¥'=a?,
i.e h+k2=a?,
The equation (1) then becomes
(- R+ (y - k)3=03+ A3,
i.e. 224+ y3 - 2he - 2ky=0.

(8) Let the origin be not on the curve, but let the contre lie on
ths axis of . In this case k=0, and the equation becomes

(z- M2+ y2=at.
(v) Let the origin be on the curve and let the axis of z be s
diameter. We now havo k=0 and a =k, so that the equation becomes
#2499 - 2hT =0,

d) By taking O at C, and thus making both % and % zero, we
have the case of Art, 189.
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(¢) The circle will touch the axis of 2 if MC be equal to the
radius, i.e. if k=a.
The equation to & circle touching the axis of 2 is therefore
22 +y¥ - 2hz - ky + h3=0.
Similarly, one touching the axis of y is
21491 - 2hz - 2ky + k2=0.

142. 7o prove that the equation
B4+ 2x+ Yy +e=0.innniinnnn. (1),

always represents a circle for all values of g, f, and ¢, and to
JSind its centre and radius. [The axes are assumed to be
rectangular.]

This equation may be written
(@ +292+9") + (' + Yy +/7) =4 +./" ~¢,

i.e. @+ )+ (y+ SV ={JF+ /7 =c}.

Comparing this with the equation (1) of Art. 140, we
see that the equations ate the same if

h=—g, k=—f, and a=fg"'+fivc.

Hence (1) represents a circle whose centre is the point
(-9, —f), and whose radius is ,/g*+ /% —¢.

Tf g" + f? > o, the radius of this circle is real.

If g* + f%=¢, the radius vanishes, t.e. the circle becomes

& point coinciding with the point (~g, —f). Such a circle
is called & point-circle.

If g*+f* <¢, the radius of the circle is imaginary, In
this case the equation does not represent any real
metrical locus, It is better not to say that the circle does
not exist, but to say that it is a circle with a real centre
and an imaginary radius.

; Bx. 1. The equation 2%-+y?+4x-6y=0 can be writien in ths
orm
(2+20+(y - 8)*=13= (/TBp3,

and therefore represents a circle whose centre is the t(~2,8)and
whose radios is ,/13. . point(~3,8)
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Bx. 2. The equation 45z*+45y%~ C0x + 36y + 19=0 ia equnivalent

' +yi-4z+{y= -1}
Le. @-3P++ ' =§+ - 1=ds
and therefore represents a circle whose centre is the point (§, - ) and
whose radius is Vi .
15
148. Condition that the general equation of the second
doyree may represent a circle.

The equation (1) of the preceding article, multiplied by
any arbitrary constant, is a particular case of the general
equation of the second degree (Art. 114) in which there is
no term containing ay and in which the coefficients of «*
and y* are equal.

The general equation of the second degree in rectangular
coordinates therefore represents a circle if the coefficients
of x? and y2be the same and if the coefficient of xy
be zero.

144. The equation (1) of Art. 142 is called the
general equation of a circle, since it can, by a proper
choice of g, /, and ¢, be made to represent any circle.

Zhe three constants g, f, and ¢ in the general equation
correspond to the geometrical fact that a circle can be found
to satisfy three independent gecmetrical conditions and no
more. Thus a circle is determined when three points on it
;1.11: given, or when it is required to tohch three straight

es,

148. To find the equation to the circle which {s described on the
line joining the points (2,, y,) and (2,, ¥;) as diameter.

Let 4 be the point (2,, y;) and B be the point (z;, y,), and let the
coordinates of any point 'P on the cirole be / and . -

The equation to AP ia (Art. 62)
k-
y —yl=’—|-:lh (= 23) covrererreres o e (1),
and the equation to BP is %
y—y,=h:_-g:(w—a') crerserenee nessenienes (Bh

“ But, since A PB is 5 semicircle, the angle 4PB is a right angle,
and henve the straight lines (1) nm;' (2):1'0& right mgl:sflgh ngle
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Hence, by Art. 69, we have

K=y, k-ya_ 4
h-z,"h-mg
i.e. (k=) (B - x5) +(k—y,) (k—yy)=0.

But this is the condition that the point (&, k) may lie on the curve
whose equation is

(z-=z)) (x - 2) +{y ~ ) (y - ¥5) =0.
This therefore is the required equation.

148. Intercepts made on the axes by the circle whose equation is
ax®+ay?+ 292+ 2fy+e=0..ccccvevrenrrann. 3).
The abacissa of the points where the circle (1) meets the axis of x,
i.e. ¥ =0, are given by the equation
az?+ 29z +¢=0 ........... 2).
The roots of this equation being z, and z,,
we have

24
2t xy= _—a.T”

* and .'c,a:.,—% . (Art. 2)

Henco L
A A= - 2,= J(r1+z,)§- 4x.xy
_ N/nl,l/'-‘ de ,Jg" —ae
= S - —=gMNI %
[ a a
Again, the roots of the equation (2) are both imaginary if g2<ac.

In this case the circle does not meet the axis of x in real points, i.e.
geometrically it does not meet the axis of  at all.

The circle will topich the axis of x if the intercept 4,4, be just
zero, i.¢, if gi=ac.

It will meet the axis of z in two points lying on opporite sides of
the origin O if the two roots of the equation (2) are of opposite signs,
i. e. if ¢ be negative.

147. Bx. 1. Find the equation to the circlewhich passes through
the points (1, 0), (0, —6), and (3, 4).
Let the equation to the circle be '
2249042024+ Yy+e=0 ... cuvrrriierennnn, (1)

Since the three points, whose coordinates are given, satisfy this
equation, we have

14204 E=0..vrirrens vererennae .(2),
86~ 124C=0..ucereeccireasecssesnenens (B
and 25+6g 4B +e=00eiirnnnreneeniniveinionens (8o
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Bubtracting (2) from (3) and (8) from (4), we have

929 + 127 =385,
and 6y +20f=11.
Henoe Sf=4L and g= -Ja,

Equation (2) then gives ce=4p.
Bubstituting these values in (1) the required equation is
422+ 4y® - 1422 + 4Ty + 188 =0,

Bx. 2. Find the equation to the circle which touches theazis of y

at a dustance +4 from the origin and cuts off an intercept 6 from the
azis of %.

Any circle is 22+y3+ 292+ 2fy +e=0.
This mects the axis of y in points given by
y +2j'y +¢=0.

The roots of this equation ‘must be equu.l and each equal to 4, so
that 1t must be equivalent to (y ~4)2=

Hence 2f = -8, and e=16,
The equation to the cirple 18 then
284 Y4297 -8y 4 16=0.
This meets the axis of z in points given by
22+ 292+ 16=0,

.
i.e. at points distant

—g+AFZT16 snl —g P16,
Henge 6=2,/57=
Therefore g = &5, and the required equn.tion is
2 +y%+10z - 8y + 16=0,

There are therefore two circles satistying the given conlitions.
This is geometrically obvious.

EXAMPLES. XVIL
« Find the cquation to the circle
~ 1. Whose 1ad.us is 3 and whose cenire is (-1, 2).
‘/'2, Whose radius is 10 and whore centre is (-5, —6).
V'8, Whose radins is a+b and whose centre is (e, -1).
V4. Whose radius is o/z'—b? and whose centre is (-a, - b).

Find the coordinates of the centres and the radii of the circles
{rhose aquations are

o B seyote-gy=a B, 82948y - bz 6y +4=0.
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“/7. Arg=k(rek). WA, 2d+yi=2g2-2y.
T Fm? (27438 - 2z~ Smey =0.
Draw the circles whose equations are
10. #*+y2=2ay. 11, 32+ 8y0=4a.
13, 52%+5y8=2z+8y.

18. Tind she equation to the circle which passes through the
Fomg:: (13 -2) and (4, — 8) and which has its centre on the straight
ne 8z + 4y =

14. Tind the equation to the circle passing through the points
(0, a) and (b, A}, and having its centre on the axis of z.

Fingd the equations to the circles which pass through the poinis
15. (0, 0), (a, 0), and (0, 3). 18, (1, 2), (8, -4), and (5, -6).
17. (1, 1), (2, - 1), and (3, 2). 18. (3,7, (8, 1), and (1, 8).
19. (a4 bl (2, ~b); and (a+d, a ~b).

20. ABCD is a square whose side is 4 taking 4B and 4D as
axes, prove that the equation to the sircle cireumseribing the square is
[ ] £’+yl_k(z+y)
21, Find the equation to tho circle which passes through the
origin and cuts off intercepts equal to 3 and 4 from the azes.

22. Find the equation to the circle passing through the arigin
and the points (a , %) and (b. ®). Find the lengths of the chords that

it cuts off from the axes.

23. Find the ;‘quahon to lhe on-olo which through the orizin
and cuts off intercepty equal to h\snd % from tﬁe‘ itive parts of the
axes. > ¥

through the two points on the axis of x which are at a distance
the origin.

Find the equation to the circle which
25, tonches each axis at a distance 5 from the origin,
28, touches each axis and is of radius %, &
27, souches both axas and passes through the point (~32, ~8),

28, touches the axis of = and passes through the two pointa
1, ~2) snd (3, -4).

29, touches the axis of ¥ at the origin and passes throwh the
(1= : 5

1X3

24. Find the equation to the circle, of radius l, which {,
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30. touches the axis of # at a distanca 8 from the origin and
intereepts a distance 6 on the axis of y.

» 81, Roints (1, 0) and (2, 0) are taken on the axis of =, the axes
being yectangular. On the line joining these points an equileteral
triangle is described, its vertex bell’:g in the positive zllrdnnt. Find
the equations to the oircles described on its sides as diameters,

82. Ify=mz be the equation of a chord of & 6irole whoss radius is
a, the origin of coordinates being one extremity of the chord and the
axis of x being a diameter of the cirole, prove that the equation of a
cirele of which this chord is the diameter is

(1 +mY) (2 +49) — 2a (z+my)=0.

33. Find the equation to the circle passing through the points
(12, 48), (18, 39), and (43, 8) and prove that it also passes through
the points ( - 54, —69) and (—81, —38).

34. Findthe equationto thé eircle circumseribing the quadrilateral

formed by the straight lines
2z +3y=2, 32-2y=4, x+2=8, and 2z-y=38.

85, Trove that the equation to the circle of which the points
(71, ¥,) and (z,,,) are the ends of a chord of a segment containing an
angle 4 is n

(=) (- 2+ {4 -y (- ys)
®:00L0 [(£ - 2,) (y - 33) * (5 —as) (¥ ~ ))]=0.

86. Find the equatious to the cireles in which the line joining the

poings (e, b) and (b, —a) is a chord subtendirg an angle of 45° at any

point on its ciretimference.

148. Tangent. In Geometry the tangent at any
point of a circle is defined to bo a straight line which meets
the circle there, but, being produced, does not cut it; this
tangent is shown to be always perpendicular to the radius

_«drawn from the centre to the point of contact.
“. From thia property may be deduced the equation to the
' »tangent at any point (¢, y') of the circle 2* + 4* = a2,

For let the point P (Fig. Art. 139) bo the point
«, ¥)

The csagmtion to any straight line passing through 2 is,

by Art.
Y =M =) errrrerrercanne Q).
Algo the equation to OP is
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The straight lines (1) and (2) are at right angles, <.¢, the
line (1) is & tangent, if

mx‘Z—,:-—l, (Art. 69)
1.0, if m=—=,,
k/

Substituting this value of m in (1), the equation of the
tangent at (2, ¥') is
= (z—o
y ‘.‘I - !/l ))
i.e. 2 +yy =ty (3).

But, since (&, y') lies on tho circle, we have 2 + y* =4},
and the required equation is then

xx’ 4 yy’' =ad

149, In the case of most curves it is impossible to
give a simple constructjon for the tangent as in the case of
the circle. It is therefore necessary, in general, to give a
different definition.

Tangent. Def. Let 7 and @ be any two points, near
to one another, on any curve. -

Join PQ; then PQ is called a
secant.

The position of the line PQ when
the peint @ is taken indefinitely close
to, and ultimately coincident, with, the
point P is called the tangent at P.

