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PREFACE.

THE following work will, I hope, be found to be a

fairly complete elementary text-book on Plane Trigo-
nometry, suitable for Schools and the Pass und Junior
Honour classes of Universities. In the higher portion of
the book I have endeavoured to present to the student,
as simply as possible, the modern treatment of complex
quantities, and I hope it will be found that he will have
little to unlearn when he commences to rcad treatises of
a more difficult character.

As Trigonometry consists largely of formule and the
applications thereof, I have prefixed a list of the principal
formule which the student should commit to memory.
These more important formul® are distinguished in the
text by the use of thick type. Other formule are sub-
sidiary and of less importance.

The number of examples is very large. A selection
only should be solved by the student oun a first reading.



vi PREFACE.

On a first reading also the articles marked with an
asterisk should be omitted.

Considerable attention has been paid to the printing
of the book and I am under great obligation to the
Syndics of the Press for their liberality in this matter,
and to the officers and workmen of the Press for the
trouble they have taken.

I am indebted to Mr W. J. Dobbs, B.A., late Scholar
of St John’s College, for his kindness in reading and
correcting the proof-sheets and for many valuable sug-
gestions.

For any corrections and suggestions for improvement

I shall be thankful.
S. L. LONEY.

Rovar, Horroway CoLLEGE,
Eamam, Surrey.
September 12, 1803,

PREFACE TO THE SECOND EDITION,

The Second Edition has been carefully revised, and it
is hoped that few serious mistakes remain either in the
text or the answers.

Some changes have been made in the chapters on
logarithms and logarithmic tables, and an additional
chapter has been added on Projections.

April 25, 1895,
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THE PRINCIPAL FORMULA IN

TRIGONOMETRY.
PART L
I. Circumference of a circle = 2xr. (Art. 12))
b
m=3-14159.. [Apprommatlons are 277: and ?f; (Art. 13.)
A Radian =57° 17’ 44-8” nearly. (Art. 16.)
Two right angles =180° = 2008 = = radians. (Art. 19.)
arc .
Angle = tadias Radian. (Art. 21.)
IL gin®d + cos?f=1;
sec?@=1+ tan®0;
cosec? =1 + cot? 0. (Art. 27.)
IIL. 8in 0°=0; 'cos 0° = 1. (Art. 36.)
sin 30° = ; ; cos 30°= “/3 (Art. 34.)
8in 45° =cos 45° =:/1—§ . (Art. 33.)
. ame  Af3 . 1

sin 60 =5/2—- cos 60 =—§. (Art. 35.)
8in90°=1; cos 90° = (Art. 37))

. Wf3-1 J3 +1
n 15° = 573 cos 15° = N (Art. 106.)
sin 18° = ~’54‘ 1. cos36° = 54* 1 (arts. 120, 121)



IV.

v.

Vi

THE PRINCIPAL FORMULZE IN TRIGONOMETRY.

sin (—6) =-sin 6 ; cos (- 6)=cosd. (Art. 68.)
sin (90° —6@)=cos @ ; cos (90°—6)=sin 6, (Art. 69.)
sin (90° + ) =cos 6; cos (90°+ 6)=—sinf.  (Art. 70.)
sin (180° —6) =sin @ ; cos (180°—6)=—cosf. (Art. 72.)
sin (180° + 6) =—sin 6 ; cos (180° + 6) = ~cos 6. (Art. 73.)
If sin f =sin q, then f=nr + (~ 1)"a. (Art. 82.)
If cos f=cosa, then §=2nr+a. (Art. 83.)
If tan § =tana, then §=nr 1+ a. (Art. 84.)
sin (4 + B) = sin 4 cos B + cos 4 sin B.

cos (4 + B) =cos 4 cos B—sin 4 sin B. (Art. 88.)
sin (4 - B) =sin 4 cos B —~ cos 4 sin B.
cos (4—B)=cosdcos B+sindsin B, (Art. 90.)

sin € + sin D = 2sin GL;:——I—)cosggn.
sin C —sin D = 2 cos Cgpsin C;D.
cos C + cos D = 2 cos C_;i) cosC’;D.
cos D—cos C=25in T L6in C22. (Are 04)

2sin 4 cos B=sin (4 + B) + sin(4 — B)

2 cos 4 sin B=sin (4 + B) - sin (4 — D).

2cos 4 cos B =cos (4 + B) + cos (4 - D).

2sin 4 sin B=cos (4 — By —cos (4 + B). (Art.97.)



THE PRINCIPAL FORMULA IN TRIGONOMETRY.

tan 4 + tan B
tan (4 + B) = 1-tanAtan B*
ta.n(A-—B): tan 4 —tan B

l+tandtan B°

sin 24 = 2sin 4 cos 4.

c0824 =cos? A —sin?A=1-2sin?4=9%cos? 4 —1.
2tan 4 1-—tan®4
sin 24 = Tt d’ os2A=1m.
2tan 4
ta.n2A=l—_Wz-.

sin 34 = 3 sin 4 — 4 sin® 4.
cos 34 =4 cos® 4 — 8 cos 4.

3tan 4 — t.a.n?é
1-3tan’4 °

tan 34 =

cin Ao \/l—cosii‘cosil_:b\/l+cos4
27" 2272 2

2sin-g==h~/l+sinzi*~/1—sin4.

2cosg=*\/1+sinA?~/l-—sinA.

tan (4 et )= T S
an (4 + Ay + ... + 4,) T—g+8,—~..
VIL log, mn = log, m + log, n.

log,,%":logam—logan

log, m"™ = n log, m

log, m = log, m x log, b.

xi

(Art. 98.)

(Art.

(Art.

(Art,

(Art.

(Art.

(Art.

(Art.

(Art.
(Art.

105).
109.)

105.)

107)

110.

136.)
147.)



xii THE PRINCIPAL FORMULZE IN TRIGONOMETRY,

VIIL sin A _sinB sin(

TSR (Art. 163.)

cos A =b—2—t2c;g;(iﬂ,... (Art. 164.)

sin % = «/(T—:IF_)I)E‘EEE) ...... (Art. 165.)
cos 3 = 1;—(_8—(;—?2),...... (Art. 166.)
tand =, /¢ - (13)_(3[5 ) (Art. 167.)

sin 4 =chJs (s—a)(s—b)(8—c),... (Art. 169.)
a=bcos 0+ccos]}, ...... (Art. 170.)
& yeeenee (Art 171)

S=Js(s-a)(s-b)(s~c)= %bcsinA:%ca sinB:%absinC.
© (Art. 198.)

b ° = (Arts 200, 201)

IX. k= 2smA Tosm B 9sinC 48"

1

AT=§-=(S—(I) tan%: e =..  (Arts. 202, 203.)

=S _stan?.  (Arts. 205, 206.)

8- 2

Area of a quadrilateral inscribable in a circle
=J{e=a)(s—b)(s—c) (s - d). (Art. 219))

ﬂg_g =1, when 6 is very small, (Art. 228.)

Area of a circle = a7, (Art. 233.)
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sin a + sin (a + B) +8in (a + 28) + ... to n terms
s

(Art. 241.)

cos a+cos (a+ B) + cos (a + 28) + ... to n terms

cos {0.4-”3—;*—1 B} sin "L_ZB

sinEf

2

(Art. 242.)






CHAPTER L

MEASUREMENT OF ANGLES, SEXAGESIMAL, CENTESIMAL,
AND CIRCULAR MEASURE,

1. IN geometry angles are measured in terms of a
right angle. This, however, is an inconvenient unit of
measurement on account of its size.

2. In the Sexagesimal system of measurement a
right angle is divided into 90 cqual parts called Degrees.
Each degree is divided into 60 equal parts called
Minutes, and each minute into 60 equal parts called
Seconds.

The symbols 1°,1/, and 1” are used to denote a degree,
a minute, and a second respectively.

Thus 60 Seconds (60”) make One Minute (1°),
60 Minutes (60) ,, » Degree (1°),
and 90 Degrees (90°) »,, ,» Right Angle.

This system is well established and is always used in
the practical applications of Trigonometry. It is not
however very convenient on account of the multipliers 60
and 90.

L. T 1



2 TRIGONOMETRY.

3. On this account another system of measurement
called the Centesimal, or French, system has been
proposed. In this system the right angle is divided into
100 equal parts, called Grades; each grade is subdivided
into 100 Minutes, and each minute into 100 Seconds.

The symbeols 1%, 1*, and 1" are used to denote a Grade,
a Minute, and a Second respectively.

Thus 100 Seconds (100") make One Minute (1Y),

100 Minutes (100) » Grade, (18),
100 Grades (100¢) ” » Right angle.

4. This system would be much more convenient to
use than the ordinary Sexagesimal System,

As a preliminary, however, to its practical adoption, a
large number of tables would have to be recalculated.
For this reason the system has in practice never been used.

B. To convert Sexagesimal into Centesimal Measurs,
and vice versa.

Since a right angle is equal% 90° and also to 1008, we
have *

90° = 100%,
o_ 108 _ 9
oo 1 =5 and 1‘—1—(-).

Hence, to change degrees into grades, add on one-
ninth ; to change grades into degrees, subtract one-tenth.

Bx. 86°= (36+5 x30 )" =4ox,
) s
and fds = (64 mEA 64) = (64— 6°4)°=57-6%,

If the amgle do not contain an integral number o(f
degrees, we may reduce it to a fraction of a degree an
then change to grades.



MEASUREMENT OF ANGLES. ]

In practice it is generally found more convenient to
reduce any angle to a fraction of a right angle. The
method will be scen in the following examples;

Bx. 1. Reduce 63°14' 51" to Centesimal Measure.

o AT
‘We have 51! = ~2~(—) =85,
. ]
and 1051 =1485'= 5 ou7p0,
s 63014517 =(3-2475°= "0 2275 14 angle

90
= 70275 rt. angle
=T0-275¢ =708 27-5' =708 27' 50"
Bx, 2. Reduce 947 23' 87" to Sexagesimal Measure.
048 23" 87" =-942387 right angle

90
84-81483 degrees

60
488898 minutes

60
533880 seconds.

~ 94523' 87" =84° 48’ 53-388".

6. Angles of any size.

Suppose 404’ and BOB’ to be two fixed lines meeting
at right angles in O, and suppose. ~
a revolving line OP (turning about Pg_—T—P1
a fixed point at O) to start from
OA and revolve in a direction
opposite to that of the hands of & A’ A
watch.

For any position of the re- Py Pe
volving line between OA4 and OB,
such as OP,, it will have turned:
through an angle AOP,, which is less than a right angle,

1—2

g
B



4 TRIGONOMETRY.

For any position between OB and 04, such as OP,,
the angle AOP, through which it has turned is greater
than a right angle.

For any position OP;, between 04’ and OB, the
angle traced out is AOP;, i.e. AOB +BOA'+ A'OP,, ie.
2 right angles + A’OP,, so that the angle described 1s
greater than two right angles.

For any position OP,, between OB’ and OA, the angle
turned through is similarly greater than three right angles.

When the revolving line has made a complete revo-
lution, so that it coincides once more with OA, the angle
through which 1t has turned is 4 right angles.

If the line OP still continue to revolve, the angle
through which it has turned, when it is for the second
time in the position OP,, is not AOP, but 4 right angles
+ AOQP,.

Similarly, when the revolving line, having made two
complete revolutions, is once more in the position OF,,
the angle it has traced out is 8 right angles + A0P,.

7. If the revolving line OP be between OA and OB,
it is said to be in the first quadrant; if it be between OB
and 04’, it is in the second quadrant; if between 04’ and
OF, it is in the third quadrant; if it is betwecn OB’ and
OA, it is in the fourth quadrants

8. Bx. What is the position of the revolving line when it has turned
through (1) 225°, (2) 480°, and (3) 1050°7

(1) Bince 225°=180°+45° the revolving line has turned through
45° more than two right angles, and it is therefore in the third quadrant
and halfway between 04’ and OB,

(2) Since 480°=360°+120° the revolving line has turned through
120° more than one complete revolution, and is therefore in the sesond
quadrant, i.e. between OB and 04’, and makes an angle of 30° with OB,



CIRCULAR MEASURE. b

(8) Since 1050°=11 x 90° +60°, the revolving line has tarned through
60° more than eleven right angles, and is therefore in the fourth
quadrant, i.e. between OB’ and 04, and makes 60° with OB,

EXAMPLES. L
Express in terms of a right angle the angles
1. 60°. 2. 75°15. 3. 63°17725”".
4. 130°30'. 5, 210°30° 30", 6. 370°20 48",
Express in grades, minutes, and seconds the angles
7. 80°. 8. 81°, 9. 138°30. 10. 35°47°15".
11, 235°12'36”. 12, 475°13748".
Express in terms of right angles, and also in degrees, minutes, and
seconds the angles
13. 120s. 14. 45835' 24", 15. 39s45' 36"
16. 25588'9". 17. 75980'5".
Mark the position of the revolving line when it has traced out the
following angles:

18. % right angle, 19. 8} right angles. 20. 133 right angles.
21. 120°, 22. 315° 23, 745°. 24. 1185° 25, 1508,
26. 420s. 27, 8758,

98. How many degrees, minutes and seconds are respectively passed
over in 11} minutes by the hour and minute hands of a watch ?

29, The number of degrees in one acute angle of a right-angled
triangle is equal to the number of grades in the other; express both the
angles in degrees.

30. Prove that the number of Sexagesimal minutes in any angle is
to the number of Centesimal minutes in the same angle as 27 : 50.

31. Divide 44°8’ into two parts such that the number of Sexagesimal
seconds in one part may be equal to the number of Centesimal seconds in
the other part.

Circular Measure.

9. A third ‘system of measurement of angles has
been devised, and it is this system which is used in all
the higher branches of Mathematics.



6 TRIGONOMETRY.

The unit used is obtained thus;

Take any circle APBB’, whose centre is 0, and from
any point 4 measure off an arc
AP whose length is equal to ghe
radius of the circle. Join OA and
OP.

The angle AOP is the angle
which is taken as the unit of cir-
cular measurement, 7.e. it is the
angle in terms of which in this
gystem we measure all others. -

This angle is called A Radian and is often denoted
by 1°

10. It is clearly essential to the proper choice of a
unit that it should be a constant quantity ; hence we must
shew that the Radian is a constant angle. This we shall
do in the following articles.

11. Theorem. The length of the circumference of a
circle always bears a constant ratio to its diameter.

Take any two circles whose common centre is 0. In
the large circle inseribe a regular
polygon of n sides, ABCD.... D
Let 04, OB, 0C,... meet the " c
smaller circle in the points a, b, /}‘ B
¢, d... and join ad, be, cd,.... - A‘ A
Then, by Euec. V1. 2, abed... is
a regular polygon of n sides in-
scribed in the smaller circle.

Sinee Oa = 0b, and OA4 = OB,
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the lines ab and 4B must be parallel, and hence
%i—? = %:— . (Euc. vI. 4).
Also the polygon A BCJ... being regular, its perimeter,
1.e. the sum of its sides, is equal to n..4B. Similarly for
the inner polygon.
Hence we have
Perimeter of the outer polygon n.AB AB 04
Perimeter of the inner polygon “n.ab ab  Oa

This relation exists whatever be the number of sides
in the polygons.

Let then the number of sides be indefinitely increased
(i.e. let n become inconceivably great) so that finally the
perimeter of the outer polygon will be the same as the
circumference of the outer circle, and the perimeter of the
inner polygon the same as the circumference of the inner
circle.

The relation (1) will then become

Circumference of outer circle 04
Circumference of inner circle  Oa

_ Radius of outer circle

" Radius of inner circle”

He Circumference of outer circle
Radius of outer circle
_ Circumference of inner circle
Radius of inner circle
Since there was no restriction whatever as to the sizes
of the two circles, it follows that the quantity
Circumference of a circle
Radius of the circle
is the same for all circles.
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Hence the ratio of the circumference of a circle to its
radius, and therefore also to its diamecter, is a constant
quantity.

12. 1In the previous article we have shewn that the
Circumference .
" Diameter
of this constant ratio is always denoted by the Greek

letter 7 (pronounced Pi), so that 7 is a number.

ratio s the same for all circles. The value

Hence QEC}.I—IM =the constant number ar,
Diameter

We have therefore the following theorem; The cir-

cumference of a circle is always equal to 7 times

its diameter or 27 times its radius.

13. Unfortunately the value of = is not a whole
number, nor can it be expressed in the form of a vulgar
fraction, and hence not in the form of a decimal fraction,
terminating or recurring Tt

The number o is an incommensurable magnitude, t.¢. a
magnitude whose value cannot be exactly expressed as the
ratio of two whole numbers.

Its value, correct to 8 places of decimals, is

3:14159265...

The fraction ? gives the value of 7 correctly for the
first two decimal places; for 27 = 314285...,

5!
The fraction %—-3 18 a more accurate value of a, being
355

correct to 6 places of decimals; for 113 = 9'14159203....
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"
{N.B. The fraction ?—i—;
first three odd numbers repeating each twice, thus 113355; divide the
number thus obtained intotwo partsangd let the first part be divided into
the second, thus 113) 355(.

The quotient is the value of » to 6 places of decimals.]

may be remembered thus; write down the

To sum up. An approximate value of 7, correct

22
to 2 places of decimals, is the fraction ~5 ; amore

accurate value is 3-14159....
By division, we can shew that
1

-n-—

3183008862....

14. Ex. 1. The diameter of a tricycle wheel is 28 inches; through
what distance does its centre move during one revolution of the wheel?

The radius r is here 14 inches.

The circumference therefore =2.r ., 14 =28 inches.

If we take = —2,72-, the circumference =28 x —2,72- inchesé] ft. 4 inches

approzimately.
If we give 7 the more accurate value 3:14159265..., the circumference

=28 x 8-14159265... inches =7 ft. 3-96439... inches,
Bx. 2. TWhat must be the radius of a circular running path, round
which an athlete must run 5 times in order to describe one mile?
The circumference must be -51-x 1760, i.e, 352, yards.

Hence, if r be the radius of the path in yards, we have 2wr=:352,

ie. r= 176 yards.
T
Taking »= %2- , we have r= 1722)( 7= 56 yards nearly.

Taking the more acourate value ;1_ =+31831, we have

r=176 x -31831 =56-02356 yarda.
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EXAMPLES, II.

1. If the radius of the earth be 4000 miles, what is the length of its
circumference?

2. The wheel of a railway carriage is 8 feet in diameter and makes
8 revolutions in a second ; how fast is the train going?

8. A mill gail whose length is 18 feet makes 10 revolutions per
minute. What distance does its end travel in an hour?

4. The diameter of a halfpenny is an inch; what is the length of a
piece of string which would just surround its curved edge?

5. Assuming that the earth describes in one year a circle, of
92500000 miles radius, whose centre is the sun, how many miles does the
earth travel in a year?

8. The radius of a carriage wheel is 1 ft. 9 ins,, and in %th of a

second it turns through 80° about its centre, which is fixed; how many
miles does & point on the rim of the wheel travel in one hour?

15. Theorem. The radian is a constant angle.
Take the figure of Art. 9. Let the arc 4B be a

quadrant of the circle, v.e. one quarter of the circum-
ference.

By Art. 12, the length of A B is therefore %r , where r

is the radius of the circle.
By Eue. v 33, we know that angles at the centre of
any circle are to one another as the arcs on which they

stand. ‘R
Hence 2 AOP a.rcAP__r_2
£ZAOB arc AB T’
21'
t.6 AAOP—— ZAOB,

But we deﬁned the angle AOP to be a Radian,
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Hence a Radian = -2— .2A40B

m
2 of a right angle, -
= of a right angle.

Since a right angle is a constant angle, and since we
have shewn (Art. 12) that o is a constant quantity, it
follows that a Radian is a constant angle, and is therefore
the same whatever be the circle from which it is derived.

16. Magnitude of a Radian.

By the previous article, a Radian
180°

2 .
=_Xa right angle =

=180° x ‘3183098862... = 57-2957795°
= 57°17' 448" nearly.

17. Since a Radian = % of a right angle,

therefore a right angle = Z—; .radians,

so that 180° =2 right angles = = radians,
and  360° =4 right angles = 27 radians.

Hence, when the revolving line (Art. 6) has made a
complete revolution, it has described an angle equal to
27 radians; when it has made three complete revolutions,
it has described an angle of 6« radians; when it has made
n revolutions, it has described an angle of 2nr radians.

18. In practice the symbol “¢” is generally omitted,
and instead of “an angle #*” we find written “an
angle =.”
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The student must notice this point carefully. If the
unit, in terms of which the angle is measured, be nos
mentioned, he must mentally supply the word “radians.”
Otherwise he will casily fall into the mistake of supposing
that 7 stands for 180°. It is true that 7 radians (#°)is
the same as 180°, but 7 itself is a number, and\n number
only.

19. To convert circular’ measure into sexagesimal
measure or centestmal measure and vice versa.
The student should remember the relations
Two right angles = 180° = 200 # = 7 radians,
The conversion is then merely Arithmetic,
Bx. (1) -45w°= 45 x 180°=81°=90s,
o) Bo=2xwe= 2 x180°= 2 x 2008,
® 40° 15’ 36" =40° 15§ = 40-26°

Lo . .
=40 =99 X
=4026 x 5= 2236 radians
. “w__ . £ — 15 Ld H
(4) 405 15' 36" =40'15305 = 401536 x 5 radians
=-200768x radians.

20. Bx.1. The angles of a triangle are in A. P. and the number of
grades in the least is to the number of radians in the greatest as 40 : w;
Jind the angles in degrees.

Let the angles be (z - y)°, 2°, and (z +y)°.
Since the sum of the three angles of a triangle is 180°, we have

180=z~y+zx+2x+y=3s,
80 that £ =60.
The required angles are therefore
(60 - y)°, 60° and (60+y)°,

0
Now (60 -y)°=-5x (60~y)s,

and (60+49)°= 118'(_) x (60 +y) radians,
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Hence (60 -1) : 5 (60 +9) 40wy
20060-y _ 40
w 0+y =’
t.e. 5(00~y)=60+y,
i.e. y =40.

The angles are therefore 20°, 60°, and 100°.

Bx. 3. Ezpress in the 3 systems of angular measurement the magni-
‘tude of the angle of a regular decagon.

The-eorollary to Euc. I. 32 states that all the interior angles of any
yectilinear figure together with four right angles are equal to twice as
many right angles as the figure has sides.

Let the angle of a regular decagon contain z right angles, so that
all the angles are together equal to 10x right angles.

The corollary therefore states that

10z +4 =20,
80 that x=§ right angles.
But one right angle
=90°=1008= 7—"2- radiana,
Hence the requirced angle
=144°=1608= 45': radians,
EXAMPLES. IIL

Express in degrees, minutes, and seconds the angles,
e 4are

1. 3 2. 3 3. 10x 4. I 5. 8
Express in grades, minutes, and seconds the angles,
4x° <
6. . 7. T 8. 10x°,
Express in radians the following angles:
9. 60° 10. 110°30". 11. 175°45. 12. 47°25'86".
18. 895°. 14, 60s, 15. 110830 16, 845125 86",

17. The difference between the two scute angles of a right-angled

<

. .2 .
triangle is 5 radians; express the angles in degrees,
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18. One angle of a triangle is gz grades and another is gz degrees,

whilst the third s 7,;—:5‘ radians ; express them all in degrees.
19. The circular measure of two angles of & triangle are respectively

% and %; what is the number of degrees in the third angle?

20. The angles of a triangle are in a. p. and the number of degrees
in the least is to the number of radians in the greatest as 60 to »; find
the angles in degrees.

21. The angles of a triangla are in A. P. and the number of radians
in the least angle is to the number of degrees in the mean angle as 1:120.
Find the angles in radians.

22, Find the magnitude, in radians and degrees, of the interior
angle of (1) a regular pentagon, (2) a regular heptagon, {3) a regular
octagon, (4) a regular duodecagon, and (5) a regular polygon of 17 sides.

23. The angle in one regular polygon is to that in another as 8 : 3;
also the number of sides in the first is twice that in the second; how
many sides have the polygons?

24. The number of sides in two regular polygons are as 5 : 4, and
the difference between their angles is 9°; find the number of sides in
the polygons.

25. Find two regular polygons such that the number of their sides
may be as 3 to 4 and the number of degrees in an angle of the first to the
number of grades in an angle of the second as 4 to 5.

26. The angles of a quadrilateral are in A. p. and the greatest ia
double the least; express the least angle in radians.

27. Find in radians, degrecs, and grades the angle between the
hour-hand and the minute-hand of a clock at (1) half-past three,
(2) twenty minutes to six, (3) a quarter past eleven.

28, Find the times (1) between four and five o’clock when the angle
between the minute-hand and the hour-hand is 78°, (2) between seven and
eight o’clock when this angle is 54°.

21. Theorem. The number of radians tn any angle
whatever 18 equal to a fraction, whose numerator is the arc
which the angle subtends at the centre of any circls, and
whose denominator 18 the radius of that circle.
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Let AOP be the angle which has been described by a
line starting 'from OA and revoly-
ing into the position OP.

With centre O and any radius
describe a circle cutting 04 and
OP in the points 4 and P.

Let the angle AOB be a radian,
so that the arc AB is equal to the
radius O4.

By Eue. v 33, we have

~ £40P £AQOP arc AP arc AP
A Radian = £A0B ™~ arc AB  Radius’
go that ZAOP= ﬂﬂ)
Radius
Hence the theorem is proved.

of a Radian,

22. Bx.1l. Find the angle subtended at the centre of a circle of
radius 3 feet by an arc of length 1 foot.
arg

The number of radians in the angle = -,
radius

1
= § -
Hence the angle
) 12 . 2 60°
=3 radian = 35 right angle= 55 % 90° = == 1949,
. 22
taking = cqual to T

Bx. 2. Inacircle of 5 feet radius what is the length of the arc which
subtends an angle of 33°15’ at the centre ?
If x feet be the required length, we have

%’:nﬁmber of radians in 33° 16’

33
- 1-‘:;% x (Art. 19).
188
720"
. . 183 183 23
R 77 feet = i T feet nearly

=244 fool nearly.
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Bx. 8. Adssuming the average distance of the earth from the sun to be
92500000 miles, and the angle subtended by the sun at the eye of a person
on the earth to be 32, find the sun’s diameter.

Let D be the diameter of the sun in miles.

The angle subtended by the sun being very small, its diameter is very
approximately equal to a small arc of a circle whose centre is the eye of
the observer. Also the sun subtends an angle of 32’ at the centre of this
circle.

Hence, by Art. 21, we have

- D
s D . .
32500000 the number of radians in 32’
’ g°
=the number of radians in i
=8, r 2r
X807 6750
185000000 .
& D= A miles
—1.8_59_0—02(—)9 x 22 miles approximatel.
=% 7 25 J

=about 862000 miler,

Bx. 4. Assuming that a person of normal sight can read print at such
a distance that the letters subtend an angle of 5 at his eye, find what is
the height of the letters that he can read at a distance (1) of 12 feet, and
(2) of a quarter of a mile.

Let z be the required height in feet.

In the first case,  is very nearly equal $o the arc of a circle, of radius
12 feet, which subtends an angle of 5’ at its centre.
i

i 2=nuznber of radians in §’

Hence

X
=13 % 180"

& G::L- feet:—l— x 2—2-

150 180 %7 feet nearly

1 22, 1,
- X inches=about i inch,
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In the second case, the height y is given by

Zm!!;a:number of radians in &
_ 1 »
=12 * 180’
11 11 22
= 1
go that V=133 XT — feet nearly

=about 23 inches.
EXAMPLES. IV.

[Assume x=314159... and -11; =-31931.]

1. Find the number of degrees subtended at the centre of a circle by
an arc whose length is -857 times the radius.

2. Express in radians and degrees the angle subtended at the centre
of a circle by an arc whose length is 15 feet, the radius of the circle
being 25 feet.

3. The value of the divisions on the outer rim of a graduated circle
is 5’ and the distance between successive graduations is 1 inch., Find
the radius of the circle.

4., The disameter of a graduated circle is 6 feet and the graduations
on its rim are 5§’ apart; find the distance from one graduation to
another.

5. Find the radius of a globe which is such that the distance between
two places on the same meridian whose latitude differs by 1° 10’ may be
half-an-inch.

6. Taking the radiue of the earth as 4000 miles, find the difference

;lﬂn latitude of two places, one of which is 100 miles north of the other.

7. Assuming the earth to be a sphere and the distance between
two parsllels of latitude, which subtends an angle of 1° at the earth’s
centre, to be 69} miles, find the radius of the earth.

8. The radius of a certain circle is 3 feet; find approximately the
length of an aro of this circle, if the length of the chord of the arc be
8 feet also., ‘)',

9. What is the ratio of the radii of two circles at the centre of which
two arcs of the same length subtend angles of 60° and 75°?

10. If an arc, of length 10 feet, on a circle of 8 feet diameter
subtend at the centre an angle of 148°14’22”; find the value of w
to 4 places of decimals,

L. T. 2
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11. If the circumference of a circle be divided into 5 parts which are
in a.p., and if the greatest part be 6 times the least, find in radians
the magnitudes of the angles that the parts subtend at the centre of the
circle. )” 3 by

12. The perimeter of & certain sector of a circle is equal to the length
of the arc of a semicircle having the same radius; express the angle of
the sector in degrees, minutes, and seconds.

13. At what distance does a man, whose height is 6 feet, subtend an
angle of 10'?

14, Find the length which at a distance of one mile will subtend
an angle of 1’ at the eye.

15. Yind approximately the distance at which a globe, 63 inches in
diameter, will subtend an angle of ¢'.

16. Find approzimately the distance of a tower whose height is
51 feet and which subtends at the eye an angle of 54

17. A church splre, whose height is known to be 100 feet, subtends
an angle of 9’ at the eye; find approximately its distance.

18. Find approximately in minutes the inclinalion to the horizon of
v an incline which rises 8% feet in 210 yards.

19. The radius of the earth being taken to be 3960 miles, and the
distance of the moon from the earth being 60 times the radius of the
earth, find approximately the radius of the moon which subtends at the
earth an angle of 16’

. 20, When the moon is setting at any given place, the angle that is
subtended at its centre by the radius of the earth passing through the given
place is 57, If the earth’s radius be 3960 miles, find approximately the
distance of the moon.

21, Prove t distance of the sun is about 81 million geo-
graphical mi ing that the angle which the earth’s radius
subtends 2% the distance of the sun is 8:76", and that a geographical

mile subtends 1’ at the earth’s centre. Find also the oircumference and
diameter of the earth in geographical miles.

22, The radius of the carth’s orbit, which is about 92700000 miles,

snbtends at the star Sirius an an(.,le of about 4”; find roughly the
distance of Siiius,




CHAPTER IL

TRIGONOMETRICAL RATIOS FOR ANGLES LESS THAN
A RIGHT ANGLE.

23. IN the present chapter we shall only consider
angles which are less than a right angle.
Let a revolving line OP start from OA and revolve
into the position OP, thus tracing out L] B
the angle A0P. “
In the revolving line take any
point P and draw PM perpendicular o
to the initial line.0A. o oA
In the triangle MOP, OP is the - 1
hypothenuse, PJ is the perpendicular, and O is the base.
The trigonometrical ratigs, or funections, of the angle
AOQP are defined as follows:

MP . . :
0P “& 1;;}% , 18 called the Sine of the angle 40P;

0P t.e. Hyp.’ " . Cosine - . N
(ji)l]IT)’ e %ais%’ ” » ‘Tangent L
'%J% » Se. I}EZ‘?S; » » » Cotdngent , »
P e P—g;%, » » Cosecant » »
'OQA!}' L.e. I%%;% > » » Secant . -
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The quantity by which the cosine falls short of unity,
t.e. 1 —cos AOP, is called the Versed Sine of AOP; also
the quantity 1 —sin 40P, by which the sine falls short of
unity, is called the Coversed 8ine of AOP. .

24. It will be noted that the trigonometrical ratios
are all numbers.

The names of these eight ratios are written, for
brevity,
sin AOP, cos AOP, tan AQP, cot AOP, cosec AQP,
sec AOP, vers AOP, and covérs AOP respectively.

The two latter ratios are seldom used.

25. Tt will be noticed, from the definitions, that the
cosecant is the reciprocal of the sine, so that

1
N cosec AOP=S——————-in T0P
So the secant is the reciprocal of the cosine, 1.e.
- 1
n o e———
sce AOP = cos A OP’
and the cotangent is the reciprocal of the tangent, f.e
1
cot AOP = m .

26. To shew that the trigonometrical ratios are always
the same for the sume angle.

We have to shew that, if in
the revolying line OP any other
point P’ be taken and P’M be
drawn perpendicular to OA, the
ratios derived from the triangle
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OP’M’ are the same as those derived from the triangle
OPM.

In the two triangles, the angle at O is common, and
the angles at M and M’ are both right angles and there-
fore equal.

Hence the two triangles are equiangular and therefore,
by Euc. VL 4, we have f)_[;i = %’—Ig , t.e. the sine of the angle
AOP is the same whatever point we take on the revolying

' line.
Since, by the same proposition, we have
OM 0N d MP MNP
opP =~ op ' omu = oir’
it follows that the cosine and tangent are the same
whatever point be taken on the revolving line. Similarly
for the other ratios.

It O4 be considered as the revolving line, and in it be taken any
point P and P”M” be drawn perpendicular to OP, the functions as
derived from the triangle 02”M"” will have the same values as before.

For, since in the two triangles OPA and OP”M”, the two angles
P’OM" and OM”P” are respectively equal to POM and OMP, these
two triangies are equiangular and therefore similar, and we have

M"P" MP oM" OM
op =or' ™ op=0P"

27. Fundamental relations between the trigonometrical
ratids of an angle.

We shall find that if one of the trigonometrical ratios
of an angle be known, the numerical magnitude of each of
the others is known also.

Let the angle AOP (Fig., Art. 23) be denoted by @
[pronounced “ Theta ”].

In the triangle MOP we have, by Euc. L. 47,

MP*+ OM? = OP.ccvnnnnriranns(1).
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Hence, dividing by OP?, we have

(or) +(op) -
te. (sin 6)* + (cos 6)*=1.

The quantity (sin 6)? is always written siu’ 6, and so for
the other ratios.
Hence this relation is

sin?0+ cos?f=1............ eeeee(2)
Again, dividing both sides of equation (1) by OM?, we

have y P
MP\ OP\
() +1= (o) -
t.e. (tan 8)* + 1 =(sec 6",
so that sect0=1+tan?0 ...ccoeveernnnn. 3

Again, dividing equations (1) by MP? we have
oM OP\
1+ (- ()

MP MP)’
t.e. 1 + (cot 8)* = (cosec ),
go that cosec?f = 1 +cot?l............ (4)-

Also, since sin 8 = lg—? and cos 6 = %]‘1{,

gnd MP OM _MP

wohave op=p*op= o= Bé
sin 6
t N X
Hence an0 m (5)
cos 0

Similarly cotf= ey TR veenees (6).
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28. Ex.1. Prove that , /i;‘;z:j=coaeCA—COl4'

We have '\/1 ~cosd _  [(l-cosd): ,
l+cosd 1-cos3d

l-coad 1-cosd

=J1—cos’A— sind °

by relation (2) of the last article,

1 cos 4
= m_.coseo;.l ~cot 4.

Bx. 3. Prove that
J sec? A +cosec? A =tan A +cot 4.
We have scen that sec? 4 =14 tan’4,

and cosec’ d=1+cot? 4,

& 8ol 4 4 cosec? A =tand A + 24 cot? 4
=tan®4 +2tan 4 cot 4 ; cot? 4.