The student may better appreciate
this definition, if he conceive the curve
to be made up of a succession of very small points (mych
smaller than could be made by the finest conceivable drawing
pen) packed close to one another along the curve. The

tangent at P is then the straight line joining P and the
next of these small points.

180. To find the equation of ths tangent at the poini
&\ o) of the circle &* + 32 = o, rer
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Let P be the given point and @ a point (", ) lying on
the curve and close to P.

The equation to PQ is then

y—y’:i,,:m,(a:—x') ............... (1).
Since both (2, ") and (z”, ¥”) lie on the circle, we have
*? +y? =da
and &y t=a'.
By subtraction, we have
o~ 4y -y =0,
e (@)@ ) -0 (0 +¥)=0,
Yy -y _ 2+

' —a Y’ +y

i.a
Substituting this value in (1), the equation to 2@ is

Y=Y == D (2 e (@)

Now let Q be taken very close to P, so that it ulti-
mately coincides with 7, i.e. put "=« and y" =9/
Then (2) becomes
o ;

y-y=-3; = (@ —2),
i.e y/+.'ca:'—.x:”+J =a"
The required equation is therefore

XX 4+yy ' =ad. ... (3).

It will be noted that the equation to the tangent
found in this article coincides with the equation found
from the geometrical definition in Art. 148.

Our definition of a tangent and the geometrical definition
therefore give the same straight line in the case of a circle.
181. 7o obtain the equaiion of the tangent at any povnd
(), ¥') tying on the circle
2+ y'+ 292+ 2fy + 0=,



128 ® COORDINATE GEOMETRY,

Let P be the given point and ¢ a point (x, %) lying on
the curve close to P.

The equation to P( is therefore
,,_,,'=Z,,::,<z—=') ............... (1).
Since both (o, y) and (x”, ¥*) lie on the circlc, we have
By g + Y 4 0=0 . @),
and 4y + 292" + 2y +¢=0 .......... 3).

By subtraction, we have
m’l.—ml'+y"2_yl'+ 29(‘!:"—-%’) + 2f(yll—yl)=0'
te (@-2) @+ +2)+ " ~y) ()" +¥' +¥) =0,
¥~y  a+ad+dg
- Y +y+2
Substituting this value in (1), the equation to PQ be-
comes

t.e.

,  &'+2'+ 2
Y-y = ,'/"+;'/'+2f(m '3 JYOTIn (4).

Now let @ be taken very close to P, so that it ultimately
coincides with P, t.e, put " =o' and ' =y’
The equation (4) then becomes
y-y=- =),
ie y(+f)+rax @+ @)=y +)+a (@ +9)
=ty 4 gal 4 Y
=—g7=Jy -
by (2).
This may be written
xx'+yV'+E(E+x)+I(y+y)+0=0
which is the required equation.
152. The equation to the tangent at (', 3) is there-

fore obtained from that of the circle itself by su ing
ax’ for o', gy for y', & + o for 2z, and y + i for 2.
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This is a particular case of a general rule which will be
found to enable us to write down at sight the equation to

the tangent at (&, ) to any of the curves with which we
shall deal in this book.

1583. Puints of intersection, in yeneral, uf the straight
line

Y=L+ Coriiiiiiiiis eiinnnan, (L),
with the corcle EhyPoat L (2).

The courdinates of the points in ‘which the straight line
(1) meets (2) satisfy both equations (1) and (2).

If therefore we solve them as simultaneous equations
we ~shall obtain the coordinates of the common point or
puints,

Substituting for y from (1) in (2), the abscissie of the
required points are given hy the equation
o 1 (mr 1 ) - af,
e (L m®)+ Qe - —a’ =0 ... (3).
The roots of this equation are, by Art, 1, real, coinci-
dent, or imaginary, according as
(2me)' — 4 (1 + w®) (¢* — %) is pusitive, zera, or negative,
i.e, according as
@' (1 I 1) — ¢® is positive, zero, or negative,
i.e. according as
¢’is <=or > a' (1 + m?).
In the figure the lines marked I, II, and II[ are all
_ parallel, i.e. their equations all have the same “m.”
L, o
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The straight line T corresponds to a value of ¢* which
is <a’ (1 + m?) and it meets the circle in two real points.

The straight line TI1 which corresponds to a value of ¢*,
> a* (1 + m*), does not meet the circle at all, or rather, as in
Art, 108, this is better expressed by saying that it ineets
the circle in imaginary points.

The straight line 11 corresponds to a vulue of <% which
is equal to a” (1 + m®), and meets the curve in two coincident
points, .e. is a tangent.

154." We can now obtain the length of the chord intor-
cepted by the circle on the straight line (1). For, if 2, and
&, be the ruots of the equation (3), we have

2me F—a'

T Xy - - and o, =
1 2 1+1’ll" 1“2

1+ m
Henco

- 4 - ——— - —
2 — 2y uf (o, + )" — 4:1:1:1:2 =1 oot JEE— (@ =) (1 + m)
= 1-_3—”", J& (1 +m?)—c'

If y, and y, be the ordinates of ¢ and £ we have, siuce
these points are on (1),

Y= Ya= (2 + ¢) — (may + ) =m (&, — ).
Hence
L]
QR - Ji—y) + @ —z) S+ (n- x)
g \/‘f. 1+ m")n :c".
1+m
In a similar manner we can consider the points of inter-
seetion of the straight line y — mux + & with the circle
£ty 2904+ Yy +e—-0.

188. The straight line

y =mzx+aJl +m
s always u tangent to the cirole :
&+y'=d
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As in Art. 153 the straight line
Y =M+ e
meets the circle in two points which are coincident if
c=a,fl +m

But if a straight line meets the circle in two points
which are indefinitely close to one another then, by Art.
149, it is a tangent to the circle.

The straight line y — 2. + ¢ is therefore a tangent to the
circle if
c= a J1+ a2,
\
t.e. the equation to any tangent to the circle is

y=mx+adifmi. ... .. ().

Since the radical on the right hand may have the + or --
sign prefixed we see that corresponding to any valuc of we
there are two tangents. They are marked 1l and 1V in
the figure of Art. 153.

186. The above result may also be dednced from the equation
(8) ot Art. 150, which may be wiitten

& a?
y= '-!;'.:+y’ ............................. (1)-
Pug —;,-_ m, so that 2'= —my’, and the rcln.tion Iy ca? gives

Y (2 1)~ Le, ;,.: NPT
The equation (1) then becomes

¥ =mz + an/l4ud,
This is therefore the tangent at the point whose coordinates are

- ma a
- - --snd —- .
A L+ m? 31+m2

187. If we assume that a tangent to a circle is always perpen-
dicular to the radius vector to the point of contact, the result of
Art. 155 may be obtained in another manner.

For a tangent is & line whose perpendicular distance from the
centre is equal to the radius.
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The straight line y —muw 4 ¢ will therefore touch tha oircle if the
perpendicular on it from the origin be equal o a, i.e. if
LA
Nl+ma
i.e.if c—a1ind
'I‘_hi;' wethod is not however applicable Lo any other curve besides the
circle.
188. Bx. /Find the cquations to the tungents to the circle
w+y?- 644y =12
which are parallel to the siraight line
4z+ 3y +5=0.
Any straight line parallel to the given ouo is
dr+8y+C=00 i v e (1).
The equation to the cirele is
(- B+ (y +2)%=5",

The straight line (1), if it be a tangent, must be therefore such
that its distance from the'point (3, - 2) is equal to L5.

Hence 12-6+C_ 4 (Art. 75),
NZEE
50 that (= --6£25=19 or - 3I. ¢

The required tangents are therefore
4z +38y+19=0 and 4c+3y 31-0.

159. Normal. Def. The normal at any point / of
a curve is the straight line which passes through £ and is
perpendicular to the tangent at L.
To find the equution to the normal ot the point (&, y') of
(1) the circle
&yt
and (2) the circle
&+ g Uge v Yy +e-- 0,
(1) The tangent at (&, ) is
xz' + yy =al,
! ;2

] I a L]

.6, =—— ;.
y=—yrty
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The equation to the straight line passing through («/, 3 J)
perpendicular to this tangent is

y—y =m@—u),

w’
where M % (—- ?—/-,) -1, (Art. 69),
e Y
e, m=s

The required eqnation iz therefore

Y ,
v - 5/—:,(.r»~a:),-
\
t.e. oy -y 0.

Thix straight line passes through the centre of the circla
whieh is the point (0, ©).

Tf we assume the ordinary geometrical propositions the
equation is at once written duwn, since the normal is the
straight line joining (0, 0) to («, ¥).

(2) The equation to the 1angent at (2, y) to the circle

- 21 2yet Yy +e O
ia L P L TR TR

Yot v
The equation to the straight line, paSsing through the
puint (¢, ') and perpendicular to this tangent, is
y—y -m(x--a),
where "~ (‘ :‘, :;) - -, (Art. 69),
Nars
2+ g
The equation to the normal is therefore
:Z +{/'( —*)
te. Yy + @)~y +/)+ S~ gy =0

1.6

—y -
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BXAMPLES, XVIIL

Write down the equation of the tangent to the eirele

1. 2*+y2~3x+10y=15 at the point (4, - 11).

2. 42?4+ 4y3- 162+ 24y =117 at the point (-4, -37)
Find the equations to the tangents to the circle

3. 2Bryi=4 wlnch are parallel to the line z+ 2y +8=0.
4, »2+y° +%z +3y +7ls‘—0 which are parallel to the line

‘ z+2y-6=0, a
that the straight line y—-az+l,J2 touches the mrola
a:’+y"— i:nd find its point of contact. . P iy
\( ‘8. Find the condition ‘that the straight line ez — by +b'=0 may

touch the circle 22+ y?=az+ 4y and find the point of contact.
7. Find whether the straight line x +y =2+ J44ouches the circle
s a2+y3-22-29+1=0.
8. Find tha condition that the straight line 8z-+dy=Ah may
touch the circle 2?+y*=10z.

\ 9, Find the value of p so that the straight line

xcosa+tysina—p=0
»may tonch the circle ¢

23+y% - 2azx 008 a— 2by sin a - a¥Enda=0,
10, Find the condifion that the straight line Az + By + " —0 may

touch the circle
L le-ar - bp=ct,
11. Find the equation to the tangent to the circle 2? |y%—u?
which
(i) is parallel fo the straight line y=mz+e, ' § o *
(ii) is perpendicular to the straight line y=mz+ec, *
. (iii) passes through the point (b, 0),
wand (iv) mekes with the axes a triangle whose area ig a®. .~ +
12. Find the length of the chord joining the points in which the
straght line
® Y
at=!
reets the cirele »+ ‘y‘

13. Find the e% uation to the cireles which pass through tho origin
and cut off equal chords a from the straight lines y =« and y = — 2.
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14, Find the equation o the straight lines joining the origin to
the points in which the straight line y =mz + ¢ cuts the sircle

22+ y3=2az + 2by. i

Hence find the condition that these points mey subtend a right
angle at the origin.

Find also the condition that the straight line may touch the
circle.
Find the equation to the circle which
15. Thas its centre at the point (3, 4) and touches the straight line
br+12y=1.
16. touches the axes of coordinates and also the line
z y_
a + = 1,
the centre being in the positive' quadrant.
7. has its centre at the point (1, — 8) and touches the straight
ine 2z -y ~4=0.
18. Find the general etjnation of a circle referred to two perpen-
dicular tangents as axes,

19, Find the equation to a circle of radius r which touches the
uxis of y at a point distant A from the origin, the centre of the circle
being in the positive quadrant.

Prove also that the equation to the other tangent which passes
through the origin is
- (r* - 1) z + 2rhy =0,

20, Find the equation to the circle whose centrs is at the point
(a, B) and which passes through the origin, and prove that the
equation of the tangent at the origin is

az+ By =0. ’

21, Two circles are drawn throngh the points («, 5a) and (4a, a)
to touch the axis of y. Prove that they intersect at an angle tan—1 4.