=(tan 4 +cot 4)3,

%o that /5267 4 + cosec® A =tan 4 +cot 4,

Bx. 8. Prove that
(cosec A —sin A) (sec A —cos d) (tan 4 +cot 4)=1,

The given expression

1 . 1 sind oosd
= (s'm aun A) (COS a7 A) (oos 4504
1-gin?4 1-cos?4d sin?Ad4oos?dd
sind ' ocosd ' sindocoad
cos?d sinld 1
" 8ind "ocosA "sindcosd

ml,
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EXAMPLES. V,

Prove the following statements,

1
2.

3.

10.

11.

12.

13.

14.

15,

1.
17.

costd —sint 4 +1=2cos3 4.
(8in 4 +cos 4) (1-sin 4 cos 4} =sind 4 +cos® 4

sin 4 1+4+cos 4
Ticosd T smd —200scod,

cos% 4 +sinf A=1-3sin34 cos® 4.

/1"sin 4
m_sec,d—tnn A.

cosec 4 cosec A

_coseed | ooss04 a

cosec 4—-1 " cosec 4+1 2sect 4.

___°°_§_e°.:‘__cos,4

cotA+tand :

(sec 4+ cos 4) (sec 4 - cos A)=tan? A +sin? 4,
1 =sin 4 A

cot A +tan 4™ cos 4.

———l———secA+tanA.

secd—tan 4

}-t&nA_cotA-—l
l1+tand " cot4+1°

l4tan4 s_i_ll’A
T¥cot?d ~cost4d"

secd —~tan 4
secd +tan 4

tan 4 cot 4

=1-2secdtan 4 +2tan? 4,

oot d +I—_—m=secAcoscoA+L
cos A 8in 4 .
Totand ¥ T-coi 4~ 04 +o0n4.

(sin 4 + cos 4) (cot 4 + tan 4) =se0 4 + coseo A.
salff 4 - sect d=tan' 4 +tand 4,
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18. cottd 4-cot? 4 =cosec* 4 ~ cosec? 4,

19. «/cosec® 4 ~ 1=cos A cosec 4.

20. sec?d cosec? 4 =tan? 4 +cot?d +2.

21. tan?4 -sin?A =gin4 sec® 4,

22. (14cotd —cosecd)(l+tan 4 +secd)=2.
1 1 1 1

23. cosecd—cotA mind sind  coseod+cotd"
24, cotdcosd  cotd~cosd
cot A+cosd  cotdcosd °
B
g5, KtdttenB_ . itanD.

cot B +tan 4

28 1 + cos?a sinta 1-~cos?asin?a
* \sec?a-cos?a = cosecda-—sin’a " 2+cos?asin®a’

7. sin®A4 - cos® 4 =(sin% 4 — cos? 4) (1 -2 sin? 4 cos? 4).

co8 4 cosec 4 —sin 4 sec 4

28. cos A+s8in 4

=cosec 4 = gec A,

tand +sec4-1_ 14sind
tanAd —secd+1” cosd

29,

30. (tan a+ cosec 8)?~(cot 8~ sec a)?=2 tan a cot B (cosec a 4 go0 §).
31. 2sec?a-—secta—2cosec?a+ coscct a=cotéa — tanta.
82. (sina+coseca)’+(cosa+seca)’=tan?a+oot*a+Ts

33. (coseod +cot A) covers 4 — (sec 4 +tan 4) vers 4
=(cosec 4 —seo 4) (3~ vers 4 covers 4).

seo 4 coseo 4

84. (1+ocotAd+tan 4)(sin 4 ~cos 4)ym—— cosocid ~ secid *

85. 2versin A +cos?4d=1+versin? 4,

29. Limits to the values of the trigonometrical ratios,
From equation (2) of Art. 27, we have

sin'8 + costd = 1.
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Now sin?@ and cos?8, being both squares, are both
necessarily positive. Hence, since their sum is unity,
neither of them can be greater than unity.

[For if one of them, say sin? §, were greater than unity, the other,
cos? 8, would have to be negative, which is impossible.]

Hence neither the sine nor the cosine can be numeri-
cally greater than unity.
Since sin @ cannot be greater than unity, therefore

cosec 6, which equals 0, cannot be numerically less
than unity.
So sec 8, which equals (:7.-;—0, cannot be numerically

less than unity.

30. The foregoing results follow easily from the figure
of Art. 23.

For, whatever be the value of the angle AOP,
neither the side OM nor the side MP is ever greater
than OP.

Since MP is never greater than OP, the ratio 0 II;
pever gueater than unity, so that the sine of an angle is
never greater than unity.

Also, since OM is never greater than OP, the ratio %Jg

is never greater than unity, i.e. the cosine is never greater
than unity.

81. We can express the trigonometrical ratios of an
angle in terms of any one of them.
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The simplest method of procedure is best shewn by
examples.

¢
Ex. 1. 70 express all the trigono- P

metrical ratios in terms of the sine. ",
Let AOP be any angle 6.

Let the length OP be unity and let e Mf’ A
the corresponding length of MP be s.
By Euc. 1. 47, OM =VOP' - MP* = V1 -8,
MP

) s

Hence sm0=UP—-l—=s,
cosB=%—§_{=«/l—s’=~/l—sin’9,
ta.n0=ﬁIP s sin &

W[=Vl—¢’=dl—sin’0'

cot 0= OM _V1—s V1—sin?g

MP~™ "¢ ~ smg
_opP 1 1
cosece—ﬂp=;=m,
and secO=O—P 1 1

O~ Vi—s Vi—smd'
The last five equations give what is required. .
Ex. 2. To express all the trigonometrical ralvos sn
terms of the cutangent.

Taking the usual figure, let the
length MP be unity, and let the corre-
sponding value of OM be .

By Euc. 1. 47,

OP=vVOM + MP=V1+2a"
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oM =
Hence COte=ATP=T=‘°'
sin0=£[£=_1 - 1 .
0P Vita v1+cotd’
cosG—QM__ﬁfi___ cot 8
OP " ¥i+a  Witootd’
MP 1 1
tan0=.0_M=5=m’
OP _v1+a*_v1+cot'd
S0 0= N~ s = cotd
OP V1+2* ,—s
and cosec@:z-l_j):- : = ViToord.

The last five equations give what is required.

It will be noticed that, in each case, the denominator
of the fraction which defines the trigonometrical ratio was
taken equal to unity. For example, the sine is %g, and
hence in Ex. 1 the denominator OP is taken equal to
unity.

The cotangent is %, and hence in Ex. 2 the side M P

is taken equal to unity.
Similarly suppose we had to express the other ratios
in terms of the cosine, we should, since the cosine is equal

to -(Oug, put OP equal to unity and OM equal to 6. The

working would then be similar to that of Exs. 1 and 2.
In the following examples the sides have numerical
values,
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Bx. 8. If cosf equal g, Jind the values of the other ratios.

Along the initial line OA take OM equal to 3, and erect a perpen-
dicular MP.

Let a line OP, of length 5, revolve round O until its other end meects
this perpendicular in the point P. Then AOP is the angle 6,

ByEuc.1. 47, MP=,/0PA<0iP=./5-31=4.

Hence clearly

cow:§ cosecoz-g, and aec0=g.

sin&:é. tanﬂ:%, 1

Bx. 4. Supposing 0 to be an angle whose sine is l, to find the numeri-

cal magnitude of the other trigonometrical ratios.

so that the relation (2) of Art. 37 gives

1 :

(’5) +cos? =1,
1 8

008’0:1—§=§,

2/

008 0=—3-.

Here sin 0=%,

te

t.e

_sino 1 _,J?
2- 4°

Henoe tan 0—665_0 =3

oot 0=, 1 =273,

tan @

1
00860 0= . =5,

_1 3 8
Bo0 0=y = 527 T4
m0=1-ooaa=1-2—“ég,

and overs'-l-uh;ﬁal—%:%.
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EXAMPLES. VL

Txpress all the other trigonometrieal ratios in terms of the cosine.
Express all the ratios in terms of the tangent.
Express all the ratios in terms of the cosecant,

Expross all the ratios in terms of the secant.

The sine of a certain angle is Z ; find the numerical values of the

other trigonometrical ratios of this angle.

6.
7.
8.
9.
10.
11,
12.

13.

14.
15.
16.
17
18.
19.
20.
21

22.

If sin 0_ﬁ' find tan @ and versin 8,

If sin 4 =(1)—l find tan 4, cos 4, and seo 4.

If cos 0=— , find sin § and cot 6.

If cos A=—, find tan 4 and cosco 4.
41 , 4
P P

If tan 0=2, find the sine, cosine, versine and coscbant of 4.

cosect § — sec? @

If tan 0_7— find the value of cosec? 4 5cct R’

If cot 0 :—é— , find cos 6 and cosec 0,

If soc 4 _-§ , find tan 4 and cosec 4.

If 28in 0=2~00s8, find sin g,

If 8sin8=4+cosg, find sin g,

If tan @ +sec 6=1'6, find sin g,

1t cot 8 -+ cores 8==5, find cos .

If 8 sect 8+ 8=10sec?4, find the values of tan 8,
If tan® @ + sec 9= 5, find cos d.

If tan 8 4-cot 6 =2, find sin 8.

If sec?@=2+2tan g, find tan 6.

2z (z+1)
Iftan 0= .—_2'11-1

, find sin ¢ and cosd.
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Values of the trigonometrical ratios in
some useful cases,

e
33. Angle of 45°
Let the angle AOP traced out P
be 45°, o
Then, since the three angles of Y a,/2

a triangle are together equal to \
. 15° \
two right angles, 6 a2 WM A ‘\
£40PM =180~ POM—2PMO /7
=180°—~45° - 90°=45° =« POM,
o OM=MP,
If OP be called 2a, we then have
4= OP'= OM*+ MP*=2.0M},
so thab OM =ay2.
< ar0 MP a2 _
. 8In 45° = =0PF ™ “/ «/2 ,
cos 45° —%Ig a:\/2 ~/12-

and tan 45°=1.

84 Angle of 30°. P

Let the angle 40P traced
out be 30°. 7 a

Produce PM to P’ making al
MP equal to PM. o< aJ3 M

The two triangles OMP and Ny
OMP have their sides OM and s
MP equal to OM and MP and pr
also the contained angles equal,

Therefore OF’ = OP, and 20P'P = 2 OPP =60° so
that the triangle P’'OP is equilateral,
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Hence, if OP be called 2a, we have
MP=4{PP=30P=a.

Also OM =vOI* — MNP = Via* —a* = ay/3.
MP 1

o*. 81n 30° = =35

or

. OM an3 #3
cos 30°=Gp=%¢ ~ 2
o_8in30° 1
a.nd tan 30 _60—8_:3_6—0—\/3'

35. Angle of 60°.

Let the angle AOP traced
out be GO°.
Take a point IV on OA, so
that
MN = OM = a (say).

The two triangles OMP and
NAMP have now the sides OM
and MP equal to NM and MP
respectively, and the included
angles equal, so that the triangles are equal.

‘. PN=0P,and £ PNM =, POM = 60°,
The triangle OPN is therefore equilateral, and hence
OP =0N = 20M = 2a.

. MP=/OP - OMi=vVéa*—a*=+3.a.
LT 8
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MP _J3a 43

Hence sin 60 =P " 9. = 3"
o OM a 1
cos GO =0P=3, "3
o_siu 60°
and tan 60 _C——OSW_JS_

36. Angle of 0°.
Let the revolving line OP have turned through a very

small angle, so that the angle ¢

MOP is very small, p v
The magnitude of MP is Jg==—"g>—R '

then very small, and initially, ¢

before OP had tufned through an angle large enough to
be perccived, the quantity M P was smaller than any quan-
tity we could assign, t.e. was what we denote by 0.

Also, in this case, the two points M and P very nearly
coincide, and the smaller the angle AOP the more nearly
do they coincide.

Hence, when the angle AOP is actually zero, the two
lengths OM and OP are equal and MP is zero,

MP 0

Hence sin 0 =O-l)'=(—)'}')=0,
o _OM 0P _
cos 0 "UP_()—‘P‘I’
and tan 0°=¢ =0,
o

Also cgt 0° == the value of ME when M and P coincide

= the ratio of a finite quantity to something infinitely
small

= a quantity which is infinitely great.

Such a quantity is usually denoted by the symbol co.
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Hence cot 0° =0,
Similarly cosec 0° = % =00 also.
. 0P _
And scc 0= 5y, = L
37. Angle of 90°. P

Let the angle AOP be very nearly, but
not quite, a right angle.

When OP has actually described a
right angle, the point M coincides with O,

so that then OM 1is zero and OP and M. oM A
are equal. “
] . MP oOP
Hence sin 90° = OP=0P= 1,
o OM 0
cos 90° = 0P = O_p_o,
tan 90° = Mp a finite quantity

OM ™" an infinitely small quantity
= a number infinitely large =,

o_OM 0 _
cot 90 —II—P._I[—P_(),

sec 90° = 757= 0, as in the case of the tangent,

or _OP_
MP~ 0P

and cosec 90° = 1.

38. Complementary Angles. Def. Two angles
are said to be complementary when their sum is equal
to a right angle. Thus any angle § and the angle
90° — @ are complementary.

3—2
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89. To find the relations between the trigonometrical
ratios of two complementary angles. '

Let the revolving line, starting from OA, trace out
any acute angle AOP, equal to
0. From any point P on it
draw PM perpendiculat to 0A4.

Since the three angles of a
triangle are together equal to
two right angles, and since OM P
is a right angle, the sum of the
two angles MOP and OPM is a
right angle.

They are therefore complementary and

20PM =90°—6.
[When the angle OPM is considered, the line PM is

the “base” and MO is the “ perpendicular.”]
We then have

- M0
sin (90 —0)—smMPO—-~P-(—)

=cos AOP =cos 6,

€08 (90° — 0) =cos MPO = o _ sin AOP =sin 6,

PO
tan (90° — @) = tan MPO = £1{Q:cot)AOP=cot'.0
Py ’
cot (90° = 6) = cot MPO =110 _ tan 40P = tan ,
o PO
cosec (90° — 8) = cosec M0 =30 = %° AOP =sgec b,

and sec (90° ) = sec M PO = 30 = cose AOP = cosec 6,
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Hence we observe that
the Sine of any angle = the Cosine of its complement,
the Tangent of any angle =the Cotangent of its comple-
ment,
and the Secant of an angle = the Cosecant of its comple-
ment.

From this is apparent what is the derivation of the
names Cosine, Cotangent, and Cosecant.

40. The student is advised before proceeding any
further to make himself quite familiar with the following
table. [For an extension of this table, see Art. 76.]

Angle 00 | 307 { 450 | 60° | 90°
. 1 1 | /3
8 = o 4
ine 0 s | 73] % 1
. 3 1 1
Cosine 1 Tl 2| 2 )
Tangent 0 % 1 |2 »
Cotangent | « M3l %} 0
Cosecant ) 2 | W2 2 1
) N3
Secant 1 | 2 V2| 2 | ©
3

If the student commits accurately to memory the
portion of the above table included between the thick
lines, he should be able to easily reproduce the rest.
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For

(1) the sines of 60° and 90° are respectively the
cosines of 30° and 0°, (Art. 39.)

(2) the cosines of 60° and 90° are respectively the
sines of 30° and 0°. (Art. 39.)

Hence the second and third lines ave known.

(8) The tangent of any angle is the result of dividing
the sine by the cosine.

Hence any quantity in the fourth line is obtained by
dividing the corresponding quantity in the second line by
the corresponding quantity in the third line.

(4) The cotangent of any angle is the reciprocal of
the tangent, so that the quantities in the fifth row are the
reciprocals of the quantities in the fourth row.

(5) Since cosec 8 = the sixth row is obtained

sin 6’
by inverting the corresponding quantities in the second
row.

(6) Since sec = the seventh row is similarly

1
cos 8’
obtained from the third row.

EXAMPLES., VIL
1. If A=30°, verify that

(1) cos24=cos*4 —~sin? 4 =2cos?4 - 1,
(2) sin24=2sin4cos4,

(8) cos34=4cos®4~3c084,

(4) sin34=3sgind-4sin’4,

2tan 4
and (5) tnn24=1—:-€£l-;—4~.
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2. If 4=45° verify that
(1) sin24=2sin 4 cos 4,
(2) cos24=1-2s¢in%4,

2tan 4

and (3) tan24 ={ il

Verify that

3. 8in%230°+sin? 45°+8in? 00°=g .

4, tan?30°+tan?45°+tan?60° =41,
sin 30° cos 60° -+ cos 30° 8in 60°=1.

cos 45° cos 60° ~ sin 45° sin 60°= — “/23 \/—21 .

4 cot? 30° + 3 8in? 60° — 2 cosec? 60 — § tan? 30°=3}.

o o

=~

cosec? 45° . sec® 30° . 8in® 90°. cos 60°=1}.

4 cot® 45° ~ sec? 60° 4+ sin3 30°=1.

© »

89



CHAPTER IIL
SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES.

41. ONE of the objects of Trigonometry is to find the
distances between points, or the heights of objects,

without actually measuring these distances or these
heights.

42. Suppose O and P to be two points, P being at a
higher level than O. .
Let OM be a horizontal line L/)N
drawn through O to meet in M
the vertical line drawn through
P. 9
The angle MOP is called © M~
the Angle of Elevation of \

the point P as seen from O.

Draw PN parallel to MO, so that PN is the hori-
zontal line passing through P. The angle NPO is the
Angle of Depression of the point O as seen from P.

48. Two of the iggtmments used in practical work are the Theodo-
lite and the Sextant. J & -~

The Theodolite is used to measure angles in a vertical plane.

The Theodolite, in its simple form, consists of & telescope attached

to a flat piece of wood. This piece of wood is supported by three legs
and can be arranged so as to be accurately horizontal,

P\_.
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This table being at O and horizontal, and the telescope being initially
pointing in the direction OM, the latter can be made to rotate in a
vertical plane until it points accurately towards P. A graduated scale
shews the angle through which it has been turned from the horizontal,
i.e. gives us the angle of elevation MOP,

Similarly, if the instrument were at P, the angle N PO through which
the telescope would have to be turned, downward from the horizontal,
would give us the angle NPO.

The instrument can also be used to measure angles in a horizontal
plane.

44. The Sextant is used to find the angle subtended by any two
points D and E at a third point F. It is an instrument much used on
board ships.

Its construction and application are too complicated to be here
considered.

45. We shall now solve a few simple examples in
heights and distances.

Bx. 1. 4 vertical flagstaff stands on a horizontal plane; from a point
distant 150 feet from its foot, the angle of elevation of its top is found to
be 30°; find the height of the flagstaff.

Let MP (Fig. Art. 42) represent the flagstaff and O the point from
which the angle of elevation is taken,

Then OM =150 feet, and 2 MOP=30°,

Since PMO is a right angle, we have

Mp

— °—-__
OM...tanMOP tan 30 =75 (Art 84).

o MP= :/—8—=—- = -———=5OJ3-
Now, by extraction of the square root, we have

N/3=1-73205....
Hence MP=50 x 1-78206... foet=86-6025. ., feet.

Bx. 3. 4 man wishes to find the height of a church spire which stands
on a horitontal plane; at a point on this plane he finds the angle of
elevation of the top of the spire to be 45°; on walking 100 feet toward the
tower he finds the corresponding angle of elevation to be 60°; deduce the
height of the tower and also his original distance from the foot of the
spire.
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Let P be the top of the spire and 4 and B the two points at which
the angles of elevation are taken. Draw
PM perpendicular to 4B produced and
let MP be z.

We are given 4 B=100 fect,

LMAP=45°,

P

z
and L MBP=60°
We then have
-Ail:cot45° M
BM _ o
and — =¢0 ot 60°= ,Jd'
Hence AM =gz, and BM_J3
. _E _ J3-1 1
& 100=A4M ~-BM=x NE z ~/3 .
o 22 100Y3 1003 (V3+1)
~/3 Ji Sl i) =50(3+4/3)

=50[3 +1:73205...]=236'6... feet.

Also AM=z, so that both of the required distances are equal to
236-6... feet.

Ex. 8. From the top of a cliff, 200 feet high, the angles of depression
of the top and bottom of a tower are observed to be 30° and 60°; find the
height of the tower.

Let 4 be the point of observation and BA the height of the cliff and

let CD be the tower.
Draw 4 E horizontally, so that £ E4C=380° and E

A
LEAD=S60°. e €
Let z feet be the height of the tower and produce 36
DC to meet AE in E, 8o that CE=AB-2=200~-z. ©C "
Since £ ADB= £t DAE=00° (Ruc. 1. 29), 200
DB =AB cot ADB=200 cot 60°=270—2 . a
‘ 200-z _CE . ]
€Also —-1—)°B‘- -—m—tﬂnﬁo \/3 D B
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DB 200
3 200—.’0-—;73: —3— ’
go that a:=200—gg£):133§ feet.

EX. 4. 4 man observes that at a point due south of a certain tower its
angle of elevation is 60° ; he then walks 300 feet due west on a horizontal
plane and finds that the angle of elevation is 30°; find the height of the
tower and Kis original distance from it.

P
134
£
B
A = M
73"
B M p 3800 Ax
A x
30°% |
B /3 M AE_M

J3

..

Let P bg the top, and PM the height, of the tower, 4 the point due
south of the tower and B the point duc west of 4.

The angles PMA, PMB, and MAB are therefore all right angles.

For simplicity, since t}m triangles P4)M, PBM, and ABM are in
different planes, they are réproduced in the second, third, and fourth
figures and drawn to scale,

We are given 4B =300 feet, 2 PAM=60° and £ PBM=30°

Let the height of the tower be z feet.

From the second figure,

AM o 1
T = cot 60 —J3’
z
go that AM-—:/—_s.
From the third figure,
BM

%o that BM=8.z.
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From the last figure, we have
BM3=AMI+ ABS,

822= % 2 4- 3003,

& 822=3x 3002,
. _300J3_ ,\/6_
.o z——27§-——150. ) —-75)(.\/6
=75 x 2:44949... =183-71... feet.

Algo his original distance from the tower

T
=J3=15x2

=70 x (1-4142...)=106-065.., feet.

=z cot 60°

EXAMPLES. VIII.

1. A person, standing on the bank of a river, observes that the angle
subtended by a tree on the opposite bank is 60°; when he retires 40 feet
from the bank he finde the angle to be 30°; find the height of the tree
and the breadth of the river.

2. At a certain point the angle of elevation of a tower is found to be

such that its cotangent is g; on walking 32 feet directly toward the tower

its angle of elevation is an angle whose cotangent is g. Find the height
of the tower.

8. At a point 4, the angle of elevation of a tower is found to be such
5
ﬁ »
of the angle of elevation ig found fo be 2; what is the height of the
tower? )

4. TFind the height of a chimney when it is found that, on walking
towards it 100 feet in a horizontal line through its baee, the angular
elevation of its top changes from 30° to 45°,

5. An observer on the top of a cliff, 200 feet above the sea-level,
observes the angles of depression of two ships at anchor to be 45° and 80°
respectively ; ‘find the distances between the ships if the line joining them
points to the base of the cliff,

that its tangent is on walking 240 feet nearer the tower the tangent
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8. From the top of a cliff an observer finds that the angles of
depression of two buoys in the sea are 39° and 26° respectively; the
buoys are 300 yards apart and the line joining them points straight
at the foot of the cliff ; find the height of the cliff and the distance of the
nearest buoy from the foot of the cliff, glven that cot 26°=2-0503, and
cot 89°=1-2349,

7. The upper part of a tree broken over by the wind makes an angle
of 30° with the ground, and the distance from the root to the point. where

the top of the tree touches the ground is 50 feet; what was the height of
the tree?

8. The horizontal distance between two towers is 60 feet and the
angular depression of the top of the first as seen from the top of the
second, which is 150 feet high, is 30°; find the height of the first.

9, The angle of elevation of the top of an unfinished tower at a
point distant 120 feet from its base is 45°; how much higher must the
tower be raised so that its angle of elevation at the same point may be
60°?

10. Two pillars of equal height stand on either side of a roadway
which is 100 feet wide; at a point in the roadway between the pillars the
elevations of the tops of the pillars are 60° and 30°; find their height and
the position of the point.

11. The angle of elevation of the top of a tower is observed to be
60°; at a point 40 feet above the first point of observation the elevation
is found to be 45°; find the height of the tower and its horizontal
distance from the points of observation.

12. At the foot of & mountain the elevation of its summit is found to
be 45°; after ascending one mile towards the mountain up a slope of 30° in-
clination the elevation is found to be 60°. Find the height of the mountain.

13. What is the angle of elevation of the sun when the length of the
shadow of a pole is /3 times the height of the pole?

14. The shadow of a tower standing on a level plane is found to be
80 fect longer when the sun’s altitude is 30° than when it is 45° Prove
that the height of the tower is 30 (14 ,/3) feet.

15. On a straight coast there are three objects 4, B, and C such
that AB=BC=2 miles. A vessel approaches B in a line perpendicular
to the coast and at a certain point AC is found to subtend an angle of
60°; after snllmg in the same direotion for ten minutes 4C is found to
subtend 120°; find the rate at which the ship is going.



46 TRIGONOMETRY, {Bxs. VIIL]

16. Two flagstaffs stand on a horizontal plane., A and B are two
points on the line joining the bases of the flagstaffs and between them.
The angles of elevation of the tops of the flagstaffs as seen from 4 are
80° and 60° and, as seen from B, they are 60° and 45°, If the length 4B
be 30 feet, find the heights of the flagstafis and the distance between
them, .

17. P is the top and Q the foot of a tower standing on a horizontal
plane. . 4 and B are two points on this plane such that AB is

82 feet and QADB is a right angle. It is found that cot PAQ:% and

cot PBQ:?,;
find the height of the tower.

18. A square tower stands upon a horizontal plane. From a point
in this plane, from which three of its upper corners are visible, their
angular elevations are respectively 45°, 60°, and 45°. Shew that the
height of the tower is to the breadth of one of its sides a8 o/6 (J/5+1)
to 4.

19. A lighthouse, facing north, sends out a fan-shaped beam of
light extending from north-east to north-west. An observer on a steamer,
sailing due west, first sees the light when heis § miles away from the
lighthouse and continues to see it for 80,/2 minutes, What is the
sl%ed of the steamer?

20. A man stands at a point X on the bank XY of a river with
straight and parallel banks and ohserves that the line joining X to a
point Z on the opposite bank makes an angle of 30° with XY. He then
goes along the bank a distance of 200 yards to ¥ and finds that the angle
ZYX is 60°. Find the breadth of the river.

21. A man, walking due north, observes that the elevation of s
balloon, which is due east of him and is sailing toward the north-west,
is then 60°; after he has walked 400 yards the balloon is vertically over
his head ; find its height supposing it to have always remained the same.



CHAPTER IV.
APPLICATION OF ALGEBRAIC SIGNS TO TRIGONOMETRY.

46. Positive and Negative Angles. In Art. 6,1in
treating of angles of any size, we spoke of the revolving
line as if it always revolved in.a direction opposite to that
in which the hands of a watch revolve, when the watch is
held with its face uppermost.

This direction is called counter-clockwise.

When the revolving line turns in this manner it is said
to revolve in the positive direction and to trace out a
positive angle.

When the linc OP revolves in the opposite direction,
t.e. in the same direction as the hands of the watch, it is
said to revolve in the negative direction and to trace out
a negative angle. This negative direction is clockwise.

47. Let the revolving line start from 04 and revolve
until it reaches a position OP, whiche
lies between OA’ and OB’ and which
bisects the angle 4’08

If it has revolved in the positive
direction, it has traced out the positive
angle whose measure is + 225°,
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If it has revolved in the negative direction, it has
traced out the negative angle — 135°

Again, suppose we only know that the revolving line is
in the above position. It may have made one, two, three

. complete revolutions and then have described the
positive angle +225° Or again, it may have made
one, two, three... complete revolutions in the negative
direction and then have described the negative angle
- 135°.

In the first case, the angle it has described is either
225°, or 360° + 225°, or 2 x 360° 4- 225°, or 3 x 360° + 225°
eeeeotie 225° or 585°, or 945°, or 1305°....

In the second case, the angle it has described is — 135°,
or —360° — 135°, or — 2 x 360° — 135°, or — 3 x 360° —135°
vevees 1.6 — 185°, or —495°, or — 855°, or — 1215°....

48. Positive and Negative Lines. Suppose that
a man is told to start from a given milestone on a straight
road and to walk 1000 yards along the road and then to
stop. Unless we are told the direction in which he
started, we do not know his position when he stops. All
we know is that he is either at a distance 1000 yards on
one side of the milestone or at the same distance on the
other side.

In measuring distances along a straight line it is
therefore convenient to have a standard direction; this
direction is called the positive direction and all distances
measured along it are said to be positive. The opposite
direction is called the negative direction, and all distances
measured along it are said to be negative,

The standard, or positive, directions for lines drawn
parallel to the foot of the page is towards the right.
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The length OA is in the positive direction. The
length 04’ is in the A
negative direction. If 5 3 A
the magnitude of the
distance 04 or 04’ be a, the point 4 is at a distance
+ @ from O and the point 4’ is at a distance — @ from O.

All lines measured to the right have then the positive
sign prefixed; all lines to the left have the negative sign
prefixed.

If a point start from O and describe a positive distance
0A, and then a distance 4B back again toward 0, equal
numerically to b, the total distance it has described
measured in the positive direction is O4 + 4B,

te. +a+(—b), te.a—0>b.

49. Ior lines at right angles to 4A’, the positive
direction is from O towards the top of the page, t.e. the
direction of OB (Fig. Art. 47). All lincs measurced from
O towards the foot of the page, 4.¢, in the direction OB’
are negative.

80. Trigonometrical ratios for an angle of any magni-
tude.

Let OA be the initial line (drawn in the positive
direction) aud let 04’ be drawn in
the opposite direction to OA4. L

Let BOB be a line at right N1
angles to 04, its positive direction ™%
being 0B. A Mg Mgl O, “4“1 A

Let a revolving line OP start
from OA and revolving in either
direction, positive or negative, frace fe

LT 4
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out an angle of any magnitude whatever. From a
point P in the revolving line draw PAM perpendicular
to AOA'

[Four positions of the revolving line are given in the figure, one in
each of the four quadrants, and the suffixes 1, 2, 8 and 4 are attached to
P for the purpose of distinction. ]

We then have the following definitions, which are the
same as those given in Art. 23 for the simple case of an

acute angle:

AP i8 called the Sine of the angle AOP,

oP

%Jg » » Cosine » »
%5 » ’ ‘Tangent » ”
QMI?II’ » " Cotangent »
g% » ” Secant » »
%11—)5 » » Cosecant ,

The quantities 1 ~cos AOP, and 1 —sin AOP are
respectively called the Versed Sine and the Coversed
8ine of AOP.

51. In exactly the same manner as in Art. 27 it may
be shewn that, for all values of the angle AOP (=), we
have
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sin?@ + cos?f = 1,

sin 0

cos 0

sec?0 = 1 4 tan20,

and cosec?f = 1 + cot?f.

=tan 6,

§2. 8igns of the trigonometrical ratios.

First quadrant. Let the revolving line be in the first
quadrant, as OP,. This revolving line is always positive.
Here OM, and M,P; are both positive, so that all the

trigonometrical ratios are then positive.

Second quadrant. Let the revolving line be in the
second quadrant, as OP, Here M,P, is positive and O3,
i8 negative.

The sine, being equal to the ratio of a positive quantity
to a positive quantity, is therefore positive. .

The cosine, being equal to the ratio of a negative
quantity to a positive quantity, is therefore negative.

The tangent, being equal to the ratio of a positive
quantity to a negative quantity, is therefcre negative.

The cotangent is negative.

The cosecant is positive.

The secant is negative.

Third quadrant. If the revolving line be, as OP,, in
the third quadrant, we have both AM;P; and 0., negative.

The sine is therefore negative.

The cosine is negative,

The tangent is positive.

The cotangent is positive.

The cosecant is negative,

The secant is negative.
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Fourth quadrant. Let the revolving line be in the
fourth quadrant, as OP, Here M P, is negative and
OM, is pbsibive.A

The sine is therefore negative.

‘The cosine is positive.

The tangent is negative.

The cotangent is negative.

The cosecant is negative.

The secant is positive.

The annexed table shews the signs of the trigono-
metrical ratios according to the quadrant in which lies
the revolving line, which bounds the angle considered.

B
gin <4 sin 4
008 - cos 4
tan - tan +
cot — cot <+
gosec + cosec +
sec — ses 4+

A O A

gin  ~ sin -~
608 — 608 4
tan  + tan ~
cot <+ cot -~
cosec ~ ©co8Cce —
800 -~ 500  +

Bl

83. Tracing of the changes in the sign and magnitude
of the trigonometrical ratios of am angle, as the angle
tnereases from 0° to 360°

Let the revolving line OP be of constant length a.
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When it coincides with 04, the
length OM, is equal to a and,
when it coincides with OB, the
point M, coincides with O and OM,
vanishes. Also, as the revolving
line turns from 0A to OB, the dis-
tance OM, decreases from a to
zero,

Whilst the revolving line is in
the second quadrant and is revolvisg from OB to 04, the
distance OM, is negative and increases numerically from
0 to a [v.e. it decreases algebraically from 0 to —a].

In the third quadrant, the distance OM; increases
algebraically from —a to 0, and, in the fourth quadrant,
the distance OM, increases from 0 to a.

In the first quadrant, the length M, P, increases from
0 to a; in the second quadrant, M, P, decreases from a to
0; in the third quadrant, M,P, decreases algebraically
from 0 to—a; whilst in the fourth quadrant M,P,
increases algebraically from — a to 0.

64. 8ine. In the fimt quadrant, as the angle in-

AP,

. 0
, increases from —
a a

creases from 0 to 90°, the sine, s.e.

to f—:, 6. from 0 to 1.
In the second quadrant, as the angle increases from
90° to i80°, the sine decreases from g to g , .6 from 1 to 0.
In the third quadrant, as the angle increases from 180°

to 270°, the sine decreases from 0

—to:-g,i.e. from 0 to — 1,
a a
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In the fourth quadrant, as the angle increases from

270° to 360°, the sine increases from :EC—L to g, t.e. from
—1to 0.

55. Cosine. In the first quadrant the cosine, which

y

is equal to -(%f—[ , decreases from Z— to g , e from 1 to 0.

In the second quadrant, it decreases from gto :a(—z,i.e.

from 0 to —~ 1.

In the third quadrant, it increases from :a—a' to g, 7.€.
from —1 to 0.

In the fourth quadrant, it increases from g to -Z, 2.e,
from 0 to 1. )

6. Tangent. In the first quadrant, M, P, increases
M, P,
oM,
continually increases (for its numerator continually in-
creases and its denominator continually decreases).

When OP, coincides with OA, the tangent is 0; when
the revolving line has turned through an angle which is
slightly less than a right angle, so that OP, nearly
coincides with OB, then M,P, is very nearly equal to

from 0 to @ and OM,; decreases from @ to 0, so that

M, P,
oM,
large, and the nearer OP, gets to OB the lurger does the
ratio become, so that, by taking the revolving line near
enough to OB, we can make the tangent as large as we
please. This is expressed by saying that, when the angle
is equal to 90°, its tangent is infinite.

a and OM, is very small. The ratio is therefore very
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The symbol o is used to denote an infinitely great
quantity.

Hence in the first quadrant the tangent increases from
0 to o,

In the second quadrant, when the revolving line has
described an angle AOP, slightly greater than a right
angle, M,P, is very nearly equal to a and OM, is very
small and negative, so that the corresponding tangent is
very large and negative.

Also, as the revolving line turns from O3 to 04’, M, P,
decreascs from a to 0 and OM, is negative and decreases
from 0 to — @, so that when the revolving line coincides
with 04’ the tangent is zero.