22. A circle passes through the points (-1, 1), (0, 6), and (5, 5).
Find the points on this circle the tangents at which are parallel to the
straight line joining the origin to its centre,

1680. 70 shew that from any point there can be drawn '
two tangents, real or imaginary, to a circle,

Let the equation to the circle be o* + 3 = and let the
given point be (%, 3). [Fig. Art. 161.]
The equation to any tangent is, by Art. 155,

y=mx+aJl +mh
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If this puss through the given point (x;, ) we have

. g mxtaJITmd (1),

This is the equation which gives the values of m corre-
sponding to the tangents which pass through (x, ¥,).

Now (1) gives

h—me-—afl i m

i.e. iyt — 2mayy, + mie® ~ a® 1 a'm?,
e md () —a?) — 2mxyy, 1y =0 . ... (2)

The equation (2) is a quadratic equation and gives
therefore two values of m (real, coincident, or imaginary)
corresponding to any given valuds of x, and y,. Tor each
of these values of s we have a corresponding tangent.

The roots of (2) are, hy Art. 1, real, coincident or
imaginary according as

(2e0)? 4(e? o) (2 of)is positive, ze10, or negative,
1.e. according as i
a(-a* i o 1 y%) is positive, 7ero, or negative,
i.e. according as 2t 4 gt L @
T o + 5~ @, the distance of the point (», v,) from

the centre is greater than the radius and hence it Lies outside
the circle.

If a2+ 4,2 —a® the point (., g,) lies on the circle and
the two coincident tangents become the tangent at (2, v,).
It o2 + 3, <a, the point (w,, y,) lies within the circle,
and no tangents can then be geometrically drawn to the

circle, Tt is however better to say that the tangents are
imaginary

161. OChord of Contact. Def. If from any point
T without a circle two tangents 7P and 7@ be drawn to
the circle, the straight line P@ joining the points of
contact is called the chord of contact of tangents from 7.

To find the equation of the chord of contact of tangents
drawn to the circle a®+4*—-a® from the external point
(1, %)
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Let 7' be the point (i, ), and 7 and ¢ the points
(=, ¥') and («", y") respectively. .

The tangent at P is

2 +yy =at ..., (1),
and that at Q is
ax’ +yy' - at...... (2).

Since these tangents pass through
T, its coordinates (., , 3,) must satisfy
both (1) and (2).

Hence wE oy - @ e 3),
amd .'r..'::\ "ryy A (4
The equation to 1’ is then
X +yy=at .. )
For, since (3) is true, it follows that the point (2, ¥),
t.e. P, lies on (5). .

Also, sinee (4) is true, it follows that the point (", ¥"),
i.e. Q, lies on (5).

“Hence both /2 und @ lie un the straight line (5), d.e,
(5) is the equation to the required chord of contact.

Tf the point (v, ,) lie within the circle the argument
of the preceding article will shew that the line joining the
(imaginary) points of contact of the two (imaginary)
tangents drawn from (r,, ¥,) is a2, + yy, - a*

‘We thus see, since this line is always real, that we may
have a veal straight line joining the imaginary points of
contact of two imaginary tangents.

163. Pole and Polar. Def. 1f throngh a point
P (within or without a circle) there be drawn any straight
line to meet the circle in @ and R, the locus of the puint of
intersection of the tangents at ¢ and £ is called the polar
of P; also P is enlied the pole of the polar.

In the next article the loeus will be proved to be &
straight line.
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168. 7o find the equation to the polar of the point
(x,, %) with respect to the circle 2 +y*=a’.

Let QR be any chord drawil through P and let the
tangents at @ and £ meet in the point 7" whose coordinates
are (A, k).

Hence QR is the chord of contact of tangents drawn
from the point (kh, k) and therefore, by Art. 161, its
equation is zh + yk =g

Since this line passes through the point (zy, #,) we
have

whtypl=a.n (1).

Since the relation (1) is true it follows that ' the
variable point (%, k) always les on the straight line whose
equation is

. XXy =ao ).

Tience (2) is the polar of the point (r;, ).

In a similar manner it may be proved that the polar of

(@1, %) with respect to the circle
P +y°+ 292+ 2fy+0=0
is axty+yp+g@+a)+S(y+y) +e=0.

164. The equation (2) of the preceding article is the
same as equation (5) of Art. 161. If, therefore, the point
(%1, ;) be without the circle, as in the right-hand figure,
the polar is the same as the chord of contact of the real
tangents drawn through (=, ¥,).

If the point (2, %) be on the circle, the polar coincides
with the tangent at it. (Art. 150.)
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1f the point (w,, g,) be within the circle, then, as in
Art. 161, the equation (2) is the line joining the (imaginary)
points of contact of the two (imaginary) tangents that can
be drawn from (x,, ¥,).

‘We see therefore that the polar might have been
defined as follows:

The polar of a given point is the straight line which
passes through the (real or imaginary) points of contact of
tangents drawn from the given point ; also the pole of any
straight line is the point of intersection of tangents at the
points (real or imaginary) in which this straight line meets

the circle. .
N

168. (eometrical construction for the polar of a point.

The equation to OP, which is the line joining (0, 0) to
(-”u ), 1s

By Art. 69, the lines (1) and (2) are perpendicular to
one another. Hence OP is perpendicular to the polar
of P,

Also the length  OP - Jz7+yJ,
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and the perpendicular, ON, from O upon (2)
” a!
Ty
Hence the product ON.OP=a.

The polar of any point P is therefore constructed thus:
Join O’ and on it (produced if necessary) take a point .V
such that the rectangle ON. OP is equal to the squarve of
the radius of the circle.

Through N draw the straight line ZJ’ perpendicular to
OF; this is the polar required.

[It will be noted that the middle point N of any chord L7 lies on
the line joining the centre to the pole of the chord.)

188. 7o find the pole of & given line with respect to
any cirele,

Let the equation to the given line he
A+ By +C=0 . cennennannnnee .
(1) Tet the equation to the circle Le
a.'.! + :’/’ uﬂ.
and let the required pole be (2, ).

Then (1) must be the equation to the polar of (x,, y,),
i.e, it is the same as the equation

Coarhyy -t 0 (2).
Comparing equations (1) and (2), we have
z_y -

ATRT ¢

B CY
'C as.
The required pole is therefore the point

(_A : B,
ua)"ua‘)'

(2) Let the equation to the circle be
a'+yt+ 292+ Ay + ¢ =0,

so that oy~ —g o’ and y, =~
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If (x, ») be the required pole, then (1) must be

equivalent to the equation .

xm, Yy + g (8 + o) tf(y+y)+e 0, (Art. 163),
i.e. (e +g)+y (+) +go +fpn+ec 0. 3).
Coiuparing (1) with (3), we therefore have
@ty S _yrtfinte
A4 T B ¢
By sulving these equations we have the values of a
and w,.
Bx. Find the pole of the ftruiyht line

Or4y-88=0. ... e 1)
with respect lo the circle

224 2yt - B+ by-7 -0, . (2).

If (x,, y,) bo the required point the line (1) must coincide with the
polar of (x,, y,), whose equation is

2zoy+2yy, ~ Habr)d 3 +y) -T-0,

i £ (42, - B)+y (4y, +5) — 3, + 5y, - 14 =0 ......... .(3).
Siuce (L) and (3) are the same, we have
ind 4r-3 4t/l+u —"l:rl+-),/|-1'1
[ | -28 -
Henee £ =9y, +12,
and Soy - 17y, =126,

Solving these equations we have x;=-3 and y, - 1, so that the
required point is (3, - 1). '

187. If the polar of « puint I’ puss throwgh @ point T,
thew the polar of T passes through P.

Let P and 7' be the points (x, y,) and (&, ye) ve-
spectively, (Fig. Art. 163.)

The polar of (=, ¥) with respect to the circle
B +yPt=alis

@, + Yy, = a'.
This straight line passes through the point 7' if
T Yy =at.... crerrenes (1)
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Sinco the relation (1) is true it follows that the point
(w15 1), i.e. P, lies on the straight line any + yy, = a*, which
is the polar of (2, ¥,), 4.e. 7 with respect to the circle.

Hence the proposition.

Cor. The intersection, 7, of the polars of twu points,
L and @, is the pole of the line PQ.

168. 7o find the lenyth of the tangent thut can be

drawn from the point (xy, y;) to the circles
(1) #+9y*=4d,
and (2) 2+ + 2%z + Yy +c=0.

If 7' be an oxternal point (Iig. Art. 163), 7'Q a tangent
and O the centre of the circle, then 7'Q0 is a right angle
and hence

rQ*= 072 - 0@~

(1) If the equation to-the circle be 2 + y* — @ O is the
origin, 07" — x? + %, and OQ*=a®

ence TP =x2+y2—a’

(2) Let the equation to the circle be

B+yP+ 292+ 2y +e=0,
ne. (e+g)+@y+f)V=g"+S" e '
In tlus case O is the point (— ¢, —f) and
0@* = (radius)’ =g* + /2 —e¢.
Hence 01" =2, — (—* + [, — (=)} (Art. 20).
. =+ g+ +SfP
Therefore  1'¢ = (@, + 9)* + (y, +f P — (9* +/* ¢)
-2+ y2+ 29 + Uy, +e

In each case we see that (the oquation to the circle
being written so that the coefficients of a® and y* are each
unity, and the right-hand member zero), the square of the
length of the tangent drawn to the circle from the point

{x,, ¥,) is obtained by substituting =, and y, for = and y
in the left-hand member of the equativn.

%169. To find the equation o the pair of tangents that
can be drawn from the point (x,, y,) to the circle o* + y* = a’.
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Let (%, k) be any point on either of the tangents from
(215 ¥1)-

Since any straight line touches a circle if the perpc-u-
dicular on it from the centre is equal to the mdlus, the
perpendicular from the origin upen the line joining (x,, 7))
to (h, k) must be equal to a.

The cquation to the straight line joining these two
points is

k-
Y= —-- ot
e y(h—a)—= (Ic J,) + kaxy -- hy, -
Hence oy~ By o,
JE=my T =gy
8o that ke, -- g )2 = @@ [{k — @,)® + (K- - 32)*).
Therefore the poiwt (4, &) always lies on the locus
(wy - oy Y =a®[(x— 2 + (¥~ )] ...... - (1)
This therefore is the required equation.
The equation (1) may be written in the form
£ (Y - o) + o ("~ @) — @ (27 + 97)
=2ayxyy, - 2a’n, — 20y,
ve (' +1'—a) (0" + 90" @) =0 + Y + o+ ey,
— 2aPxx, - Datyy, = (wx, + yi o @) (2).

#%170. In a later chapter we shall obtain the eqnation to the pair
of tangents to any curve of the sccond degree in a form analogous
to that of equation (2) of the previous article.

Similarly the equation to the pair of tangenis that can be
drawn from (<, y;) to the circle

(E~SF+y~g)l=a

s« {e-SP+Hy-9)P-a?} iz -+ - 9) - ¥
={E-N =N+ -9)F-g) -}....Q)

If the equation to the circle be given in the form

2 +y%+ 292+ 2fy +¢=0
the equation to the tangents is, similarly,
(e*+ %+ gz + Uy + o) (22 + 91+ 292, + Uy, + )

» =[22, +yy, +g (£+2) +S (Y + )+ o (@)
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EXAMPLES. XiX.

Fi::d the polar of the point
1. (1, 2) with respect to the circle 4%+ y%2=17.
2. (4, - 1) with respect to the circle 22°+2y2=11.
3. (-2, 8) with respect to the circle
2 +y?-4e-6y+5-0.
4. (5, —4) with respect to the circle
Bz?+8y3 - Tz + 8y -9=0.
5. (a, —b) with respect to the circle
'+ y* + 2a% — 20y + a® - 1 =0,
Find the pole of the straight line
8. z-+2y=1 with respect to the circle 27+ y3=5.
7. 2r-y=6 with respect to the circle 5224 5y?=9.
8. 2c+4y+12=:0 with respect to the circle
24y~ 4x+3y-1=0.
9. 48z - 34y -+ 53 =0 with respect to the circle
32243y +6& - Ty +2=0.
A0, act-by+3a®+ Bb*=0 with respect to the circle
22492+ Quz + 2y =a®+ 132,
w11. Tangents are drawn to the ecircle z*-Fy* 12 at the puints

where it is met by the circle z2+4 33— 5z 4-8y - 2=0; find the point of
intersection of these tangents,

2. Find the equation to that chord of the circie z*+ y?=81 which
8 bisected at the point (-2, 3), and its pole with respect to the circ'c.
¢ 13. Prove that the polars of the point (1, —2) with respect to the
circles whoae equations are
a+yi+-6y +5=0 and 2*+y3+2x+8y+5=0
coincide; prove also that there is another point the polars of which
with respect to these circles are the same and find its coordinates.