Hence, in the second quadrant, the tangent increases
from — o to 0.

In the third quadrant, both M;P; and OM; are negative,
and hence their ratio is positive. Also, when the revolving
line coincides with OB’, the tangent is infinite.

Hence, in the third quadrant, the tangent increases
from 0 to .

In the fourth quadrant, M,P, is negative and OM, is
positive, so that their ratio is negative. Also, as the
revolving line passes through OB’ the tangent changes
from + oo to — oo [just as in passing through OB].

Hence, in the fourth quadrant, the tangent increases
from — @ to 0.

67. Cotangent. When the revolving line coincides
with 04, M, P, is very small and OJM, is very nearly

equal to a, so that the cotangent, s.e. the ratio %‘—, 18
1*1
infinite to start with. Also, as the revolving line rotates
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from OA to OB, the quantity M,P, increases from 0 to a
and OM, decreases from « to O.

Hence, in the first quadrant, the cotangent decreases
from o to 0.

In the second quadrant, M,P, is positive and OM,

negative, so that the cotangent decreases from 0 to :66—‘ ,

t.6. from 0 to — 0.

In the third quadrant, it is positive and decreases from
oo to O [for as the revolving line crosses OA’the cotangent
changes from — e to o0 ].

In the fourth quadrant, it is negative and decreases
from 0 to— o,

58. Secant. When the revolving line coincides with
0OA the value of OMM, is a, so that the value of the secant
is then unity.

As the revolving line turns from 04 to OB, OM,
decreases from a to 0, and when the revolving line

coincides with OB the value of the sccant is %, t.6. 0.

Hence, in the first quadrant, the secant increases from
1 to w.

In the second quadrant, OM, is negative and decreases
from O to ~a. Hence, in this quadrant, the secant in-
creases from — oo to—1 [for as the revolving line crosses
OB the quantity OM, changes sign and therefore the
secant changes from + o to — o ] -

In the third quadrant, OM, is always negative and
increases from —a to 0; therefore the secant decreases
from — 1 to — . In the fourth quadrant, OM, is always
positive and increases from 0 to a. Hence, in this quad-
rant, the secant decreases from « to +1.
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59. Cosecant. The change in the cosecant may be
traced in a similar manner to that in the secant.

In the first quadrant, it decreases from oo to +1,

In the second quadrant, it increases from + 1 to 4 .
In the third quadrant, it increases from — o to —1.
In the fourth quadrant, it decreases from —1 to — 0.

60. The foreguing results are collected in the annexed

table.

In the second quadrant, the
gine decreases from to ¢
cosine  decreases from to-1

tangent increases from-ob to 0
cotangent decreases from 0 to-w
secant  increases from-ob to-1
cosecant increases from } to ®

B8

! v

In the first quadrant, the

sine increases from D to

!

cosine decreases from 1 to
tangent  increases from 0,to @
cotangent decreases from o to 0
secant increases from /1 to @
cosecant

decreases from Po to li

AI
In the third quadrant, §h0

gine déoreases from 0 to-1
cosine increases from- 1 to 0
tangent increasesfrom Oto
cotangent decreases from o to 0
secant  decreases from~ 1 to-w
cosecant increases from-w to-1

O

BI

A
In the fourth quadrant, the

increases from -\l to
cosine increases from to E
tangent increases irom-—e§ to
cotangent decreases from Q to-q
secant  decreases from & to f
cosecant decreases from—1to- o

gine

61. Perlods of the trigonometrical functions.

As an angle increases from 0 to 27 radians, 1.e. whilst the
revolving line makes a complete revolution, its sine first
increases from 0 to 1, then decreases from 1 to — 1, and
finally increases from —1 to 0, and thus the sine goes
through all its changes, returning to its original value,
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Similarly, as the angle increases from 27 radians to
47 radians, the sine goes through the same series of
changes.

Also, the sines of any two angles which differ by four
right angles, 7.e. 27 radians, are the same.

This is expressed by saying that the period of the
sine is 2.

Similarly, the cosine, secant, and cosecant go through
all their changes as the angle increases by 27

The tangent, however, goes through all its changes as
the angle increases from 0 to m_radians; t.e. whilst the
revolving line turns through two right angles. Similarly
for the cotangent,

The period of the sine, cosine, secant and cosecant is
therefore 27 radians; the period of the tangent and
cotangent is 7 radians,

Since the values of the trigonometrical functions
repeat over and over again as the angle increases, the{,r
are called periodic_functions. Y

*62. The variations in the values of the  trigono-
metrical ratios may be graphically represented to the eye
by means of curves constructed in the following manner.

Y
B
Q..-” """"" s /""-;\
Ry /1 N R3 Rq/ : ’
RA., o PF R RiT [ Rg X
Saerenne® S, F—
Bi' > Bﬂ
Sine-Graph.

Let OX and OY be two straight lines at right angles
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and let the magnitudes of angles be represented by
lengths measured along OX.

" Let R,, R,, R,,... be points such that the distances
OR,, R .R,, R,R;,... are equal. If then the distance OR,
represent a right angle, the distances OR,, OR;, OR,,...
must represent two, three, four,... right angles.

Also, if P be any point on the line OX, then OP
represents an angle which bears the same ratio to a right
angle that OP bears to OR,.

[For example, if OP be equal to ORI, then OP would represent one-

third of a right angle; if P bxsected R4R,, then OP would represent 3%
right angles.]

Let also OR, be so chosen that one unit of length
represents one radian; since OR, represents two right
angles, t.e. 7 radians, t,he length OR, must be 7 units of
length, ¢.e. about 34 units of length.

In a similar manner, negative angles are represented
by distances OR,, ORy,... measured from O in a negative
direction.

At each point P erect a perpendicular PQ to represent
the sine of the angle which is represented by OP; if the
sine be positive, the perpendicular is to be drawn parallel
to OY in the positive direction; if the sine be negative,
the lme is to be drawn in the negative direction.

[For example, since OR, represents a nght angle, the sine of which is
1, we erect & perpendicular R B; equal tb one umi of length; since OR,
represents an angle equal to twq right’ angles, the #ine of which is zero,
we erect a perpendicular of length zero; since OR, represents three right
angles, the sine of which is -1, we erect a perpendicular equal to —1,
i.e. we draw R,B; downward and equal to & unit of length; if OP wem

equal to one-third of OR,, it would represent % of a right angle, {.s. 80°,
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the sine of which is %, and so we should erect a perpendicular PQ equal

to one-half the unit of length.]

The ends of all these lihes, thps drawn, would be
found to lie on a curve similar to the one drawn above.

It would be found that the curve consisted of portions,
similar to OB, ,B,R,, placed side by side. This corre-
sponds to the fact that each time the angle increases by
2, the sine repeats the same value,

*63. Cosine-Graph.

Y
2le
Ry Ry d i™R1 Ro Ry~ i ™
BCECERN s RmOX
i

The Cosine-Graph is obtained in the same manner as
the Sine-Graph, except that in this case the perpendicular
PQ represents the cosine of the angle represented by OP.

- The curve obtained is the same as that of Art. 62 if in
that curve we move O to R, and let OY be drawn along

R,B.
%64 ‘Tangent-Graph.

In this case, since the tangent of a right angle is
infinite and since OR, represents a right angle, the per-
pendicular drawn at R, must be of infinite length and
the dotted curve will only meet the line R,L at an infinite
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Since the tangent of an angle slightly greater than a
right angle is negative and almost infinitely great, the

/1 / //
/ fa /S
/ ol
Ré//Rg' B; / P R1//’R2 R3 x
al’ .'/ l/
" ‘ /
L'

dotted curve immediately beyond LR,L’ commences at an
infinite distance on the negative side, .e. below, 0X.

The Tangent-Graph will clearly consist of an infinite
number of similar but disconnected portions, all ranged
parallel to one another. Such a curve is called a Discon-
tinuous Curve. Both the Sine-Graph and the Cosine-
Graph are, on the other hand, Continuous Curves.

#65. Cotangent-Graph. If the curve to represent
the' cotangent be drawn in a similar manner, it will be
found to meet OY at an infinite distance above 0 ; it will
pass through the point R, and touch the vertical line
through R, at an infinite distance on the negative side of
OX. Just beyond R, it will start at an infinite distance
above R,, and proceed as before.

The curve is therefore discontinuous and will consist
of an infinite number of portions all ranged side by side,
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66. Cosecant-Graph.
Yii /
\ {
A
\ //
' ¥,
&)
Ry Ry Ra
l (&) Ry Rz [ xX
BT STBRN
// i \“ /:" 3 ‘\‘
‘[I ““ /: \I‘
! / !
.-' =, ] \
H t $

When the angle is zero, the sine is zero, and the
epsecant is therefore infinite

Hence the curve mcets 0Y at infinity.
When the angle is a right angle, the cosecant is unity,
and hence R,B, is equal to the unit of length

When the angle is equal to two right angles its
cosecant is infinity, so that the curve meets the perpen-
dicular through R, at an infinite distance

Again, as the angle increages from slightly less to

slightly greater than two right angles, the cosecant
changes from + 0 to —

Hence just beyond R, the curve commences at an
infinite distance on the negative side of, 7.e. below, OX,
%67. Secant-Graph. If similarly, the Secant-Graph

be traced it will be found to be the same as the Cosecant-
Graph would be if we moved OY to R.B

[Some further examples of graphs will be found on
pages 144, 145, 158 and 281.]
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MISCELLANEOUS EXAMPLES. IX.

1. In a triangle one anglo contains as many grades as another con-
tains degrees, and the third contains as many centesimal seconds as
there are sexagesimal seconds in the sum of the other two; find the
number of radians in each angle.

2. TFind the number of degrees, minutes, and seconds in the angle at
the centre of a eircle, whose radius is § feet, which-is subtended by an arc
of length 6 feet.

3. To turn radians into seconds, prove that we must multiply by
206265 nearly, and to tuin scconds into radians the multiplier must be
*0000048.

. 2 _ 2
4, If sin 0 equal frlz, find the values of cos 8 and cot 6.
! *+y

; ' . mi+2mn
5. 1 O S+ T
m?+2mn
prove that tan 0=m.
6. If €08 0 ~ sin #=,/2sin @,
prove that cos 8 +sin §=,/2 cos .

7. Prove that
cosect a ~ cot a=3 cosec?a cot?a+ 1,

8, Express 2sec? 4 ~sect 4 —2 cosee? d +cosect 4
in terms of tan 4.
9, Bolve the equation 3 cosec? §=2 sec 6.

10. A man on a cliff observes a boat at an angle of depression of-
80°, which is making for the shore immediately beneath him. Three
minutes later the angle of depression of the boat i3 60°. How soon will
it reach the shore?

11. Prove that the equation sin 0=x+% is impossible if « be real.

12, Shew that the equation sec?@= (24:1; W i only possible when
=Y.



CHAPTER V.

TRIGONOMETRICAL FUNCTIONS OF ANGLES OF ANY
SIZE AND SIGN.

{On a first reading of the subject, the student is recommended
to confine his attention to the first of the four figures given in
Arts. 68, 69, 70, and 72.]

68. To find the trigonometrical ratios of an angle
(— 6) in terms of those of 8, for all values of 6.

\P
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Let the revolving line, starting from OA, revolve
through any angle € and stop in the position OP.

Draw PM perpendicular to OA (or OA produced) and
produce it to P, so that the lengths of PM and M P’ are
equal.

. In the geometrical triangles MOP and M OF’, we have
the two sides OM and MP equal to the two OM and
MP, and the included angles OMP and OMP’ are right
angles.

Hence (Euc. 1. 4), the magnitudes of the angles MOP
and MOP’ are the same, and OP is equal to OF,

In each of the four figures, the magnitudes of the
angle AOP (measured counter-clockwise) and of the angle
AOP (measured clockwise) are the same.

Hence the angle AOPFP (measured clockwise) is
denoted by —6.

Also MP aud MP' are equal in magnitude but are
opposite in sign. (Art. 49.) We have therefore

ain(—ﬂ)=l(—)w?fj/=:£,£=— in 6,
cos(—0)=%%= %:cosﬁ,
tan (— ) =40 ="01 = — tan,
cot(—ﬁ):%%=_—ol%3=—cob0,
cosec(—ﬁ)=%%%=—cosec@,
and sec(—€)=%-= %=sect9.
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[In this article, and the following articles, the values of the last four
trigonometrical ratios may be found, without reference to the figure,
from the values of the first two ratios.

Thus tan (- 6) =Zi:: i — g: = -—czisnooz ~tang,
cot(—o)=:§’§£:2_ L2 oot
coa.;ec(’- 0)=§in“(£ ) = -s}nl)— - cosec 0,
and sec( 0) co;(lh 7 coig sec 6.]
Exs, sin (- 30°) = - sin 30° _—%,

tan (- 60°) = ~ tan 60°= — /3,

and cos (—45°) =cos 45°=~712 .
69. To find the trigonometrical mtzOs of the augle
(90° — 6) in terins. of those of 8, for all v@lues of 6.

The relations have already been discusséd in Art. 39,
for values of @ less than a right angle.

Let the revolving line, starting from 0A, trace out

any angle AOP denoted by 6.

To obtain the angle 90°— 4, let the revolving line
rotate to B and then rotate from B in the opposite
direction through the angle 6, and let the position of the
revolving line be then OF’,

The angle AOF is then 90° -6,

Take OF equal to OP, and draw P’M’ and PM per-
pendicular to 04, produced if necessary. Also draw P'N’
perpendicular to OB, produced if necessary.
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In each figure, the angles AOP and BOP’ are numeri-
cally equal, by construction.

B
N el °
P
P
L A
o M M A
B
P "\\\
M M/ Jo\
1 { ; 7-N
¥
k --’—_/
57N’

Hence, in each figure,
LMOP=£NOP=¢OPMN,
since ON' and M'F’ are parallel.
Hence the triangles MOP and M'P'O are equal in all
respects, and therefore OM = M'P’ numerically,
and OM' = MP numerically.

Also, in each figure, OM and M'P’ are of the same
sign, and so also are MP and ON’,

we. OM =4+ MP', and OM =+ MP.

—2
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Hence

8in (90° ~0) =sin AOP' =

€08 (90° = ) =cos AOP' =

tan (90° — ) =tan AOP' =

cot (90°—8)=cot AOP' =

sec(90° —0)=sec AOP =

and cosec (90° — 8) =cosecc AOP’ =

MNP OM 0
oP ~op=°%®Y%
oM MP

op =op =520
MP OM

o = p=Ct
ow_mp_. o
wp= om0
OP' 0P
0M,=W=cosec9,
or _oP__ .
J‘I/PI_OM ec

70. To find the trigonometrical ratios of the angle
(90° + 0) in terms of those of 6, for all values of 6.

B
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Let the revolving line, starting from 04, trace out
any angle @ and let OP be the position of the revolving
line then, so that the angle AOP is 6.

Let the revolving line turn through a right angle from
OP in the positive direction to the position OF so that
the angle AOP’ is (90° + 6).

Take OFP' equal to OP and draw PM and P'M
perpendicular to A0, produced if necessary. In each
figure, since POP’ is a right angle, the sum of the angles
MOP and P'OM’ is always a right angle.

Hence «MOP=90°-2POM =£0P M.

The two triangles MOP and M P’Q are therefore equal
in all respects.

Hence OM and M'P' are numerically equal, as also
MP and OM' are numerically equal.

In each figure, OM and M'P’ have the same sign,
whilst MP and OM have the opposite sign, so that

M P =+ 0M, and OM' =— MP,
We therefore have

sin (90° + 6) =sin AOP’ = 5 = —— =cos §),

OF ~ OF
cos (90° + 0) —cosAOP'—%ﬂj-{ =:0i1[)1—)=- sin 6,
tan (90° + 6) = tan AQP = 1}0['7”11_)'_ = _—_OT];I—P =—cot 6,
cot (90° + ) = cot 40P = 13,];{ = —_O]%[E:'— tan 6,
sec(90° + f)=sec AQP = —OQ% = _—Oj]—jjp——cosec 4,
and cosec (907 + 0) = cosec AOP' = OF _OP_ sech.

P = 0H
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Bxs. sin 150° =+sin (90° + 60°) =cos 60°=% ,
. 1
cos 135°=cos (90° 4 45°) = —gin 45° = — ,:/_‘2 .
and tan 120° = tan (90° + 80°) = — cot 30°= — /3.

71. Supplementary Angles.

Two angles are said to be supplementary when their
sum is equal to two right angles, 7.e. the supplement of
any angle 8 is 180° — 6.

Bxs. The supplement of 30°=180° - 30°=150°,
The supplement of 120°=180° - 120°=60°.

The supplement of 275°=180° - 275°= — 95°.
The supplement of — 126°=180° — (- 126°) = 306°,

72. To find the values of the trigonometrical ratios of
the angle (180° — 8) in terms of those of the angle 8, for all
values of 0.

Let the revolying-line start from 04 and describe any
angle AOP (= 0).
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To obtain the angle 180°— 8, let the revolving line
start from OA4 and, after revolving through two right
angles (t.e. into the position: OA’), then revolve back
through an angle & into the position OF',so that the angle
A’OF’ is equal in magnitude but opposite in sign to the
angle AOP.

The angle AOP’ is then 180° — 6.

Take OP’ equal to OP, and draw P'M' and PM
perpendicular to 404"

The angles MOP and M'OP’ are equal, and hence the
triangles MOP and M’OP’ are equal in all respects.

Hence OM and OM’ are equal in magnitude, and so
also are MP and M'P.

In each figure, OM and OM’ are drawn in opposite
directions, whilst MP and M’P’ are drawn in the same
direction, so that

OM' =—O0M, and M'P' =+ MP,

Hence we have

sin (180° - 0) =sin AOP' = 40[—}),’= gL]I: =sin 6,
cos (180° ~ @) =cos AOP' = %V}_{; = —O(;)M =—cos 0,
tan (180° — @) =tan AOP' = Jg;l = ;j% —tan 6,
cot (180° — ) =cot AOP' = ]S'Jy]f MO}fW =—cot 6,
sec (180° — ) =sec AOP’ = g——f;[:, = —%1—)17 =—secd,
and cosec (180° — ) = cosec AOP = oP _OP _ cosec 6.