14, Find the condition that the chord of contact of tangents from
the l}wint (+’, ¢’) to the circle 23+ y3=a® should subtend a right angle
at the centre.

15. Prove that the distances of two points, P and @, cach from
the polar of the other with respect to a circle, ave 1o one another
ns the distances of the points from the centre ot the circle.

18. Prove that the polar of a given point with respect to one
of the eircles a2+ y! - 2hz 4 ?= 0, where k is variable, n.lwny:?um
through a fixed polut, whatever he the value of &, 4
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17. Tangents are drawn from the point (k, k) to the circle
1?4 y*=#7; prove that the area of the triangle formed by thew
and the straght line joining their points of contact is .

a(id+B-ant
Biks T
Find the lengths of the tangents drawn
« 18. to thecircle 222+ 2y°=3 from the pownt { 2, 3),
19. to the cirele 8+%+8y? - 7z - 6y =12 from the point (6, ~ 7).
* 20, to the cirole 22+ y*+ 2bx — 312=0 from the point
(a+b, a=b).
81. Given the three circles
.z"\+y’— 16z 460 -0,
8%+ 8y? - 36 +81=0,
and &34y - 16 - 12y + 84 =0,
find (1) the point from which the tangents to them ars equal in
length, and (2) this length,

22, The distances from the origin of the centres of three circles
22+ y? -2z =¢ (where ¢ is a constant®and N & variable) are in
geometrical progression ; prove that the lengths of the tangents drawn
to them from any point on the circle 29+ y3=¢?are also in geometrical
progression.

+«* 20, Find the equation to the pair of tangents drawn
« (1} from the point (11, 3) to the cirele 2?4y — 65,
(2) from the point (4, 5) to the cirele
22°+2y7- 8z +12y +21=0,
[ ]

171. 7o find the general equation of a circle referred
lo polar coordinates.

Let O be the origin, or pole, OX.the initial line, C the
centre and a the radius of the
circle.

*Let the polar coordinates of C
be R and a, s0o that OC =- K and
¢ XOC = a. ‘

Let & radius vector through O
at an angle § with the initial line
out the circla in P and @. Let
OP, or 0Q, be r.
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Then (7'rig. Art. 164) we have
. CPt=00*+ 0P*—-20C. OP cos COPL,

t.e. @*=R*+7*~2Rrcos (f —a),

e *~2Rrcos (§—a) + R:—a®=0............ (1).
This is the required polar equation,

173. Partieular cases of the general equation in polar coordinates.

g) Let; the Initial line be taken to go through the centre C. Then
a=0, and the equation becomes

7%~ 2Rr 008 0+ R?~ a* =0,
{2) Let the pole O be taken on the circle, so that
R=0C=a.
The general equation then becomes
72—2arcos (§—a)=0,
i.e. r=2aco8 (¢ - a).

(3) Let the pole be on the circle and also let the initial line pass
through the centre of the circle. In this case

a=0, and ,R=a. P
The general equation reduces then to the , \
simple form r=2acos 4. A
This is at once evident from the figure. o] A
For, if OCA be a diameter, we have
OP=04cos9, v

t.e. r=2acos .

173. The equation (1) of Art. 171 is a quadratic
equation which, for any given value of 6, gives two
values of ». These two values in the figure are 04’ and
0Q.

If these two values be called », and 7,, we have, from
equation (1),

7,r;= product of the roots=: &'~ .
i.e OP.0Q=R*—-a*

The value of the rectdngle OP.0Q is therefore the
same for all values of 6. It follows that if we drew any
other line through O to cut the circle in 7, and @, we
should have OP, 0Q = OP,. 0Q,.

This is the well-known geometrical proposition.
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174, Find the equation lo the chord joining the points on the circle
7=2a cos 8 whose vectorinl angles are 6, and 8,, and deduce. the equgtion
to the tangent at the point 6,.

The equation to any straight line in polar coordinates is (Art. 88)

p=reos(f-a) ...c..ooevearenennnncnnns (1

}]! this pass through the points (2« cos 8;, 8,) and (2« eosé,, 8,), we
ave

2a 008 8, cos (6, — a) =p=2acos 6,008 (f,—a)......... 2).
Heuce cos (26, - &) + €08 a.=cos (26, — a) +cos a,
i.e. 20, -a= —(20,-0),
since 4, and 4, are not, in general, equal.
Hence a=0,+46,,

and then, from (2), p =2« cos §ycos G,.
On substitution in (1), the equation to the required chord is
rcos (0~-0,—0,)=2a0056,0088, ............... 3)-

The equation to the tangent at the point 8, is found, as in
Art. 150, by putting 6,=6, in equation (3).

We thus obtain as the equation to the tangent
708 (0 - 20,) =2a cos? 9, .

As in the foregoing article it could be shewn that the equation to
the chord joining the points 8, and 6, on the circle r=_2a 00s (¢ - v) is

. roos[8 ~ 0, - 8,+y]=2a cos (8, — y) cos (63~ )
and henco that the cquation to the tangent at the point 8, is

1 c08 (8 — 20, + v) =2a cos? (6, - ).

EXAMPLES, XX,

1. Find the coordinates of the centre of the circle
r=A cosf+Bainé.
2. Yind the polar cquation of & circle, the initial line being a
tangent. What does it become if the origin be on the circumference?
3: Draw the loci
(1) r=a; (2) r=asinf; (8) r=acosd; (4) r=asecd;
(5) r=acos(f-a); (6) r=asec(f -a)
4, Prove that the equations r=« qos so- a) and r=>sin (0 - a)
represent two circles which cut at right angles.

5. Prove that the equation 7 cos 8—ar @os 26 — 2a? cos §=0
represents o straight line and a cirele,
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6, _¥ind the polar equation to the circ.e described on ths straight
line joining the points («, <) and (b, 8) ns diameter.

7. Prove that the equation to the circle deseribed on the svraight
line joining the points (1, 60°) and (2, 30°) as diameter iz

72— [co8 (# - 60°) + 2 cos (8 — 30°)]+4/3 =0,
8. Tiud the condition that the straight line

%:acos #-+bsing

may touch the circle r=2cosd.

1758. To find the yeneral equotivn to a cercle referred Lo
oblique axes whick meet at an angle w.

Let € be the centre and a the radius of the circle. Let
the coordinates of C bo (&, &) so
that if CM, drawn parallel to the
axis of y, meets OX in M, then

OM::h and M( -k

Tet P be any pivint on the
circle whose coordinates are x and

y. Draw PN, the ordinate of P,

and CL paralld to OX to mect 0 M N X
PN in L, -

Then CL=MN_:0ON--OM -1,
and LP =NP—-NL=NP - MC-y- k
Also £CLP . ONP=180°— ( PNX=180" .
Hence, since CL*+LP—-2CL.LPcosCLP_ &,
wehave {(x—h)?4 (y—k)?+2 (x—h) (y — k) cosw=a?,
ie. wf 437+ 2wy cos @ — 2 (b + keos w) - Ly (k + heos )
I+ B+ 20k cos o -,
'The required equation is therefore found.

Y

176. As in Art. 142 it may be shewn that the
equation

o+ 2xycosw+y?+ g+ Yy +ec=0
represents a circle and its radius and centre found.
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Bx, If the axes be inclined at 60°, prove that the equation
2ty +y? -4 -5y -2=0 ..coerreirnnnnnn. ®
represents a circle and find its centre and radius.
If @ be equal to 80° so that cos w=}, the equation of Art, 176
becomes
ey +y -2 (Bh+k) -y 2k + 1) + 12 + k3 4 hk =al.
This equation agrees with (1) if

P Ty SRS USSP (2),
Ok +h=b....... ...(3),
and W+ +hk—~al= -2

. Solving (2) and (3), we have h=1 and k=2. Equation (4) then
givea

=124 k24 Rk 4+ 2=9,
50 that ‘a=3,

The equation (1) therefore represents a eircle whose centre is the
point (1, 2) and whose radius is 3, the axes being inclined at 60°,

EXAMPLES. XXI,

Find the inclinations of the axes so thdt the following equations
may represent circles, and in each case find the radius and centre ;

1. #°*-ay+9?~- 297 -2fy=0.

Q. 224+,/3xy +y¥- 4x-by+5=0.

"

3. The axes being inclined at an angle w, find the centre and

radius of the circle '
2% +2xy coB w+ y? - 292 - 2fy =0,

4, The axes being inclined at 45°, find the equation to the cirele
whose centre is the point (2, 8) and whose radiua is 4.

5. The axea being inclined at 60°, find the equation to the circle
whose centre is the point (- 3, - 5) and whose radius is G,

6. Prove that the equation to a circle whose radius is a and
which touches the axes of eoordinates, which are inclined at an angls
w, 1%

) 224 2ryconw+y? ~ 2 (a-+y)eotg+a’cot’f—;=0.

7. Prove that the straight line y =mz will touch the circle

2%+ 22y cos w+ Y2+ 292+ 8y +¢=0
if (9 +-fm)*=c (1 +2m cos w+m?).

8. The axes being inclined at an angle w, find the squation o the

cirele whose diameter is the atraight line joining the pointa
(', v') and (2", ¥).
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Coordinates of a point on a circle expressed in
terms of one single variable,

177. If, in the figure of Art. 139, we put the angle
MOP equsl to a, the coordinates of the point P are easily
seen to be a cos @ and a sina:

These equations clearly satisfy equation (1) of that
article.

The position of the poiut P is therefore known when
the value of a is given, and it may be, for brevity, called
“the point a.”

‘With the ordinary Cartesian coordmat.es we ha.ve to
give the values of two separate quantities ' and y' (which
are however connected by the relation &’ =,/a*—y?) to

express the position of a point P on the circle. The
above substitution therefore often siinplifies solutions of
problems.

178. o find the equation to the atraight line joining
two points, a and B, on the circle 2* + y* = a’.

Let the points be P and @, and let ON be the perpen-
dicular from the origin on the straight line P@ ; then oN
bisects the angle (¢, and hence

Lt XON- } (¢ XOP + £ X0Q)—} (a + B).
Al ON=O0Pcos NOP=acos "'7—, A .
The equt;,tion to IQ is therefore (Art. fi3),
+8 . o+ f

a a-f8
xeos — ' +ysin — " =acos .

2 2 2

If we put 8= a we have, as the equation to the tangent
at the point a,
xcosa + ysine=a.
This may also be deduced from the equation of Art. 150
by putting o' =acosa and ¥’ =g sina.

179. 1f the equation to the circle be in the more
general form

(@—R)"+ (y— k)" =o', {Art. 140),
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we may express the coordinates of P in the form
(h+acose, ki asina).
Tor these values satisfy the above equation.
Here a is the angle LCP [Fig. Art. 140].

'The equation to the straight line joining the points a and
B can be easily shewn to be

(«--&) cos 1—5 B, ( - k) »in al—; B onem® ;B

&

and so the tangent at the point a is

(r—h)eosa¢ (y—A)sina - a

*180. Common tangents to two circles. If O,
and 0, be the centres of two circles whose radii are », and
7, and if one pair of common tangents meet 0,0, in 7
and the other pair meet it in 7%, then, by similar triangles,

orT, n_07T,

Y I .
we have 7.0, 7.~ 0,7," The points 7', and 7' therefore

divide 0,0, in the ratio of the radii.