MP  MP
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Exs, sin 120°=sin (180° ~ 60°) =sin 60°= i’;’ ,
€08 135°=c08 (180° — 45°) = ~ cos 45°= ~ 1 ’
2

and tan 150° =tan (180° - 30°) = — tan 30°= ~ N% .
73. To find the trigonumetrical ratios of (180° + 6) in
terms of those of 6, for all values of 0.

The required relations may be obtained geometrically,
as in the previous articles. The figures for this propo-
sition are easily obtained and are left as an example for
the student.

They may also be deduced from the results of Art. 70,

which have been proved true for all angles, For putting
90° + 6 = B, we have

sin (180° + ) =sin (90° + B) = cos B (Art. 70)

=cos (90° 4+ §) = —sin f, (Art. 70)
and cos-(180°+ 0) =cos (90°+ B)=—sin B (Art. 70)
= —5in (90° + ) =~ cos 0. (Art. 70).

So tan (180° + @) = tan (90° + B) = —cot B
= —cot (90° + 8) = tan 0,
and similarly cot (180° 4 8) = cot 8,
sec (180° + 6) = —sec 6,
and cosec (180° + 8) = — cosec 4.

74 To find the trigonometrical ratios of an angle
(360° + 8) in terms of these of 8, for all values of 6.
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In whatever position the revolving line may be when
it has described any angle 6, it will be in exactly the same
position when it has made .one more complete revolution
in the positive direction, z.e. when it has described an
angle 360° + 6.

Hence the trigonometrical ratios for an angle 360° + 6
are the same as those for 6.

It follows that the addition or subtraction of 360° or
any multiple of 360°, to or from any angle does not alter
its trigonometrical ratios.

76. From the theorems of this chapter it follows that
the trigonometrical ratios of any angle whatever can be
reduced to the determination of the trigonometrical ratios
of an angle which lies between 0° and 45°

For example,
sin 1765° = sin[4 x 360° + 325°] =sin 325° (Art. 74)
=sin (180° + 145°) = —siw 145°  (Art. 73)
= ~5in (180° — 35°) = ~sin 35°  (Art. 72);
tan 1190° =tan (3 x 360° +110°) = tan 110°  (Art. 74)
= tan (90° 4- 20°) = — cot 20° (Art. 70);
and cosec ( — 1465°) = — cosec 1465° (Art. 68)
= — cosec (4 % 360° + 25°) = — cosec 25° (Art. 74).

Similarly any other such large angles may be treated.
First, multiples of 360° should be subtracted until the
angle lies between 0° and 360°; if it be then greater than
180°, it should be reduced by 180°; if then greater than
90°, the formulae of Art. 70 should be used, and finally, if
necessary, the formulae of Art. 69 applied.
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76. The table of Art. 40 may now be extended to
some important angles greater than a right angle,

Angle 0° | 30° | 45° | 60° [ 90°]| 120° | 135° | 150° | 180°
. 1|1 |3 J3 1 1
Sine 0 3 ~7§ 9 1 5 NE) 5 0
- ali|l L] _1|
Cosine 1 e alivel I -l g h/ 3 5 | - 1
Tangent 0 1 1 | J3 ]| =3 -1 - 0
€ NE ' 73
Cotangent | w | /3 | -1 2 0 L -1 | -\3]| »
© 3 NE] N
Cosecant | | 2 | /2 2 1 2 V2 2 ©
NE A3
Secant 1 2 V2| 2 | 2 A2 2 1
NE] J3
EXAMPLES. X.
Prove that

1. sin 420° cos 390° 4 cos (~ 300°) sin { — 830°) =1.

2. co08570°sin 510° — 8in 330° cos 890°=0.

and 3, tan 225°cot405°+ tan7656°cot 675°=0.

What are the values of cos 4 -sind and tan 4 +cot 4 when 4 has

the values

2 5 7 11
4. g' 5. ‘31., 6. _le" 7. 215 and 8, __3_#’
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What values between 0° and 360° may 4 have when

9. sinA=:;§, 10. cosA:—%, 11, tand=-1,
12. cot 4 = - /3, 13. secA:---':/gg~ and 14, cosecd=~27?

Express in terms of the ratios of a positive angle, which is less than
45°, the quantities

15. sin (- 659). 16. cos (-84°). 17. tan137°.

18. sin 168°, 19. cos287°, 20. tan (-—246°).
21. sin843°, 22. cos(-928°). 23. tan 1145°,
24. cos1410°, 25, cot (-1054°). 26. 8ec1327° and

27. cosec (- T756%.
‘What sign has sin 4 +cos 4 for the following values of 4 ?

28, 140°. 29. 278° 30. -356° and 31. -1125°%
‘What sign has sin 4 — cos 4 for the following values of 4 ?
32. 215°, 33. 825°. 34, -6384° and 35, -—-457°

36. Find the sines and cosines of all angles in the first four quadrants

whose tangents are equal to cos 135°.
Prove that

87. sin (270°+4)= —cos 4, and tan (270°4 4)= - cof 4.

88. co08(270°— 4)= —sin 4, and cot (270° - 4)=tan 4.

39. cos 4+ sin (270°+ 4) - sin (270° ~ 4) + cos (1830° + 4)=0.

40. s8ec(270°— 4)sec (90° — 4) —tan (270° - 4) tan (90°+ 4) +1=0,

41, cot A+ tan (180°+4)+ tan (90°+ 4) + tan (360°— 4) =0,
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GENERAL EXPRESSIONS FOR ALL ANGLES HAVING A
GIVEN TRIGONOMETRICAI, RATIO,

77.  To construct the least positive angle whose sine 13
equal to a, where a is a proper fraction.

Let OA be the initial line, and let OB be drawn in the
positive direction perpendicular to OA.

Measure off along OB a distance o W'"\\
ON which is equal to @ units of length. e
[If @ be negative the point N will lie in / )

BO produced.]

Through N draw NP parallel to 04, With centre O,
and radius equal to the unit of length, describe a circle
and let it meet NP in P,

Then AOP will be the required angle.

Draw PM perpendicular to 04, so that

MP _ON _a_
0P~ 0P 1" *

The sine of AOP is therefore equal to the given
quantity, and hence AOP is the angle required.

A

sin AOP =
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78. To construct the least positive angle whose cosine
is equal to b, where b vs a proper fraction.

Along the initial line measure off a distance OM equal
to b and draw MP perpendicular to OA.
[If b be negative, M will lie en the other
side of O in the line A0 produced.]

With centre O, and radius equal to
unity, describe a circle and let it meet
MP in P.

Then AOP is the angle required. For __ .-~ i
oM b
cos AOP = 0P =1=%

79. o construct the least positive angle whose tangent
15 equal to c.

Along the initial line measure off P
OM equal to unity, and erect a per- L
pendicular MP. Measure off MP
equal to ¢ O 1 M A

Then -
tan AOP = %—5= c,

so that AOP is the required angle.

80. It is clear from the definition given in Arb. 50,
that, when an angle is given, so also is its sine. The
converse statement is not correct; there is more than one
angle having a given sine; for example, the angles 30°,
150°, 890°, — 210°,... all have their sine equal to 4.

Hence, when the sine of an angle is given, we do not
definitely know the angle; all we know is that the angle
is one out of a large number of angles.
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Similar staterdents are true if the cosine, tangent, or
any other trigonometrical function of the angle be given.

Hence, simply to give one of the trigonometrical
functions of an augle does not determine it without
ambiguity.

81. Suppose we know that the revolving line OP
coincides with the initial line O4. All we know is that
the revglving line has made 0, or 1, or 2, or 3,... complete
revolutions, either positive or negative.

But when the revolving line has made one complete
revolution, the angle it has described is (Art. 17) equal to
27 radians.

Hence, when the revolving line OP coincides with the
initial line OA, the angle that it has described is O, or 1,
or 2, or 3... times 27 radians, in either the positive or
negative directions, v.e. either 0, or + 27, or £ 47, or £ Gr...
radians.

This is expressed by saying that when the revolving
line coincides with the initial line the angle it has de-
scribed is 2nw, where n is some positive or negative
integer.

82. Theorem. To find a general expression to in-
clude all angles which have the same sine.

Let AOP be any angle having the given sine, and
let it be denoted by a.

Draw PM perpendicular to 04 .~ .
and produce MO to M’, making 174 \"«':
OM' equal to MO, and draw M'P' [ \
parallel and equal to MP. A3 A

Asin Art. 72, the angle AQP’
is equal to v —a.



ANGLES HAVING THE SAME SINE. 79

When the revolving line is in either of the positions
OP or OF, and in no other position, the sine of the angle
traced out is equal to the given sine.

When the revolving line is in the position OP, it has
made a whole number of complete revolutions and then
described an angle «, i.e., by the last article, it has described
an angle equal to

where 7 is zero or some positive or negative integer.
When the revolving line is in the position OF’, it has,
similarly, described an angle 2rm+ AOF, ie. an angle
2rr+m —a,
e 2r+ D m—ad.niinn ceeens 2
where 7 is zero or some positive or negative integer.

All these angles will be found to be included in the
expression

where n is zero or a positive or negative integer.
For, whenn = 2r, since (—1)” =+ 1, the expression (3)
gives 2rm + «, which is the same.as the expression (1).
Also, when n=2r+ 1, since (— 1)**+ = —1, the expres-
sion (3) gives (2r+1)7 —a, which is the same as the
expression (2).

Cor. Since all angles which have the same sine have
also the same cosecant, the expression (3) includes all
angles.arhich hitve the same cosecant as a.

;;{3. Theorem. To find a general expression to in-
clutls all angles which have the same cosine.

"Let AOP be any angle having the given cosine, and
let it be denoted by a
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Draw PM perpendicular to 04 and pro-
duce it to P’, making M P’ equal to PM.

When the revolving line is in the position
OP or 0P, and in no other position, then, as
in Art. 78, the cosine of the angle traced out
is equal to the given cosine.

When the revolving line is in the pOSitiog OP, it has
made a whole number of complete revolutions and then
described an angle g, 7.e. it has described an angle 2n7 +a,
where n is zero or some positive or negative integer.

When the revolving line is in the position OF’, it has
made a whole number of complete revolutions and then
described an angle — a, 7.e. it has described an angle 2nr—a

All these angles are included in the expression

where n is zero or some positive or negative integer.

Cor. The expression (1) includes all angles having
the same secant as a.

84. Theorem. To find a general expression for all
angles which have the same tangent.

Let AOP be any angle having the given tangent,
and let it be denoted by a. :

Produce PO to P’, making OP'
equal to OP, and draw P'M’ per-
pendicular to OM'.

As in Art. 73, the angles AOP
and AOF have the same tangent;
also the angle AOP' =7+ a.

When the revolving lLine is in
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the position OP, it has described a whole number of
complete revolutions and then turned through an angle
a, %e. it has described an angle
29T F Beverecnnieinnsrrrecnns wenn(1),
where r i3 zero or some positive or negative integer.
When the revolving line is in the position OF’, it has
similarly described an angle 2ra + (7 + a),

€. Cr+)m+ dveiiiinnninnnnn, ).
All these angles are included in the expression
o1 g s SR ..(3),

where n is zero or some positive or negative integer.

For, when n is even, (= 2r say), the expression (3)
gives the same angles as the expression (1).

Also, when n is odd, (= 2r +1 say), it gives the same
angles as the expression (2).

Cor. The expression (3) includes all angles which
have the same cotangent as a.

86. In Arts. 82, 83, and 84 the angle a is any angle
satisfying the given condition. In practical examples it
is, in general, desirable to take a as the smallest positive
angle which is suitable.

Bx. 1. Write down the general expression for all angles,

(1) whose sine is equal to "@,

5
. 1
(2) whose cosine is cqual to - 3,

and (3) whose tangent is equal to —= J3
{t) The smallést angle, whose sine is 1/;, is 60°, i.e. §

L T 6
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Hence, by Art. 82, the general expression for all the angles which
have this sine is
nr (=1
(2) The smallest positive angle, whose cosine is ~ —1-,

. . 2n
is 120°, i.e. 5

Hence, by Art. 83, the general expression for all the angles which
have this cosine is

2
2nr = ?" f
(3) The smallest positive angle, whose tangent is :/1—:-3,

is 30°, i.e. ’E'.
Hence, by Art. 84, the general expression for all the angles which
have this tangent is

wor T
x G.

Bx. 3. What is the most gencral value of 9 satisfying the equation
1 .
P
8ind §= 4?

Here we have sin ¢= % % .

Taking the upper sign,

sino—l—s'n"
—é— 1 6 .

0=1l7r+(—1)"%;.
Taking the Iower sign,
gin = 1 z
= - 2—811’] - 6 »

0=mr+(-1)"( - g)
Putting both solutions together, we have

f=nma (- 1)-%,
or, what is the same expression,

L2
=ﬂﬂ'd=§,
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Bx. 8. What is the most general value of 0 which satisfies both of the
. . 1 1
L == - = —
equations sin 8 5 and tan @ N ?
Considering only angles between 0° and 860°, the only values of 4,

“when sin = ~ % , are 210° and 830°. Similarly, the only values of 8, when

e 1 =] o
tano—-;-/—é, are 30° and 210°,

The only value of 8, between 0° and 360°, satisfying both conditions

is therefore 210°, d.e. '%r'
The most general value is hence obtained by adding any multiple
T

ot four right angles to this angle, and hence is 2ax 4 6

, Where # is any
positive or negative integer.

EXAMPLES. XL

What are the most general values of § which satisfy the equations,

| . W3 N |
1. sm0-§. 2. sinf= - e 3. smo—;ﬁ.
1 3 1
4, eoso=-§. . cosf= G 6, cosfd= v
7. tanf=,/3. 8. tanf= -1, 9. cotd=1,
10. secd=2. 11. cosecd= -g—. 12. sin?9=1.
V3
1 1 .
13. oos’0=z . 14. ta.n’0=§. 15. 4sin?d=8.
18. 2coi?d=cosec?s. 17. secld= %?

18, What is the most general value of @ that satisfies both of the
equations

0080=— 715 and tanf=1?

19. What is the most general value of @ that satisfies both of the
equations
oot 6= —-,/3 and cosecf= ~2°?

6—2



84 TRIGONOMETRY. [Bxs. X1.]

;.4

20. Ifoos(d-B)= 50 and sin (4+ B =—1- find the smallest positive

values of 4 and B and also their most general values.

21. If tan (4 — B)=1, and sec (4 +B)_. find the smallest positive

V8’
values of 4 and B and also their most general values.
22. Find the angles between 0° and 8360° which have respectively (1)

~/

their sines equal to X—, (2) their cosines equal to-= 1 3 and (3) their tan-

gents equal to — ~/3

23. Taking into consideration only angles between 0° and 180°, how

many values of & are there if (1) sin x=g, @) cosz:%, (8) cosz= —é,
4) tanz=— 3¢ and (5) cotz= -T2

24. Given the angle z construct the angle y if (1) siny=2 si;.x @,
(2) tany=3tanz, (3) cosy = % cos z, and (4) secy =cosecz.

25. Shew that the same angles are indicated by the two following

formulae: (1) (2n -~ 1)%' +(-1) g , and (2} 2nw £7 Ak being any integer.

26. Prove that the two formulae

o <2n+ )r:i:a and (2) na 4 (= 1)» (’—;—a>

denote the same angles, n being any integer.
Illustrate by a figure,

27. If 6—a=nmw+(~1)"8, prove that §=2mw+a+8 or else that
0=(2m+1)x +a~ 8, where m and n are any integers,

928, If cospd 4 cos ¢8=0, prove that the different values of @ form two

arithmetical progressions in which the common differences are-;T'q and

2w .
~— respectively.
P~q P y

20, Construct the angle whose sine is -9-%-5-
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86. An equation involving the trigonometrical ratips
of an unknown angle is called a trigonometrical equation”

The equation is not completely solved unless we
obtain an expression for all the angles which satisfy it.

Some elementary types of equations are solved in the
following article.

87. Bx. 1. Solve the equation 28in?z +,/3 cosz +1=0.
The equation may be written
2-2c08%z +4/8cosz+1=0,

i.e. 2cos?x =4/3cos z—8=0,
e (cosz—,/3) (2 cosz+,/3)=0.
The equation is therefore satisfied by cos z=,/3, or cosz= -ﬁ,

2
Since the cosine of an angle cannot be numerically greater than unity,
the first factor gives no solution.

The smallest positive angle, whose cosine is —- #, is 150°, i.e.%’ .
Hence the most general value of the angle, whose cosine is ——"?,

is nr s 0T, (Art. 63.)

This is the general solution of the given equation.

Bx.2. Solve the equation tan 5§=cot 20,
The equation may be written
tan 50 =tan (’-;-20) .

Now the most general value of tha angle, that has the same tangent ag

g-zo, is, by Art. 84, mr+; -29,

where n is any positive or negative integer.
The most general solution of the equation is therefore

5o=m+g—20.

1
& 0= 7 (nl"*‘;) ]
where n is any integer.
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TRIGONOMETRY.

EXAMPLES. XII.

Solve the equations

L

3L
33.

34,
35,

36.
a7

cos?9—sin 0 ——-=0

1
=0 2.
2,/3 cos? 0 =sin 0.

4cosf-3secd=2tan4. 6.
tan?g — (1+./3) tan 6+.,/3=0.
cot? 0+ (,j3 +~/3> cot@+1=0,

cot —abtanf=a -b.
secd - 1=(/2-1)tand.