The coordinates of 7 having hcen found, the corre-
sponding tangents are straight lines passing through it,
such that the perpendiculars on them €rowm O, are each
equal to r.  So for the other pair which pass through 7,

Bx. Find the four common tangents to the circles
22 +y?- 23z +4y +100=0, and z%+y?+22z-4y-100=0.
The equations may be written
. (2=11)14-(y+2)2=5% and (z+11)34 (y - 2)?=15,
The centre of the first is the paint (11, - 2) and its radius is 5,
The centre of the second is the point (- 11, 2) and its radius is 15,

Then T is the point dividing internally the line joining the centres
in the ratio 5 : 15 and hence (Art. 22) its coordinates are

16x11+6x(-11) and 15x(~2)+5x2

5+5 1345 *
that is, T, is the point (3}, —1).
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8imilarly 7, is the point dividing this line externally in the ratio
5:15 and {wnce its coordinates are

15x1]i;f:5((—11) and 15><(1—523;5x2'
that is, T ia the point (22, —4).
Let the equation to either of the tangents passing through 7', be
y+l=m(e—1).oiiiinns vl

Then the perpendicular from the point (11, —2) on it is equal to
+ 5, and hence

mUl= (o241
N1+m3
On solving, we have m=-Ator{,
The required tangents through T, are therefore
24z + Ty =126, and 4x - 3y =25.
Similarly the equations to the tangents through 7', are

y+d=m(z-22) ..o o 2),
where w(1l-2)-(-3+4) _ o
NI+md
On solving, we have m=Jgor - .

On substitution in (2), the required equations are therefore
Tx — 24y =250 and Sz +4y=50.
The four coramon tangents are therefore found.

181. We shall conclude this chapter with some mis-
cellaneous examnpies on loci.
Bx, 1. Find the locus of a point P which moves so that its distance

Jrom a given point O is always in a given ratio (n: 1) to its distance
Jrom another given point A.

Take O a8 origin and the direction of 04 as the axis of 2. Let
the distance O be a, so that 4 is the point (a, 0).

If (2, y) be the coordinates of any position of P we have

OP3=n1,  AP3,
ie. #+y=n[(z~ a)’+9?,
f.e (2 + %) (n? - 1) - an¥z +-n%3=0.................. Q).

Hence, by Art. 143, the locus of P is a circle.

Let this olrele meet the axis of z in the ?Ointl Cand D. Then OC
and ?np(i.;e the roota of the equation obtained by putting y equal to
Zero .

Hence 00= ™ and 0D=27 ,
a+l n-1
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We therefore have
a a
('4(—;:‘_—1 Eﬂd AI)="-_1. .
Hence oc¢_oD_ "
CA™ AD™

The points C and D) therefore divide the line 04 in the given ratio,
and the required circle is on CD as diametar.

Bx. 2. From any point on ane given cirele tangents are drawn to
another given circle; prove that the locus of the middle point of the
chord of contact is a third circle.

Take the centre of the first circle as origin and let the axis of «

%J}?Bﬂ through the centre of the second circle. Their eynations are
en

a{"-l-y’: A (1),
and (X-e)2492=D% .iioirivens crenn e e 2),

where a and b are the rudii, and ¢ the distance between the centres, of
the circles.

Any point on (1) is (a ¢or 8, a sin §) where 4 is variable, Tts chord

of contact with reapect to (2) is
(e—c)(acosd--c)+yagnd=4...... .. ....... (3).

The middle poiut of this chord of contact is the point where jt is
met by the perpendicular from the centre, viz. the point (¢, V).

The equation to this perpendioular is (Art, 70)

. -{x-c)asinf+(acosd -c)y=0 ..... .. ..... ({).

Any equation deduced from (3) and (4) is satisfied by the coordi-
nates of the point under consideration. If we eliminate ¢ from them,
we shall have an equation always satisfied by the coordinates of the
point, whatever be the value of 8. The result will thus be the equation
to the required locus,

Solving (3) and (4), we have

; vy
usind i“-{'-(.r—c)"
1t
and weosd -o— !I"‘+(:T —cz)“ s
. Wzx-o)
so that acosf—c+ Y-

Hence "
2 a2 cos? rgin?o—c+ et % ° e
al=a%cos? 8 + a*8in? 0=t + Leb vl -:')'~'+y“+(.r ol
"The required locus is therefore

(a® - ¢ [y + (x - ¢)°]=2eb? (z — c) + .

This is a eircle and its centre and radiue are easily found.
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Bx, 8. Find the locus of a point P which is such that its polar with
respect to one circle touches a second cirele.

Ta.king the notation of the last article, the equations to the two
circles are

and (=) +y2=Db? ...t v (2)e

Let (k, k) be the coordinates of any position of P. Ifs polar with
respeet to (1) is

2h+yk=ad......cciiiiiiiniinen (3)
Alro any tangent to (2) bas its equation of the form (Art. 179)
(z-c)oosf+ysind=b .a....... verennein (4).
If then (3) be a tangent to (2) it must be of the form (4).
Therefore ‘%‘:_ﬂ = Sh,:-o =° cozg +b

These equations give
cos 8 (a* — ch) =bh, and sin 0 {a? - ch)=bk.
Bquaring and adding, we have

(6= CAPR=B2 (W24 D) e, (6).
The loens of the point (k, k) is therefore the curve
b2 (22 + YN =(a® - ex)?, .

Adntn-. The condition that (3) may touch (2) may be otherwise
found.

For, as in Art. 153, the siraight line (3) meets the circle (2) in the
points whose abscisre are given by the equation

B (2 - )1+ (a2 — hz)?= D22,

i.e 2? (W24 ) - 22 (ck? + a®h) + (KP® -+ at — D2K3) 0.

The line (8) will therefore touch (2) if

(ck?+a%h)3=(hE+ k3) (A% + a4 - B2L9),

i.e if U2 (2 + K%)= (ch - a%)?,
which is equation (5).

Bx. 4. Ois g flxed point and P any point on a given circle; OP
s joined and on it « point Q is taken so that OP, 0Q=ua constant

quag‘ctiry k3, prove that the locus of Q is a circle which Yecomes a
straight line when O lies on the original circle,
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Let O be taken as pole and the line through the centre C as the
initial line. T.et OC=d, and let the
radius of the circle be a. R

The equation to the circle is then % ¢

ad=r2+d?-2rdcosd, (Art. 171), o d_C
where OP =7 and ¢ POC=4. u
Let 0Q be p, so that, by the given

condition, we have rp=%2 and hence r=£~ .

Bubstituting this value in the equation to the circle, we have

k k%d
at= M2 —C0Rb..... coovvvrrrnrinnnenn 1),
4 P M
80 that the equation to the locna of ¢ i
k2 k4
2..g ¢ =
H 2d"— areos 0= Fho e (2)-

But the equation to a circle, whose radius is a’ and whose centre is
on the initial line at a distance d’, is

- 2rd' cosf=a?-A%.. ... ..cooeeen.. (3).
Comparing (1) and (2), we see that the,required locus is a circle,
such that ”
d k¢
’_ 2 _ .
d=5—0 and a?-d?%= Feat
k¢ a2 kAal
n__ - - _—
Hence e e I:(l'-' a® 1] (P -a??
The reqnired locus is therefore a circle, of radius ‘-F' %2, whoue

.2
centre is on the same line as the original centrs at a distance ¢T'="—da'=
from the fized point.

When 0 lies on the original circle the distance d is equal to a, and
the equation (1) becomes k¥=2drcos §, i.e., in Cartesinn coordinates,
k!
x=_-

24"

In this case the required locus ir & straight line perpendicular
to OC.

‘When a second curve is obtained from a given curve by the above
geometrioal process, the second curve is said to be the inverse of the
first curve and the fixed point O is called the centre of inversion.

The inverse of a circle is tharefore a circle or a straight line
according as the centre of inversion is not, or is, on the circumference
of the original circle,
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Bx. 8. PQ is a straight line drawn through O, one of the common
points of tiwo circles, and meets them again in P and Q; find the locus of
the point S which bisects the line PQ.

Take O as the origin, let the radii of the two circles be R and I,
and let the lines joining their centres to O make angles a and &’ with
the initial line.

The equations to the two circlas are therefore, {Art. 172 (2)},
r=2Rcos(0-a), and r=21"cos (§—d').
Henee, if 8§ be the middle point of P'Q, we have
208=0P+0Q=2Rcos (0 - a}4 2 cos (8 - «').
The locus of the point 8 is therefore
r=Rcos (8--a)+ R con (0 - a')
=(Rcosa-R'cosa’)cos §+(Reina R sina’)sin @

T T Y () OIS 1),
where 2R" cosa”=Rcosa+ R cona’,
and 21" sina” =R eina+ R’ sin o',
Hence =3 ISP L2RR cos (0 @),
‘

»_DiBina+ R'sina’
“Reosa+ R cosa’”
Trom (1) the locus of S is a citcle, whoxe radins is R”, which

passes through the origin O and ia such that the line joining O (o its
centre is inclined at an angle a” to the initial line,

‘and tan o

EXAMPLES. XXII.

1. A point moves so ihat the sum of the squares of its distances
from the four rides of a square ia conatant; prove that it always lies
on & circle,

2. A point moves so that the sum of the squares of the perpendi.
culars let fall from it on the sided of an equilateral triangle ia constunt;
prove that its locus is a circle,

3. A pomnt moves 8o that the ammn of the squares of its distahces
from the angular points of & trinngle is constant ; prove that its locna
in & circls.

4. Find the locus of & point which moves so that the square of
the tangent drawn from it to the cirele 224 y2=«® is equal to ¢ times
ita distance from the straight line lz+my+n=0.

5. TFind the locus of a point whose distance from a fixed point is
in a constant ratio to the tangent drawn from it to a given cirele,
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6. Yind theloocus of the vertex of a triangle, given (1) its base and
the snm of the squares of its sides, (2) its base and the sum of m times
the siquare of one side and « {imes the square of the other, .

7. A point moves so that the sum of the squares of its distances
from n fixed points is given. Prove that its Jocus is a cirele.

8. Whatever be the valuo of a, prove that the locus of the inter-
poction of the straight lines

xcosa+ysing=a and rsina—ycosa=b
is a circle.

9. Fron a point P’ on a circle perpendiculars PN and PN are
drawn to two radii of the circle which are not at right angles; find
the locus of the middle point of MN,

10. Tangents are drawn to a ecircle from a point which always

lies on a given line; prove that the locus of the middle point of the
chord of contact is another circle,

11. Find the locus of the middle points of chords of the circle
2%+ y*=a® which pass throagh tho fixed point (k, k).

12. Find the locus of tho middle points of chords of the circle
&2+ y?=a? which subtond a right angle at the point (¢, 0).

13. Ois a fixed point and P any point on a fixed circle; ou OF
is taken a point Q such that 0@ is i a constant ratio to OP ; prove
that the locus of Q is a circle.

14) 0is a fixed point and P any point on a given straight line;
OP is joined and on it 18 taken a point @ suclf that OP. 0Q=k?;
prove that the locus of (), i.e. the inverse of the given straight line
with respect to O, is a cirole which passes through 0.

15, One vertex of a triangle of given speciesis fixed, snd another
moves along the eircunference of a fixed circle; prove that the locus
of the remaining vertex is a circle and find its radius.

16. 0 isany point in the plane of a circle, and OF, P, any chind
of the circle which passes through O und meets the circle in P, and
P,. On this chord 1s taken a point ¢) such that 0Q is equal to (1) the
arithmetie, (3) the geometric, and (3) the harmonic mean between 0P,
and’OP,; in each case find the equation to the locus of Q.

17. Find the locus of the point of intersection of the tangent lo
a given circle and the perpendicular lct fall on this tangent from a
tixed point on the circle.

18. A circle touches the axis of x and cuts off a constant length
2! from the axis of y; ‘grove that the equation of the locus of its centre
is y8 — 23 =[? cose0? w, the axes being inclined at an angle w.
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18. A straizht line moves so that the product oi the perpeudi-
cnlars on it from two fixed points is constact. Prove that the loous
of the feet of the perpendicalars from each of these points upon the
straight line is a circle, the same for each.

20. O is a fized point and 4P and BQ are two fixed paruilel
straight lines; BOA is perpendicular to both end POQ is a right
angle. Prove that the locus of the foot of the perpendicular drawn
from O upon PQ is the circle on AR as diameter.