10.
12,

cot O+tan 6=2cosecd. 14,
88in?@-2sin =1, 16.
8in 96 =sin 0. 18.
cosmf =cos nf. 20.
cos 50 =cos 40, 22.
cot § =tan 86, 24.
2
tan 20=tanz. X 26.
tan? 360 =cot?a. 28.
tan?30=tan%a. 30.
tan mx+ cotnz=0. 82.

sin (6 - ¢)= 3 and cos (0+¢)=

28in?6 43 cos §=0.

cos @ +cos? =1,

sin? g -2 cos 0+;=0.

tan? 0 + cot? =2,
8 (sec® 6 +tan? 9)=5.
4 cos’0+J3—2 (x/3+1)cos 6.

8in 56 ——

T2
gin 36 =sin 26,
sin 20 = cos 34.
cos mf@=sinnd.

cot =tannd.
tan20tanf=1.

tan 30=cot 4.
3tan?d=1.
tan (x cot 0) == cot (v tan @),

=1
5

cos (2z+3y)=§, and cos (3:c+2y)="—/2§.

Find all the angles between 0° and 90° which satisfy the equation

sec? @ coseo? 942 cosecd 0 =8,

If tan? O-g ,

If the coversin of an angle be 1,

find versin ¢ and explain the double result,

find its cosine and cotangent.



CHAPTER VIL

TRIGONOMETRICAL RATIOS OF THE SUM AND DIFFERENCE
OF TWO ANGLES.

88. Theorem. 7o prove that
sin (4 + B) =sin 4 cos B + cos 4 sin B,
and cos (A + B)=cos A cos B—sin Asin B,

c B

6 —ma—a AM Q A

Let the revolving line start from OA and trace ous
the angle AOB (= 4), and then trace out the further
angle BOC (= B).

In the final position of the revolving line take any
‘point P, and draw PM and PN perpendicular to 04 and
OB respectively; through N draw NR parallel to 40 to
meet MP in R, and draw NQ perpendicular to O4.

The angle

RPN =90°-4PNR=(RNO=2£NOUQ=A.
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Hence sin(4 + B)=sin AOP = M—P = MRO-;)RP

QN RP QN ON RP NP
=orT 0P~ 0N OP T NPOUP
=sin 4 cos B+ cos RPN sin B.
. 8in (A + B) =sin A cos B 4 cos A sin B,

: 1 . OM 0Q—MQ
Again cos (4 +B)—coaA0P—-0— 0P

_0Q _RN_0QON RNNP
OP~ OP ON OP NP 0P
="cos A cos B —sin RPN sin B.
. cos (A +B) =cosAcosB—sinAsinB,

89. The figures in the last article have bcen drawn only for the case
in which 4 and B are acute angles.

The same proof will be found to apply to angles of any size, due
attention being paid to the signs of the quantities involved.

The results may however be shewn to be true of all angles, without
drawing any more figures, as follows.

Let 4 and B be acute angles, so that, by Art. 88, we know that the
theorem is true for 4 and B.

Let 4,=90°+ 4, so that, by Art. 70, we have

sin 4,=cos 4, and cos 4,= ~sin 4.
Then gin (4;+ B)=s5in {90°+ (4 + B)} =cos (4 + B), by Art. 70,
=cos 4 cos B —sin 4 sin B=sin 4, cos B+cos 4, sin B.
Also cos (4, + B)=co8 [90°+ (4 + B)]= —sin (4 + B)
= - gin 4 cos B—cos 48in B=cos 4, cos B—sin 4, 8in B,

Similarly, we may proceed if B be increased by 90°,

Hence the formulae of Art. 88 are true if either 4 or B be inoreased
by 90°, i.e. they are true if the component angles lie between 0° and
180°.

Similarly, by putting 4,=90°+4,, we can prove the truth of the
theorems when either or both of the component angles have values
between 0° and 270°.

By proceeding in this way, we see that the theorems are true uni.
versally.
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90. Theorem. 1o prove that
sin (4 — B) =sin 4 cos B — cos 4 sin B,
and cos (A — B) = cos 4 cos B + sin 4 sin B.

Let the revolving line starting from the initial line
04 trace out the angle
AOB (= A), and then, re-
volving in the opposite di-
rection, trace out the angle
BOC, whose magnitude is
B. The angle 40C'is there-
fore A — B.

Take a point P in the
final position of the revoly-
ing line, and draw PM : and PN perpendicular to 04 and
OB respectively ; from N draw N and NR perpendicular
to 04 and MP respectively.

The angle RPN=90°~ 2 PNR=¢/ RNB=/QON=A.

Hence

gin (4 - B)=sin AOC =

Q M A

MP _MR-PR_QN PR
OP~ 0P TO0P 0P

QN ON _ PR PN
T ONOP™ PN OP
=sin A cos B~ cos RPN sin B,
so thet fin (A-B)=sinAcos B -—cosAsin B

OM_0Q+QM _0Q NR
Also cos(Ad—B)=p =—gp— =gpt Op
_0Q ON A NRE NP
~0N OPTNP 0P

so that cos (A ~B)=cos A cos B+sin AsinB.

=cos A cos B+sin NPRsin B,
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01. The proofs of the previous article will be found to apply to
angles of any size, provided that due attention be paid to the signs of
the quantities involved.

Assuming the truth of the formulae for acute angles, we can shew
them to be true universally without drawing any more figures.
For, putting 4;=90°+4, we have,
(since sin 4,=cos 4, and cos 4,= -sin 4),
sin (d; -~ B)=sin [90°+ (4 —~ B)]=cos (4 ~ B) (Art. 70)
=cos 4 cos B+sin 4sin B
=sin 4, cos B~ cos 4, sin B.
Also cos (4; — B)=co0s[90°+ (4 — B)]= —sin (4 -~ B) (Art, 70)
= —gin 4 cos B4cos d sin B
= cosd,cos B+sin 4,8inD,
Similarly we may proceed if B be increased by 90°.
Hence the theorem is true for all angles which are not greater than
two right angles.
So, by putting 4;=90°+ 4,, we may shew the theorems to be true for
all angles less than three right angles, and so on,

Hence, by proceeding in this manner, we may shew that the theorems
are true for all angles whatcver,

92. The theorems of Arts. 88 and 90, which give
respectively the trigonometrical functions of the sum and
differences of two angles in terms of the functions of the
angles themselves, are often called the Addition and
Subtraction Theorems.

03. Bx. 1. Find the values of sin 75° and cos 75°,
8in 75°=sin (45° + 80°) =sin 45° cos 80° + cos 45° gin 80°
1 W8, 11 .J3+1

=2 tpeseye

and €08 75°m 008 (45° + 80°) = 008 45° cos 30° — sin 45° sin 30°
148 11_y8-1
S22 T ye2T aye
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Bx. 2. Prove that sin (4 + B) sin (4 ~ B)=38in® 4 —sin? B,
and cos (4 + B) cos (4 - B)=cos? 4 - sin* B,
By Arts. 88 and 90, we have
8in (4 + B).sin (4 — B)=(sin 4 cos B +cos 4 sin B)(sin 4 cos B - cos 4 sin B)
=5in? 4 cos? B — cos? 4 sin? B=sin? 4 (1 - 8in? B) - (1 - sin? 4) . sin? B
=gin? 4 - sin? B.
Again, by the same articleg, we have
cos {4 + B) cos (4 — B)=(cos 4 cos B — sin A sin B) (cos A cos B + sin 4 sin B)
=cos? 4 cos? B ~sin? 4 sin? B=cos? A (1 - sin? B) - (1 - cos® 4) sin? B
=cos? 4 — sin? B.
Bx. 8. Assuming the formulae for sin (z+y) and cos(z+y), deduce
the formulae for sin (x - y) and cos (z —y).
We have
sinz=sin {(z-y)+y} =sin(z-y) cosy +cos (z—y) stny......(1),
and cosx=cos {(z-y)+y}=cos(z~y)cosy—sin(z-y)siny...... 2).
Multiplying (1) by cosy and (2) by sin y and subtracting, we have
sinz cos y - cos & 8in y=sin (z - y) {cos¥y +sin? y} =sin (z ~y).
Multiplying (1) by sin y and (2) by cosy and adding, we have
sin & sin y + 008 x cos ¥y =cos (z —y) {cos?y +sin? y'} =cos(z —y).
Hence the two formulae required are proved.

These two formulae are true for all values of the angles, since the
formulae from which they are derived are true for all values.

EXAMPLES. XIIL
1. It sin a=5 and cosf=), find the value of sin (a-g) snd
cos (a+8). Verify by a graph and accurate measurement.

2. If sina= and sinf=1, find the values of sin (a~§) and

53
sin (a +B).-
8. Ifsin a=7s and cos 8 =—i—§ , find the values of sin (a + g), cos (a - 8),
and tan (a+g). Verify by a graph and accurate measurement.
Prove that
4, o008 (45° - 4) cos (45° — B) - sin (45° - 4) sin (45° ~ B) =sin (4 +B),
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5. sin (45°+ 4) cos (45° — B) +cos (45°+ 4) sin (45° - B) = cos (4 - B).

sin(4-B)  sin(B-C)  sin(C-4)_
cosAcosB ' cosBcosC ' cosCeosd

6.
7. &in 105° + cos 105°=cos 45°.
8. sin 75° —gin 15°=cos 105° + cos 15°,
9, ocosacos(y—a)-ginasin(y~a)=cosy.
10. cos (a+ B) cosy —cos (8 ++) cos a=sin 8sin (y - a).
11. sin(n+1) Asin (n—1) 4 +cos (n+1) 4 cos (n—~1) 4 =cos 24.
12. sin(n+1) Asin(n+2) 4+cos(n+1)4cos(n+2)4=cos 4.

94. From Arts. 88 and 90, we have, for all values of
A and B,

sin (4 + B) =sin A cos B + cos 4 sin B,
and sin (4 — B)=sin 4 cos B — cos 4 sin B,
Hence, by addition and subtraction, we have
sin (4 + B)+sin (4 — B)=2sin 4 cos B...... @),
and sin (4 + B) —sin (4 — B) =2cos A sin B...... (2).

From the same articles we have, for all values of 4

and B,
cos (4 + B)=cos 4 cos B —sin 4 sin B,

and cos (4 — B)=cos 4 cos B +sin 4 sin B,
Hence, by addition and subtraction, we have
cos (A + B)+cos (4 —B)=2cos Acos B...... (3),
and  cos(4 — B)—cos(A+ B)=2sin Asin B......(4).
Put A+ B=0,and A—B=D, so that

C+D c-D
A———‘—2 ,aﬂd B=—"—'2 .



PRODUCT FORMULZ. 93

On making these substitutions, the relations (1) to (4)
become, for all values of O and D, °

C+D c-D
sin C +s8in D = 2 8in ; cos —x I 9
-D
sinC—sinD:Qcosc"'D sin c R ¢ &
2 2
-D
cosG+cosD=200e1c;:Dco:sc2 ... 11X,
and cosC—cosD = 2 sin 2 gin 2=2 .. 1V,

2 2
[The student should carefully notice that the second

factor of the right-hand member of IV is sin ll:—a, and not

2
sin ¢-Db
2 \»}\\I

95. These relations I to 1V are extremely important
and should be very carefully committed to memory.

On account of their great importance we give a geo-
metrical proof for the case when C and D are acute angles.

Let AOC be the angle ¢ and 40D the angle D.
Bisect the angle COD by the straight line OE. On OF
take a point P and draw QPR perpendicular to OP to
meet OC and 0D in @ and R respectively.

Draw PL, QM, and RN perpendicular to OA4, and
through R draw RST perpendicular to BL or QM to
meet them in S and T respectively.

Since the angle DOC is C— D, each of the angles

DOE and £0C i 52
£A0E=2A0D+2D0E-D+9Z 29D
Since the two %piangles POR and POQ are equal in

all respects, we have' 0Q = OR, and PR = P(Q, so that

RQ=2RP.

, and also
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Hence Q7' =2PS, and RT = 2RS, .e. MN = 2ML.
Theréfore 3Q + NR=TQ +2L8=2SP+2LS=2LP.
Also OM 4 ON =20M + MN =20M + 2ML =20L,

: . MQ NR_MQ+DNR
Hence sm0+st—(~)—Q +OR= OR

N o] M L N A
2LP _LP OP .

=—(TR =2—0—P.@=2SIDLOPCOSPOR
9 & C+D SO' D

= & 811 9 CO. 9

Again, sin C -~ SIHD—W— —O-E—_TE__—OR

SP SP RP .
2OR 2RP 0R—2cosSPRstOP

-—2cosC+Dsin-c—'——9
- 2 2 !

[ for ASPR=90°—.4SPO=£L0P=Q—';—I-)

OM ON 0M+ON
Also, cosG+cosD-—O-Q +OR ~—O0R —

—90L_,0LOP
OR~“0POR
0+D 0-D

w2 cos LOP cos POR = 2 co s~——2——c —5
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QAT_QM_ ON-0M
orR~ 0Q  OR
_MN_,SR _2SRPR
T“OR “OR PR OR

=2sin SPR.sin POR

C+D . C-D
TSIDT.

Finally, cos D—cos(C=

=2 sgln

96. The student is strongly urged to make himself
perfectly familiar with the formulae of the last article and
to carefully practise himself in their application; perfect
familiarity with these formulae will considerably facilitate
his further progress.

The formulae are very useful, because they change
sums and differences of certain quantitics into products of
certain other quantities, and products of quantities are, as
the student probably knows from Algebra, easily dealt
with by the help of logarithms.

We subjoin a few examples of their use.

Bx. 1. sin60+sin46=2sin GQ;-EQ cos 6i;£(2=2 sin 56 cos 6.

30470 sin 76 - 30
2 2

2 cos 75°+15° sin 75°-15°
sin 75° - gin 15° ) 2 2

008 75°+ cos 16° 760+ 160 760 155
2 cos 3 cos 3

Bx. 2. co830-~cos78=2sin =2gin 50 s1n 24.

Bx. 8.

__2cos 45°8in 30° _ o 1 _a8_,
_m_tan 30 -—;/—3 = T— 57735...cce
[This is an example of the simplification given by these formulae; it
would be & very long and tiresome process to look out from the tables the
values of sin 75°, sin 15° cos 75° and cos 15°, and then to perform the
division of one long decimal fraction by another.]
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Bx. 4. Simplify the expression

(cos 6 — cos 38) (sin 86 + sin 26)
(8in 50 — 8in @) (cos 40 — cos 60) °

On applying the formulae of Art. 94, this expression

2 sin 6+30 . 36-0 2s'n89+20c0380_20
Ty S5 X28in = N
50460 . 50-6 . 40+60 ., 60-~40

2 cos 5 sin 3 x 2 s8in 5 sin 3

_4.8in20sin§.8in 50 cos 30 _
T4.c08308in20.8m50s8n0

EXAMPLES. XIV,

Prove that
8. %%x—gj =tan 24.
4, si.;ie%_—g%% =cos44 sec 54.
5. %:cotu + B) cot (4 - B).
6 a?n 24+ sin 2B _ tan (4+B) .
* 8in 24 -sin 2B tan (4 ~ B)
7. %"L‘:f——:z—:‘: =cot]. 8. %gj_}%._i’:gjﬂanA.
9. %‘i’—:gg;——%zm (4-B).

10. cos(4+B)+sin (4 - B)=2sgin (45°+ 4) cos (45°+ B).
1 cos34 —cos 4 +cos 24 ~cosdd gsin 4
* sin34-8inA4d ' sin 44 -sin24 ocos 24 cos 34 °

8in (44 — 2B) +sin (4B - 24)
12. cos(44—2B)+cos(4B—2A)=tan (4 4+ B).

tan 56 + tan 36
tan 50 — tan 86

13. =4 co8 20 cos 44.
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cos 36 +2cos 50 +cos 70 .
14. o8 879008 30+ cos 50 =CO0B 20—511)‘20 tan 36.
8in A +5in 34 +s8in 54 +s8in 74
15. cos A +cos 34 4+co854 +cos TA =tan 4.
8in (0 +¢) ~ 2s8in § +-sin (- @) _
16. cos(0+¢)—2cos6+cos(0—¢)_tano'
17 sin 4 +28in 34 +sin 54 _ 8in 34
* sin34+2s8mb4+8mT74 ginsd’
18 8in (4 -C)+2sin 4 +8in{4d4C0) _sin4
* Bin(B-C)+2smB+sm(B+C) sinB’
_8in 4 —sin 54 + sin 94 — 8in 184
19. cos A —cos 54 — cos 94 + cos 134 =cot44.
sind+sinB _ A+B A-B
20. GnA—smpotn g ooty
cos 4 +cos B A+B 4-D
21. ¢:osB—cos:A*c°t 2 cot 2
22 sind+sin B _ MA+B
* cosd+cosB 2
gin 4 -sin B A+B
23. oosB—cosA_COt 2
24 cos(4+B+ C)+cos(-4 + B+ C)+cos(d - B+ C)+cos(4+B-C)
* sin(d+B+C)+smn(-4A+B8+C)-sin{d~-B+C)+sin(d+B-C)
=cot B,
25, ©0834+cos54 +cosTA+cosl54=4cos4dcosb54 cosbA.
26. cos(—A+B+C)+ecos(d~B+C)+oo3(4d+B~C)+cos(d+B+0)
=4cosdcos BeosC.
27. sin 50° - sin 70° +sin 10°=0,
28. s8in 10° 4 sin 20° 4 8in 40° + gin 50°=sin 70° + gin 80°.
29. sina+8in 2a+ 8in4a+sin Sa=4 cos g cos %‘- sin 3a.
Simplify
80, cos {0+ (n—g) ¢} - €08 {0+(n+g) ¢} .
31.

sin o+ (n=2) of oin fos (n+3) o}

L. T. 7
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Again, by Art. 90,

_sin(4d - B) _sin Acos B—cosd sin B
tan (4 = B)= T 2 )~ cos A cos B ¥ sin Asin B
sin A sin D3
cos A cos B . _
m, by dividing as before.

cos A cos B

tan A—-tanB
-tan (A-B) =y e Atan B

99, The formulae of the preceding article may be obtained geometri-
cally from the figures of Arts. 88 and 90.