21. Two rods, of lengths ¢ and b, slide along the axos, which are
rectucgular, in such a manner that their ends are always concyoclic;
prove that the locus of the eentre of the circle passing through these
ends is the curve 4 (s~ y*)=a%- 38

22. Bhew that the loous of a point, which is such that the
tangents from it to two given concentrie circles are invorsely as the
radii, is a concentric circle, the square of whose radius is equal to the
sum of the equares of the radii of the given circles.

23. Bhew that if the length of the tangent from a point P to the
circle 22+ y?=a? be four timen the length of the tangent from it to the
circle (r — a)3+ 9% =a?, then P lics on the circle

152% + 1642 ~ 822z + a¥=0.

Prove also that these tHree circles pass through two points and that
the distance between the centres of the first and third circles is

sixteen times the distance between the centres of the second and
third circles.

24. Find the locus of the foot of the perpeadicular let falftrom
the origin upon any chord of the circle 2® + y* + 2gx + 2y r¢=0 which
subtends & right angle at the origin,

Find also the locus of the middle points of thesa chords.

25. Through a ficed point O are drawn two straight lines 0.°Q
and ORS to mect a circle in P and @, and R and S, respectively.
T1ove that the locus of the point of intersection of PS5 and QR, as also
that of the point of intersection of PR and ¢S, is the polar of 0 with
rcspect to the cirole.

28. A, B, (",and D are four points in a straight line; prove that
P g’ I

the locus of a point P, such that the angles 4P and CPD are cqual,
is a circle.

27. The polar of P with respect to the circle :c:’+1{'=uz touches
the virele (2 ~ a)*+ (y ~ 8)2=1"; prove that its locus is the curve given
by the equation (az+ 8y — a3)¥=5 (23 +47).

28. A tangent is drawn to the cirele (z ~ a)2+ y2=1% and a perpen-
dioular tangent to the circle (- a)*+y*=c?; find the locus of their
point of intersection, and prove that the bisector of the angla between
them always tonches one or other of two fixed circles,
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29. In any circle prove that the perpondicular from any point of
it on the line joining the points of contact of two tangonts 18 a mean

proportional between the perpendiculars from the point upon the,two
tangents.

80. Yrom any point on the cirele
22+ y?+ 290+ Ufy re=0
tangents ure drawn to the circle -
«? +y3 - 292+ 2fy +esina 1- (0 S costa=0;

prove that the angle between them is 2a.

31. The angular points of a triangle are the points

(¢cosa, arina), (¢00sB, asing), and (ancosy, asingy);
1nove that the coordinates of the orthocentre of the triangle arc
a(cod a+cos B+ cos ‘y)\ and a(sin a+sin 8+ 8in+y).

Hence prove that if 4, B, ¢, and D be four points on a eircle the
orthocentres of the four triangles 48C, BCD, CDA, and DAB lie un
a circle.

32. A variable circle passes through the point of intersection 0
of any two straight lines and culis off from them portions 02 and 0Q
such that m.OP-t n.0Q is equal to unity; prove that this circle
always passes through a fixed point.

383. Find the length of the common chord of the circles, whose
cquations are (z—a)*+y? -a® and 23+ (y - 1)*= V%, and provo that the
equation to the circle whose Jdiameter is this common chord is

(a2 +0%) (22 + y?) =2ad (bs + ay).

34. Yrove that the length of the common chord of the two circles
whose equations are .

(c—af F(y- b*=c® and (&-D)*4 (y~u)ue?
iu VAT SR
Hence find the condition that the two cireles may touch.
35. Yind the Jength of the common chord of the circles
boa? Lyt - 2as - day - 4a?=0 and 22 y? - Jaz 4 Lay =0,

Find also the equations of the common tangents and shew that
the length of each is 4a.

36. Find the equations to the common tangents of the circles
(1) 2+y?-2z-6y+9=0 and 22+ y*+ 622y +1=0,
(2) 22+y?=c? and (x ~a)i+y =12



CHAPTER IX.
SYSTEMS OF CIRCLLS,

(This chapter may bhe omitted by the student on a first
reading of the subjectj

182, Orthogonal Circles. Def. 'I'wu circles are
said to intersect orthogonally when

the tangents at their points of P
intersection aro at right angles. 4 A \d5

If the two circles intersect at & )
P, the radii 0,7 and 0,7, which ! ’/

are perpendicular to the tangents
at £, must also be at right angles.
Hence 0,08 0,I*+0,0,
t.r. the square of*the distance between the centres must he
equal to the sum of the squares of the radii.

Also the tangent from O, to the other circle is equal to
the rudius a,, t.e. if two cireles be orthogonal the length of
the tangent drawn from the centre of one circle to the
second circle is equal to tho radius of the first.

Kither of these two conditions will determine whether
the circles ave orthogonal.

The centres of the circles
22+yt+ 29z 4 2fy +6=0 and 2?2 +y2+ 2’z + 2y + ' =0,

are tha points , —f) and y =f'); also the squares of their
radii uep;’ﬁ"( cgnndg'h—f i g = 1
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They therefore cut orthogonally 1f
(-9 49V +(~f+fP =g +f?- ctg%4f" e,
i.e if 209"+ 3f =c+ .

183. Radical Axis. Def. 'The radical axis of
two circles is the locus of a point which moves so that the
lengths of the tangents drawn from it to the two circles are
equal,

Let the equations to the circles be

S+ lgn+yre 0.0 0 (1),
and Pt dgx 3y, 0 L. (),

and let (&, #,) bo any point such that the tangeuts from it
to these circles are equal,

By Art. 168, we have

2y 2 1 % Yy e ot ryt i Sy Y by,
e 2e (g —y) + 20 (f -f1) ve -0

But this is the condition that the point (s, y,) should
lie on the locus

o 2y o) WS S)ie—e O (3)-

This is therefore the equation to the radical axis, and it
is clearly a straight line,

Tt is easily seen that the radical axis is perpendicular
to the line joining the centres of the circles. For these
centres are the points (-g, —f) and (-g, —/f). The

“m” of the line joining them is therefore '~ -/) s
- -n-(-9)
ie.d 1.
/2t /|
The “me” of the line (3) is -¥. =%,
" ol 3 oy
The product of these two “m’s” is — 1

Hence, by Art. 69, the radical axis and the line joining
the centres are perpendicular.

L. .6
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184. .\ geometrical construction can he giver
for the radical axis of two circles.

If the circles intersect in real points, 22 and ¢, ag in
Wig, 1, the radical axis is clearly the straight line 1@
For if 7' be any point on P¢ and TR and T'§ be the
tangents from it to the circles we have

TR*=TP.TQ="T78"
If they do not intersect in real points, as in the second
figure, let their radii be @, and a,, and let 7’ be a point such

that the tangents TR and 7'S are equal in length.
s

Draw 2'0 perpendicular to 0,0,.

Since 18 7'S?,
we have 70~ 0B T02- 0.5
ie. T0°+0,0° a2=T0"+ 002 - af,
L.a. 0,0" - 00 =a2—a,
i.e. (0,0 — 00,) (0,0 + 00,) = ¢ ~as,
te. 0,0 - 00, - 21-'..—:-_ a} =a constant quantity, .
2

Hence O is a fixed point, since it divides the fixed
straight line 0,0, into parts whose difference is constant.

Therefore, since 0,07 is a right angle, the locus of 7,
t.e. the radical axis, is a fixed straight line perpendicular to
the line joining the centres.
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185. If the equations to the circles in Art. 183 he
written in the form & =0 and 8’ =0, the equation (3) to
the radical axis may be written S—§ =0, and therefore
the radical axis passes through the common points, real or
imaginary, of the circles § <0 and §' =0.

In the last article we saw that this was true geometri-
cally for the case in which the circles meet in real points.

When tho circles do not geometrically intersect, as in
¥ig. 2, we must then look upon the straight line 7'0 as

passing through the imaginary points of intersection of the
two circles.

186. 7'he rudical axcg of three circles, taken in puirs,
meet 1 @ point,

Let the equations to the three circles be

S=0. i )
8 =0 e, ),
and N'=0...... L SRR (3).

The radical axis of the circles (1) and (2) is the straight
line

. NoS =0 s (1)
The radical axis of (2) and (3) is the straight line
-8 0 ).

If wo add equation (H) to equation (4) we shall have the
equation of a straight line through their puints of inter-
section.

Hence §--8"=0 i (6)
is & straight line through the intersection of (4) and (7).

But (6) is the radical axis of the circles (3) and (1).

1{ence the three radical axes of the three circles, tuken
in pairs, meet in a point.

This point is called the Radical Centre of the three

circles,

This may also be easily proved geometrically. For let
the three circles be called 4, B, and C, and let the radical
axis of 4 and B and that of B and C meet in a point 0,
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By the definition of the radical axis, the tangent from 0
tu the circle 4 the tangent from
O to the circle B, and the tangent
from O to the circle B =tangent
from it to the circle C.

Hence the tangent from O to
the circle 4 =the tangent from it
to the circle €, ir. O is also a
point on the radical axis of the
circles 4 and C.

187. If 8=0and & - 0 be the equations of tuwo circles,
the equation of any circle through their pownts of inter-
section 18 8- AY. Also the equation lo awy cirele, such that
the radical axis of it and S- 0 is w—0, 48 5 + Au=0.

For wherever § -0 and 5°—~ 0 are both satisfied the
equation §== A8’ is clearly watisfied, so that §=AS"’ is some
locus through the intersections of §=0 and §’ = 0.

Also in both § and 8’ the coefficients of 2? and 32 are
equal and the coeflicient of ry is zero, The same statement
is therefore true for the equation S—AS’. Hence the
proposition.

Again, since u is only of the tirst degree, therefore in
S +Au the coefficients of #* and y* are equal and the
coefficient of xy is zero, so that 5 + An = 0 is clearly a circle.
Also it passes through the intersections of § 0 and 0.

EXAMPLES. XXIII

Prove that the following pairs of circles interseot orthogonally :
1. 24 y?-2r +¢c=0 and £2+y* + 20y -~ ¢=0.
2, 23 +y3-2ax+2by+c¢=0 and 2*4 y® +2bx+2ay ~c—0, *

3. Find the equation to the circle which passes through the origin
and cats orthogonally each of the circles

a%+y2-62z+8=0 and z2+y2-22-2y=".
Find the radical axis of the pairs of circles
4, «*+y?=144 and 22+4y%- 1624 11y =0.
5. 22+ -3c-dy+5=0 and 3274 8y?- Tz +8y +11=0.
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8. 2@+y?-zy+6e-Ty+8=0 and 27+y%-zy - 4=0,
the axes being inclined at 120°,

Find the radical centre of the sets of circles

7. 2*+y*+x+2y+3=0, 44242 +4y +5=0,
and 22 +y?-Tr -8y - 9==0.

8. (r-2)"+(y-3)2=86, (T+3)2+(y +2)2=49,
aml (r-4)2+(y + 5)?=01.

9, Prove that the square of the tangent that can be drawn from
any point on one circle to another circle is equel to twice the product
of the perpendicular distance of the point from the radical axis of the
two circles, and the distance between their centres.

19. Pyove that a common tangent to two circles is bisected by the
radical axis. [Hence, by joining the middle points of any two of the
commion tangents, we Lave a congtruction for the radical axis.]

11. Find the general equation of a!' circles any pair of which have
the same radieal axis as the circles

2 +y*=4 and 2®+ 9+ 3+ 4y—6.

12. Find the equations to the straight lines joining the origin to
the points of intersection of
rP4yt-dz—2y—4 and 2’4 y?-2r- 4y-4-0.
13. Tha polars of a point P with respect to two fixed circles meet
in the point . Prove that the circle on P as diameter passes
through two fixed points, and cuts both the given circles at right

angles. .

»
14, Prove that the two circles, which pass through the two points

(0, ) and (0, - a) and touch the straight line y =mx 1 ¢, will cut ortho-
gonally if c2=a?(2+m?).

15. Find the locus of the centre of the circle which outs two given
eircles orthogonally.

18, If two circles cui orthogonally, prove that the polar of any
point P on the first circle with respect to the second passes through
the other end of the diameter of the first circle which goes through P.

Hence, (by considering the orthogonal circle of three circles as
the loous of a point such that its polars with respect to the circles
meet in & point) prove that the orthogonal cirele of three circles,
given by the general equation is

i“""ﬂxv y+hey i+ Nyt
Et0n ytSi gt Sy +eg|=0.
1Z+gs Y+So gr+fU+tcy
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188. Coaxal Circles. Def. A system of circles
is said to be coaxal when they have a common radical axis,
4.6. when the radical axis of each pair of circles of the
system is the same.

To find the equation of a system of coaxal circles.

Since, by Art. 183, the radical axis of any pair of the
circles is perpendicular to the line joining their centres, it
follows that the centres of all the circles of a coaxal system
must lie on a straight line which is perpendicular to the
radical axis.

Take the line of centres as the axis of « and the radical
axis as the axis of y (Figs. L. and IT,, Art. 190), so that O
is the origin.

The equation to any circle with its centre on the axis
of x is

By —-2r+ec=0....0.iiinnnn (1).

Any point on the radical axis is (0, z,).

The square on thé tangent from it to the civele (1) iy,
by Art. 168, y*+ec.

Since this quantity is to he the same for all cireles of
the system it follows that ¢ is the same for all such ciyeles ;

the different circles are therefore obtained by giving dif-
ferent values to g in the equation (1).

The intersections of (1) with the radical axis are then
obtained by puttitig & == 0 in equation (1), and we have
y=t/~o.
If ¢ be negative, we have two real points of intersection

asin Fig. L of Art. 190. 1Tn such cases the circles are said
to be of the Intersecting Species,

If ¢ be positive, we have two imaginary points of in-
tersection a8 in Fig. IL. -

189. Limiting points of a coaxal system.

The equation (1) of the previous article which gives any
circle of the system may be written in the form

(@-g) +y =g —c=[Jos~c]"
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It therefore represents a circle whose centre is the puint
(9, 0) and whose radius is \/¢* .

This radius vanishes, s.e. the circle becomes a point-
circle, when g?=¢, i.e. when g: + ./

Hence at the particular points (+ /¢, 0) we have point-
circles which belong to the system. These point-cireles are
called the Limiting Points of the system,

Tf ¢ be negative, these points are imaginary.

But it was shown in the last article that when ¢ is
negative the circles intersect in real points as in Fig. 1.,
Art. 190.

If ¢ be positive, the limiting points L, and Z, (Fig. IT.) are
real, and in this case the circles intersect in imaginary points.

The limiting points are therefore real or imaginary
nccording as the circles of the system intersect in imaginary
or real points.

190. Orthogonal circles of a coaxal system.

Let 7' be any point on the common radical axis
of a system of coaxal circles, and let 7R he the tangent
from it {o any circle of the system.

-~

Fig. L

Then a circle, whose centre is 7' and whose radius is 7R,
will cut each circle of the coaxal system orthogonally.
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[For the radius 7'R of this cirele is at right angles to
the radius O, R, and so for its intersection with any other
circle of the system.]

X

Fig. II.

Hence the limiting points (being point-cireles of the
gystem) are on this orthogonal civele.

The limiting points are therefore the intersections with
the line of centres of any circle whose centre is on the
common radical axis and whose radius is the tangent from
it to any of the circles of the system, e

Sinee, in Fig. 1., the limiting points are imaginary these
orthogoual circles do not meet the Jine of centres in real
points,

Tn Fig. 1. tley pass through the limiting points Z,
and L,.

These orthogonal circles (since they all pass through twa
points, real or imaginary) are therefore a coaxal systen,

Alro if the original circles, as in Fig. 1., intersect in
real points, the orthogonal circles intersect in imagipary
points; in Fig. T1. the original circles intersect in imaginary
points, and the orthogonal circles in real points.

We therefore have the following theorem :

A set uf couxal circles can be cut orthogonally by another
set of coacal circles, the centres of each set lying on the
radical axis of the other set; also one set is of the limiting-
point species and the other set of the other species,
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191, Without reference to the hmltmg points of the original
system, it may be easily found whether or not the orthogonal cn'cles
1eet the original line of centres.

For the circle, whose centre is T and whose radius is TR, meeta
or does not meet the line 0,0, according as TR? is > or ~ T03,

i.e. according as T02-0,R® is - T(R,
i.#, nccording as TO*+ 002~ 0R%is - 103,
i.« according as 00, is 77 O\R,

i.e. according as the radical axis is without, or within, each of the
encles of the original system.

192. Tn the next article the ahove results will he
proved analytically.

A
To find the equation to auy cirele which ewts tico given
circles orthoyonally,

Take the radical axis of the two cireles as the axis of g,
80 that their equations may be written in the forn

224 gt By te WU e (1,
and 2 —2gue e 0. ce (D),
the quantity ¢ being the same for each,

Tt the equation to any eircle whic h cuts them or
thogonally be

(=AY +(y- B! R ... (M.
The equation (1) can be written in the form
(=92 vy WP =ePurnn. (4).

The circles (3) and (4) cut orthogonally if the square of
the distance between their centres iz equal to the sum of
the squares of their radii,

e if (A-gP+ B -1+ | Jg* -],
e if A B2 -B4g R e L. (O

Similarly, (3) will cut (2) orthogonally if
A+ B 249, - R, (6).

Bubtracting (6) from (%), we have 4 (g -g¢,) -O.
Hence 4 - 0, and R*= R+,
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Substituting these values in (3), the equation to the

required orthogonal circle is
?+y*—~2By—c=0 . ccoovrnnenne.. (M),

where B is any quantity whatever.

Whatever be the value of B the equation (7) represents
a circle whose centre is on the axis of y and which passes
through the points (+ /e, 0).

But the latter points are the limiting points of the
coaxal system to which the two circles bolong. [Art. 189.]

Hence any pair of circles helonging to a coaxal system
is cut at right angles by any circle of another coaxal
system ; also the centres of the circles of the latter system
lie on the common radical axis of the original system, and
all the circles of the latter system pass through the limiting
points (real or imaginary) of the first system.

Also the centre of the circlo (7) is the point (0, B) and
its radius is /B +c.

The square of the tangent drawn from (0, B) to the
circlo (1) -- B2+ ¢ (Ly Art. 168).

Hence the radiug of any circle of the second systemn ix
equal {o the Jongth of the tangent drawn from its contre to
any circle of the first system.

1983. The equation to the system of circles which cut
a given coaxal system orthogonally may also he ohtained
by using the result of Art. 182,

For any circle of the coaxal system is, hy Art. 188,
given by

BP+yt-2x+e 0. (1),

whore ¢ is the same for all circles.

Any point, on the radical axis is (0, y).

The square on the tangent drawn from it to (1) is
therefore ¥ +¢.

The equation to any circle cutting (1) orthogonally is

therefore
P4 y—y)' =y 4o
1.4 224y~ 2y —0=0,
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Whatever be the value of 3 this circle passes through

the points (+ 1/¢, 0), i.e. through the limiting points of, the
system of circles given by (1).

194. We can now deduce an easy construction for the
circle that cuts any three circles orthogonally.

Consider the three circles in the figure of Art. 186,
By Art. 192 any circle cutting 4 and B orthogonally

has its centre on their common radical axis, .. on the
straight line O,

Similarly any circle cutting B and ' orthogonally has
its centre on the radical axis OZ.

Any circle cutting all three circles orthogonally must
therefore have its centro at the intersection of 0D and OX,
1.e. at the radical centre 0. Also ils radius must he the
length of the tangent drawn from the radical centre to
any one of the three eircles.

Ex. Find the equation to the circle which cuts orthogonally each
of the three cireles ’

224924 2r4-1Ty+ 4=0......0c. oirans (1),
2149247 + Oy-F11=0........ ... 2),
2y - r422y+ 3=-0....... e (3).
The radical axis of (1) and (2} is
5r-1ly+7 -0.
The radieal axis of (2) and (3) is
8z - lﬂy +8=0.

These two straight lines meet in the poini (3, 2) which is therefore
the radical centre.

The square of the length of the tangent from the point (3, 2) to
each of the given cireles =57.

The required equation is therefore (z - 8)%+ (y — 2)*=57,
t.e 2t +y? -6z~ 4y - 44=0.

108. Bx. Find the locus of a point which moves so that the length
of the tangent drawn from it to one given circle is X times the length of
the tangent from it to another given circle. ’

Asin Art, 188 take as axes of x and y the line joining the centres
of the two circles and the radical axis. The equations to the two
circles are therefore

2B+y?-2p+e=0..ccoccceiiiiiiinnnnnn (1),
and L4yt =2 e=0 oeriirinns e (2).
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Let (h, k) be a point ‘such that the lengzth of the tangent from it to
(1) is always X times the length of the tangent from it to (2).

Then W+ k- 29, h+c=N[h3+9 - 29,k +c].
Hence (I, k) always lies on the cirele

e
r’+'y*-2.ng’;;_—{"+c—0 ..................... (3).

This cirele is clearly a circle of the coaxal system to whieh (1) and
(2) belong.

Again, the centre of (1) is the point (g, 0), the centre of (2) is
2.
(52, 0), whilt the centre of (3) is (#3521, o).

Tlence, if these three centres be called 0,, ),, and 0,, we have

NS a
Olos.'- ;A-.' B 1 l_'gl-'.')\ﬂ:‘l (-"'_" .”l)‘

9N 1

and 0,004 a)] ,‘-.-__1‘(.”2“!10-

s0 that 0,0, : 0,0, :: N : L

The required locus is therefore a circle coaxal with the two given
circles and whose centre divides externally, in the ratio A*: 1,the line
joining the centres of the two given circles,

EXAMPLES. XXIV, )

1. Prove that & common tangent to two circles of a coaxal
system subtends & right angle at either limiting point of the system,

9, Prove that the polar of & limiting point of a coaxnl system
with respeet to any circle of the system is the same for all cireles of
the system,

8. Prove that the polars of any point with respeot to a system of
coaxal circles all pass through a fixed point, and that the two pointa
are equidistant from the radical axis and subtend a right angle at a
limiting point of the system., If the first point be one limiting point
of the system prove that the second point is the other limiting point.

4, A fixed circle iz out by o series of circles all of which pass
through two given points; prove that the straight line joining the
intersections of the fixed circle with any circle of the syatem always
passer through a fixed point,

5. Prove that tangenis drawn from any point of a fixed circle of
& coaxal system to two other fixed circles of the eystem are in a
constant ratio,
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6. Prove that a system of conxal circles’ inverts with respect to
either limiting point into & system of concentric circles and find the
position of the common centre.

7. A straight line is drawn touching one of a system of coaxal
circles in P and outting another in @ and R. Shew that PQ and PR
subtend equul or supplementary angles at one of the limiting points
of the system.

8. Find the locus of the point of coniact of parallel tangents
which are drawn to each of a series of coaxal cireles,

9. DProve that the cirelo of similitude of the two circles
224yt - 2kr+6=0 and o'+ y? -2 +5=0
(i.e. the locus of the puints at which the two circles subtend the snme
angle) is the coaxal circle
KK+ 8
k+ K

10. From the preceding question shew that the centres of simili-
tude {i.c. the points in which the common tangents to two circles
meet the line of centres) divide the line joining the centres internally
and externally in the ratio of the radii.

1. If z+y J- 1=tan(t+v J--]), wliere ., y, , and v are all
real, prove that the curves w:=constant give a family of coaxal circles
puseing through the points (0, + 1), and that the curves v - constant
give a system of circles cutting the first system orthogonally.

Byt 5480,

12.° ¥ind the equation to the circle which cuts orthogonally each
of the circles .

&5 Pyt e 4 e =0, 49424 2'c +¢ =0,
and £ eyt 200 2y +a =0, |

13. Kind the equation to the circle cutting orthogonally the
thiee circles

£2ryt=a?, (e-co) Fyt=d®, aud P4 (y - b)i=dd

14, Find the equation to the circle cutting orthogonally the
three circles

v 2ty -2+3y--7=0, &+ y*+ 555y +9=0,
and 24y 4Tz -9 +29 0.
.15, Bhew that the equation to the circle cutting orthogonaily the
cireles (z—a)t+(y -~ bP =07 (e D+ (y~a)=dd,
and (x-a-b-cP+y?=ab+c?,
is 22+ y% - 26 (a+ D)~y (a+b)+a*+8ab+ b2 =0,
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3 3. By I 4 N =
C-
5. acosf(a-g). 8. Ny
9. {Z- (b.{..‘/t_l.n—-} bl"), 0} . 11, 5(2'{'~/3)‘

VIII. (Pages 61-65.)

-11 41 ad ab
L (—29 ! _29) : 2. (J+b' atrb)’
a 1 1
3 ey 2 (it a)} -
4. {acos}(d,+¢)sech (b~ o), asin} (b +dy)pech(d, o)}
s (400, 2wy 6, 130
: bbbV t 1T
8. y=a; 3y=4z+3a, 9. (1,1); 45°
10- (S'r i); tan“ 60' 11- (" 1: "3); (3v 1); (5v 3)-
12. (2, 1); tan™ 45, 13, 45°; (~5,8); z-3y=9; 2¢c- y=8.
14, 3and -4 19, my (0 - ap) + my (a;— @) 4+ my (@, — az) =0.
20. (-4,-3) 21. (i - 1) 23. 43z-29y=T7L
24_ J;-y:l].. 25_ y=3.!'. 26_ Y=
27, 'A% - Vle=ab(a-b). 28. dr+dy=ba. 29, z+y+2 -0.
30. 23r+23y=11 31, 18c-93y=064,
33. Ax+By-+C-+N(A'c+ D'y C')—0 where A is
¢ B Ba+C A+ By +-C
o Tor @ - @ T Bla+t ¢’ and (4! TA D-_H;;/-’.:;é"
37. y=2; z=6. 38, 99r+77y+71==0; 7& -9y -37=0,

39. z-2y+1=0; 2z+y=3,

40, =(3./2-8)+y W2-1)=442-5;
z2(2/2+3)+y(V2+1)=44/2+5.

41, -bym+m)+{z-a)(l-mm)=0;
(y-8) (1 ~mm’) ~ (z—a) (m-+m’)=0.

42, 38z49y=381; 1122-64y+141=0; Ty -r=18,

43, z(B+J/1TN)+y (5+/1T7)=10+4,/17;
z(44/10)+y (2+1/10)=4 \/10+12;
z(2A/34-8./6)+y (34 - 5/5)=6 /8415 /5.

44, A(y-k) -B(z-h)==2(4x+By+0).

45. At an angle of 15° or 75° to the axis of z.
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COORDINATE GEOMETRY.

IX. (Pages T2, 73.)

L (1) oty ) 1 2. tant 52,

20.
27.

-1
y=0, y—r-a, 2=2a, y=24a, y—a+da, -0, y- r, —a, and
iy =4, where a is the length of & side,
(6 - o/3)4 x(3,/B-2)=22 -9,/3. 11. &
10y - 11c4+1=.0; & o/111.
X. (Pages 78—80.,)

(‘7{;:)'&/ 15 - 63 55'./( B
-7J3 2 65 36 -7,/3
(Tl M=) Zaee T Gani b

61410 24 ~Im}; (b J10 2 Jm);.(s_,,uo 164 10\

tan—1 ( " ilt n w)

| 2 ' 2 2 ' 3 6 " 6
(%) (2,12), (12,2), and ( -8,  3); 3472, 142, 442, and 62,
(184, 193). 11. 4. 12. 7. 13. §
174*

9 * 15, 4(d-c)(c-a){a-1).

a*(my—mg) (my—m ) g wg) = 2m2mgmt

3(c; - e+ (my—my). 18, ; {(c, af  Ema” - “-.-)'} .

M~y MMy M- My
(3 8)-

10y + 3224 43—-0; 2a£+29,/+-)—0 Yy—acL t2; .,zuso_/ 47.

. (VB 3 H8); (1413, 31 1V3)

XI. (Pages 85 -87.)
rir2rycota W—ad 2. yiArr_Aa
(n+1)e =(m 1)a, 4, (min)(r?i y* 1 ad)-20z(m -n)—c

ry—c aec'-‘;'. 6 = y——dcosec’;’.
4 y=2¢ cosec w. 8. y- x=2ccosecw.
&*4 2zy 008 w4 Y2 — 4¢* cosect w,

(B*+yYcosw Ly (11 cos®w) x(ecosw i b)+y(heoswta)

. &(m roosw)+y (11 mcosw)~0.

(i) sdy~a-b=0;

(ii) y==z. 19. A straight line.

A circle, centre O. 25. A straight line,

It P be the point (k, k), the equation to the locus of § i
h &k

E+§=L
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ANSWERS, ’ v

XII, (Page %4.) °
(r-3y)(z—~4y)—~0; tan—? 0. 2, (2¢- 11y)(22--y)—0; tan—1 4.
(11z+2y) (32~ Ty)=0; tan~133. 4, r=1; r=2; 2=3.
y=#4. 8, (y+42)(y-22)(y B8r)=0;tan"}(-4); tan" ().
x(l-sinf)+ycos8=0; x(l+sind)+ycosd=0; 0.
ysind+zeosf= 1z ,/cos20; tan~1 (cosec d \/cos 26),
1252 - Tzy - 12y2=0; 1224 94ry -T1y=0; 22—y -0;
.r.‘-'—y”:O.
XIII. (Pages 98, 99.)

@ -3 4% 2 (3, D;tantd 3, (-4, ~§); 90°
(-1,1); tan—3. 6. -15. 7. 2. 8. —-i0or -174.

12. 10, 6. 11. 6. 13, 14. 13. -3.
4 or 1. 16, (i) c(a+b)=0; (ii) ¢—0, or ae—bd.
in4+6c=56; 5y Gr=14)

XV. (Page 112.)
(1) ¥2=4r; (2) 2034y 6.
(1) 22+ y%=2ca"; (2) 2° +y"—-2cy.
(0 = D)2 (£ +y%) = a?b2.
(1) 20y’ +a2=0 927+ 25y==225; 2% py=1.
L3 y?=rt; 2% - y?=a®cos 2a. 6. +¥-4y?_dal.
tan ‘ﬁ; WY

XVI. (Page 117,
2’ By 1120, 2. T4N32y - 1. 3. £?4yT=8.
y™H— 4’ cosecta.

XVII. (Pages 123—125.)

224y pdr - by =4, 2. F+yt+ 10z 4 12y =39,
1242 - 2ar 4 2y =2ab. 4, £y + 20z + by + 267 -0,
@4 6L 8. (5 1); F1B. 7. (". o); k.
- S .l _.:_’_’_f,;). ¢
=11 ~/J +o 0 (Ji-i-m” ~/1+m~’ !

1527+ 15y% - 942 4 18y 4 56 =0.

bt tyt-af) =g (W+M~a2). ' 15, 2t+yd-az-ly=0.
a?+y2— 22z — 3y +26=0. 17. 2'+y?-b6z-y+4=0.
3224 3y — 29z - 19y + 56 =0, .

b (22+ y?) ~ (a%+ b%) z +(a - b) (a3+5%)=0.

z’+y’-—3.t—4y=0.
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27.
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COORDINATE GEOMETRY.

z’+y‘—i———’(z+y)=0; —_—
a+

iyt hiz ~ hy=0, 24, 2+t ey\fai-1=bt

23+ y3- 102 — 10y + 25 =0. 268. z*+yiE2ar+ay+a?=0.

224yt 2 (5 x J12) (e +y) +37210 ,/12= 0.

a2+ y* - 6r+ 4y +9=0, or 23+ y?+10x+ 20y + 26 =0.

b+ ) = (VP +¢7). 30. 2% +y+6. /2y~ 65+9=0.
224 y?-3x +2=0; 2z’+2y’-5.¥—J3y+3=0;

21+ 2% - T~ /3y +6=0.
(e #2124+ (g +13)2= 6% 34, 8a148y°-25r-3y+18=0.

2 pyt=ad+ 0 22y -2(at+b)e +2(u-b)y +a’+0¥=0.

XVIIL. (Pages 134, 135.)

bz - 12y = 152, 9. 2z +10y+151=0.

T+2y = £2,/5. 4, z+Y4 g+ Y=L 5/ + -
(- ,:/EQ , ;/92> 8. c=a; (0, b). 7. Yes.
k=40 or =10, 0. acos?a+brin®at N/a’—-l-_b" sin®a.
da+Bb+C = xe \J4* 3 1

(1) y=mzxaJlim?; 2) my+z=%xa\J1+m?;

(3) ax 1y \J¥* Tat=ab; (4) z+y=anf2

2 a a2h? s 24 /9 =0 z° 2y 29- -0
- s 18 Py N2ar=0; x4 y* L, /Say <0,

c=b-am; c=b-am= J (L +m?) (a?+ 1),
2 +y? - 6z - 8y +131=0.
2 +92~3cz — 2ey +¢3- 0, where 2c=a + b+ yJu?+ b2

17. 5a’+5y’—10¢+303r/+49=0. 18, 23+9y*—-2cx - 2cy+ =0,

19. (-3 +(y-h)32=r2 20. 2*+3*—2ar-28y=0.
XIX, (Pages 144, 145.)

1. x+2y=7. 2. 8z-2y=11. 3. x£=0.

4, 23z45y=57. 5. ly-—ar=a3 6. (5, 10).

7. & -%)- 8. (1,—2)- 9. 4, -i)

10. (~2a, -2b). 1L 6, -3

13, 8y-2:=18; (-1, W) 13, (2 -1) - 14, 2P+ye=2dt

18. 3v46. 19, 9. VEFabTe. 21 (4, 9): b

23. (1) 28.1:’+33zy—28y’ 71'5z 106y + 4925=0;

(2) 12842 Gday + 8y® ~ 6642 + 226y +768=0,
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ANSWERS,
XX. (Pages'147, 148.)
(; NFLEY 8 t.m-lfj).

—32ra cosec o.. ¢o8 (§ — a) +ucot* e =0, r=2a 8in 4.
12— r{a cos (0 - ) + b cos (8 - 8)]+ ub cos {(a - 8):==0.
VP4 2ac=1.

XXI. (Page 149.)
o 4 & RINE
120°; ('”-;'af . i,;ﬂ); —;‘/‘-’ N/ T
0°; (8-6./3, 12-48); J4T-¢i3.
g-feosw f-goosw\  Nfifgr-Ygomw
sinte ' sinle }’ sin w
2y Fyt -2 (443 /2) -2y (B+4/2)+3(2/2- 1) =0.
rrzy+y*+ 11z 413y + 13 =0.
(e-2) (-2 +y-y) (- y") +eoswl(z-2) y - ¥")
+He-2") (-

XXII. (Pages 156—159.)

¥')1=0.

A circle. 5. A circle. 6. A cirele,

% gin?
a%sin® w
y? - 2ry cos ws

A circle. 12. A circle.
(1) A circle; (2) A circle; (3) The polar of 0.

4 , the given radii being the axes.

The curve r =a+«cos 8, the fixed point O being the migin and

the centre of the circle on the initial line.
The samae circle in each case. ’

%ab-+ N fa? T U7 85, Buafil; r=4a; 635+ Ly +100a=0,

(i) x=0, 8z+4y=10, y=4, and Sy=4z,
(i) y=mz+c /tFm, where
. L) 1(b-¢)

. Jar= (b ¥’ or JarZ p=op’
XXIIL# (Pages 164, 165.)

34348y~ 8 £20y =0, . 155 - 11y =144,
z+10y=2. 6. Ge-Ty+12=0. 7. (-3,-3).

{§ts 13) 1L (A1) (#9455 + 2N (x4 2Y)

=4 +06A.

(y - 2)?=0. 13. Take the equations to the circles as in

. 192,
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XXIV. (Pages 172, 173.)
8.. #'-y'+2mzy=e, 12, k{Z'+yN)+(a~c)y~chk=0.
13, 2'4yd-ez-by+al=0. 14, +y*-162-18y-4=0.

Pamienp 1 Gamar Britaix sy Ricaaap CLaY axv Comrasy, Lro.,
Bunoay, Svrrorx,