(1) Taking the fizure of Art. 88, we have

_MP _QN+RP
tan (A +B)= o= O00=RN

QN Rr
OQ OQ tanA+OQ
T T AN
0@ RP 0Q

But, since the angles RPN and QON are equal, the triangles RPN and
QON are similar, so that

RP _0Q
PN~ ON?
and therefore '(I)—%) = g—g: tan B.
tan 4 +-tan B tan A 4+tan B
Hence  tan (4 +D)= l-tan RPNtan B 1-tan dtanB*

(2) Taking the fignre of Art. 90, we have

OMT=00+NR

QN PR PR
OQ o0 mnA—(W‘2
1+ T T1 B PR

0Q PR 0Q

tan (4~ B)= NP - QN = PR
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But, since the angles RPN and NOQ are cqual, we have ﬁ; 33,
PR _PN
ST P 3.
and therefore 0Q = 0N tan I
tan 4 ~tan B tand - tan B

Hence tan (4 - 1) = i¥tan RPNtan B~ {+tandtan B "

100. As particular cases of the preceding formulae,
we have, by putting B equal to 45°,
_fand+1_1+tand
“1—tand 1—tand’
tan 4 -1
1+tan4°

tan (A + 45°

and tan (A4 ~ 45°) =

Similarly, as in Art. 98, we may prove that
oot L oot B—1
cot A +cot B
cot 4 cot B + 1
cotB—cot 4

cot (4 + B)=
and cot (4 — B) =

/7 tan 45° 4 tan 30°
o~ - O — e e
101. EBEx. 1. tan 75° = fan (43° + 30 )_ “tand5 tan 30

L TU3-17 31
NE!

=241-73205...=3"73205....

J; 341 (J3-1)T 4428 .
=3 =2+4/3

tan 45° - tan 30°

O 200 == .. -
Ex. 2. tan 16°=tan (45° - 30°) = 15 tan 455 tan 30°

N3-1_ (VB-1)_4-2y3
ITI NEES S —g =2-«8

3
=2-1-73205... =-26795....
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EXAMPLES. XVI,
1. If tan A=1 and tan B=%
tan (24 - B). Verify by a graph and accurate measurement.

_ /8 /8
9, Iftan A_4_\/3 and tanB"4—+,~/3
ten (4 - B)="3875.

n 1
8, If tan A=1T:1 and tanB_g—E_’_—l, find tan (4 +B).

, find the values of tan {24+ B) and

, prove that

4, If tan a=g and tanp:Ili, prove that a+ﬁ=;. Verify by a

graph and accurate measurement,
Prove that

5. mn(g+0>xtan(§£+6)=—]_

8. cot (g+0) cot (}-0):1.

7. 14tand tan%:tan A cot g—l:md.

102. As further examples of the use of the formulae
of the present chapter we shall find the general value of
the angle which has a given sine, cosine, or tangent. This
has been already found in Arts. 82—84.

Find the general value of all angles having a given sine.

Let a be any angle having the given sine, and 6 any
other angle having the same sine,

We have then to find the most general value of &
which satisfies the equation

sin d =sin a,
t.e. sin § —sina=0.

This may be written

2 cos Q__ sin
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and it is therefore satisfied by

cos9;a=0, and by sin _9__—-_a=0’
2
i.e. by 0-—;3 = any odd multiple of ’%
0—a . '
and by 5— =any multiple of 7
t.e. by 0 =— a+ any odd multiple of m...... (1),
and 0 = a + any even multiple of 7 ...... (2),

1.e. 8 must =(—1)"a+ nw, where n i any positive or
negative integer.

For, when n is odd, this expression agrees with (1), and,
when n is even, it agrees with (2).

103. Pind the general value of all angles having the

same cosine.

The equation we have now to solve is

cos@=cosa,

1. cos @ —cos 8 =0,
. . 0+a . 6—a
e 2 sin —5— 8in ——= 0,
and it is therefore satisfied by
. 0+a . 0—a

sin —5— = 0, and by sin 5 = 0,
. 0+« .
t.e. by —5— = any multiple of =,

and by -0—-_2-0‘ = any multiple of =,



104 TRIGONOMETRY.

e by 0 = — a + any multiple of 27,
and by 0 = a + any multiple of 2,

Both these sets of values are included in the solution
0 =2nm + a, where n is any positive or negative integer.

104 Find the general value of all angles having the
same tangent.

The equatio;wc have now to solve is
tan @ —tan o =0,
.C. sin @ cosa —cos @sina=0,
e sin (6 —a)=0.
2. @ —a=any multiple of =

=nm, where n i3 any positive or
negative integer,
so that the most general solution is 8 =nm + a.

EXAMPLES. XVI (a).

1, Construct the acute angles whose tangents are %— and ;—, and

verify by measurement that their sum is 45°
2. The tangents of two acute angles are respectively 3 and 2; show

by a graph that the tangent of their difference is ;

3. The sine of one acute angle is -6 and the cosine of another is ‘5.
Show graphically, and also by calculation, that the sine of their difference
is -39 nearly.

4, Draw the positive augle whose cosine is ‘4 and show, both by
measurement and calculation, that the sine and cosine of an angle which
exceeds it by 45° are -93 and - 365 nearly.

5. Draw the acute angle whose tangent is 7 and the acute angle
whose sine is *7; and show, both by measurement and calculation, that
the sine of their difference is approximately -61.



CHAPTER VIIL

THE TRIGONOMETRICAL RATIOS OF MULTIPLE AND
SUBMULTIPLE ANGLES.

105. To find the trigonometrical ratios of an angle 24
tn terms of those of the ungle A.

If in the formulae of Art. 83 we put B= A4, we have
sin2A =sin A cos 4 +4+cos Asin A =2sin AcosA,
€08 2A =co0s 4 cos 4 —sin 4 sin A =cos* A —sin’ A

=(1-sin*d)-sin’d = 1 - 2sin’A,
and also
=cos?Ad —(1—cos? A)=2cos?A=-1;
and
tan A +tan 4 2tan A

tan 24 = 1—-tand.tan 4 = 1 —tan?A’

Now the formulae of Art. 88 are true for all values of
A and B; hence any formulae derived from them are true
for all values of the angles.

In particular the above formulae are true for all values
of 4.
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106. An independent geometrical proof of the formulae
of the preceding article may beggiven for values of A4
which are less than a right angle.

Let QCP be the angle 24. ®
With centre C and radius CP A
describe a circle, and let QC meet £ 4x

it again in 0. o
Join OP and PQ,and draw' PN
perpendicular to 0Q.

By Euec. 111. 20, the angle
QOP =% 2QCP =4,

and the angle NPQ=rsQ0P=A.

Hence
. NP 2NP _NP _NP QP
sin2d =55 = 20qg =% 0@ " %0P 0Q

= 2 8in NOP cos POQ, since OPQ is a right angle,

=2sind cos4d;
also -
(’H 20N (0C+ CN)—-(0C — GN)
°°S2A"CP =00~ 00
_ NQ ON OP .NQ rQ
- OQ T 0P 0Q PQ OQ
=cos’4 —sin* 4 ;
o NP NP
and tan 24 = yp 2P 0N
CN T ON= AQ N TN
T PNON

tan A
n* 4’

__2__
i-
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Bx. To find the values of sin 15° and cos 15°

Let the angle 24 be 30°, so that 4 is 15°
Let the radius CP be 2a, so that we have

ON =2a cos 30°=a,/3,

and NP=2a8in30°=aq.

Hence ON=00+CN=a (2+4/3),
and NQ=CQ-CN=a(2-/3).

s OP3=0N.0@=a(2+4/3) x4a (Eue. v1. 8),
so that OP=a, /2 (J3+1),
and PQi= QN QO0=a (2-4/3) x 4a,
8o that =a\/2(/3-1).
PQ _V2(/3-1)_J3-1

Hence 8in 15°= 0= 4 <73 72 °

and cos 15%°= OP ~/2 ~/—+~D— "/Q:i/;l.

107. To find the trigonometrical functions of 34 in
termns of those of A.

By Art. 88, putting B equal to 24, we have
sin 34 =_§i<n (A +24)=sin A4 cos24 +cos Asin 24
=sin 4 (1—2sin® 4)+ cos 4.2sin 4 cos 4,

by Art. 105,
=sin 4 (1 —-2sin? A)+ 2sin 4 (1 — sin? 4).
Hence sin3A=3sinA ~4sin*A........ (1).
So

c08 34 =cos (4 +24) = cos A cos 24 — sin A sin 24
=cos A (2cos? 4 —1)~sin A.2sin Acos 4
=cos 4 (2cos* 4 — 1) —2cos 4 (1 —cos* 4).

Hence cos3A=4cos’A—3CosA ......... (2).
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tan 4 +tan 24
Also tan 34 =tan (4 +24) = T ton A tan 94
tan A + _gt’_all_{iA_
o 1-tan’d tan A(1 —tan? A)+ 2 tan 4
B . 2tan A (1 —tan?d)~2tan’4  °
1-tend.

3tan A —-tan3A
1-3tan‘A

[The student may find it difficult to remecmnber, and distinguish
between, the formulae (1) and (2), which bear a general resemblance to
one another, but have their signs in a different order. If in doubt, he
may always verify his formula by testing it for a particular case, e.g. by
putting 4 =30° for formula (1), and by putting 4 =0° for formula (2).]

Hence tan3A=

108. By a process similar to that of the last article,
the trigonometrical ratios of any higher multiples of 6
may be expressed in terms of those of . The method is
however long and tedious. In a later chapter better
methods will be pointed out.

As an example, lct us express cos 50 in terms of cos 6.
We have

cos 50 = cos (36 + 26)

= cos 36 cos 20 — sin 36 sin 28
=(4cos*d — 3 cos 0) (2cos*0—1)

—~(3sin 0 —4sin® 6).2sinf cos 0
= (8 cos® 6 — 10 cos* @ + 3 cos 6)

— 2cos @.sn%80 (3 — 4sin?0)
= (8cos® @ — 10 cos* 8 + B cos §)

~2cos (1 —cos?0)(4cos* @ —1)
= (8 cos®  — 10 cos® 8 + 3 cos )

~2cos 0 (5cos*f —4cost@~1)
=16 cos® § — 20 cos® 6+ 5 cos 6.
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EXAMPLES. XVIIL

1. Find the value of sin 2a when

(1 cosa:%, (2) fina:%z

2. Find the value of cos 2a when

§

3

, and (3) tana:é—g.

15 . 4 5
(1) cosa=1z, (2) sin a=z, and (3) tan a=1—02-.
Verify by a graph and accurate measurement.
3. Iftané =Ié , find the value of a cos 28 + b sin 20.
Prove that
sin 24 sin 24
% iicosza— w4 A T Yt
1-cos24 2

6. m-tan A, 7. tan 44 cot A=2cosec24.
8. tanAd-—cotd=-2cot24. 9, cosec24+cot2d=cot 4.

l-cosd+cosB-cos(d+B)_ 4 B
10. 14 cos d—cos B—cos(d +~B—)_tan ECOt 3"

cos A o, 4 sec84 -1 tan84

WLy = (45 * ) 12, eia 1™ taned”

1+tan? (45° - )
13. 1T —tant (450~A)_cosec 24.

at+f
14, Sinatsing fan =)
* slna—-sinfg a—
tan — ©
sin? 4 —sin?® B

15. sind cos A—sin Beos B tan (4 +B).
16. tan (;w) - tan (i-ﬁo) =2 tan 20.

cos 4 +8ind cosd—-sin4d
V7. Gosa—snd cosd +s'u;:4—2 tan 24.
18. cot (4 +15°) - tan (d - 15°)= 205 24

1+2sin24"
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sin 4 gin 29 1+8in@-cosé 4
] g —— 280 =
19. T¥cos 6+ con 2~ 000 20 1+8in6+cosd 3
2L sin(n+l)d-sin(n-14 _, A
cos{n+1) 4 +2cosnd +cos(n~1)4 2
sin(n+1) A+2~innd +sin(n-1)4 4
22. cos(n-1)Ad-cos(n+1)4 =cot 3+

23. sin (2n+1)4sin A =sin*(n+1)4 —sin?nd.

8in (4 +8B)+sin 34+ 8) _
sin 24 +siu 28 =2cos (4 +B).

24,

25. sin34+8in24 —sind =4sin 4 cos ;—icos?"-—:-.
26. tan2d4=(sec 24 +1) a/sec® 4 - 1.
27, cos320+3cos20=4 (cos® 4~ sin8@).
28. 1+cos?20=2 (cos* @ +sintg).
29, sec?A(l+sec24)=2scc24.
30. cosec A —2cot24 cos 4 =2sin 4.
. 1 A A
31. cotA=§ (cot;z——ta.n 5).
33. sinasin (60°-a) sin(60°+a)=§ gin Sa.

33. cosacos(60°—a)cos (60°4-a) =% ¢os 3a.
34. cota+cot(60°+a) - cot (60° - a) =3 cot 3a.

35. o8 20° cos 40° cos 60° cos 80° = 113 .

368, s8in20°8in 40°8in 60°sin 80°=]% .

37, cosda=1-8cos?a+8costa.

38. sind4d=4s8in4d cos®4d~-4cosdsind 4.

39, cosba=32cosba—-48costa+18costa—1,

40, tan384tan 24tan A=tan 34 —tan 24 ~ tan A.

2 cos 2% + 1
Y = (20080 1) (2 cos 20 - 1) (2oos 220 ~1)

2cosf+1
...... (2cos2n-1g-1),
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Submultiple angles.

109. Since the relations of Art. 105 are true for all
values of the angle A, they will be true if instead of 4

we substitute i:{, and thercfore if instead of 24 we put

A .
2.‘9‘,1’.6. A,

Hence we have the relations

sinA=2 sine cosl—L

5 g e ),
A A
- ees? = — gind it
cos A = cos 3 sin 3
A A
= 2 _—-1l=1- i 2
=2 cos 2 1=1-2sin 5 (2),
Qtan%
and tanA = ———— (3).
l—tan”-é

From (1), we also have

.4
2 sin — cos

2

cos? ‘5 +sin* =

o b

sind =

20| b

2 tan é

, by dividing numera-
1+ tu.n' ?

tor and denominator by cos % .
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-
cos® 5~ sm“—‘z

So cos A = 024+sin?f.l_
cos’ 5 5

A
_ 2
1 — tan 3

1 + tan’ 4

1.—
2

110.  To express the trigonometrical rativs of the angle

4.
= n terms of cos A.

2
From equation (2) of the last article, we have
cos A=1-2 sin’-lgl—,
2
;|
so that 251112§ =1—cos A,
A N/ l-cosA
and therefore sing =+ e .
. , A
Again, cos 4 = 2 cos? i 1,
A [
50 that 2 cos? 5= 14cos 4,
and therefore cosﬁ =+ \/ 1+cosd ... . (2).
2 2
sin 4
A 2 \/ I—cos 4
Hence, ta.n-z— =—=4 T oosd (3).
008—2-'
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111, In each of the preceding formulae it will be

noted that there is an ambiguous sign. In any particular
case the proper sign can be determined as the following

examples will shew.
Ex. 1. Given cos45°= :/12 y Jind the values of 8in 224” and cos 223°.

The equation (1) of the last article gives, by putting A equal to 43°,

1
1- 5= s
. 1 —cos 457 ,\/ J2 22
o __ —_ = ——
8in 224°= & \/ 5 =+ =k r

S INCENE
Now sin 22§° is necessarily positive, so that the upper sign must be
taken.

Hence sin22§°:% JE=J2
3 EFRD) —_
So co8 224°= = ﬂ:gs Yo \/—Tfl—za.-%,\/:!+\/2;

also cos 224° is positive;

JEIEY2
. 910 _
Socos 224°= o

Ex. 2. Given cos 330"’:57/3é , find the values of sin162° and cos 165°.

The equation (1) gives

2 ¥ )
ain165°=*\/1‘“‘;*3i’,‘f=$ —— ,\/4._;333

Ji-1
=Y NI
1+—:3
o_ + 08 330° 2 442
008 105%°= & /i....__z_._.~~e g% 5
=aVitl
=® g
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Now 165° lics between 90° and 180°, so that, by Art. 52, its sine is
positive and 1ts cosine is negative,

Hence 8in 105° = *{)3:/3—1 »
- N3+1
50— .
and cos 165°= 92 °

From the above examples it will be seen that, when the angle 4 and
its cosine are given, the ratios for the ang'e ‘; may be determined without
any ambiguity of sign.

Wheaxrlr,‘ however, only cos 4 is given, there is an ambiguity in finding
sin 4 and cos 4 . The explanation of this ambiguity is given in the next

2 2
article.

*%112. To explain why there is ambiguity when cos%}

A
and sin 5~ are found from the value of cos 4.

pA

We know that, if » be any integer,

cos A = cos (2umr + A) =k (say).

L 4.
Hence any formula which gives us cos % in terms of %,

2
should give us also the cosine of ?ﬁzrzité .
2nm + A A
NOW cous —~‘2— = CO0S (fn;"- + TZ_)

A _ . . A A
= €08 1 co% 5 F 1L AT ID 5 = COS A CO8

=+ €08 =,

according as n is c¢ven or odd.
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Similarly, any formula, giving us sin 4 in terms of %,

2
should give us also the sine of -2—17"2—+£

A.].SO Sin 2-n—7r-2£-é = Sin (’ﬂ’ﬂ i— g)

. A . A . A4
=sIn nr cos + cos nr sin 5 = + €os nr 8in 3

oA
=1 sin .
- 2
Hence, in each case, we should ‘expect to obtain two

values for cosj—z1 and sin ;1 ,aud this is the number which

the formulae of Art. 110 give.

{The student may illustrate this article geometrically by drawing the
2nw £ 4
2
have four positions two inclined to the positive direction of the initial

angles

, t.e. mrd:%. The bounding line for these angles will

R A 4 4
1 i 2 o i < -
ine at ungls,s 3 and 3 and two inchined at 3 and 3

direction of the initial line. It will be clear from the figure that there

to the negative

are two values for cos 12’[— and two for sin % .1

113. 1o express the trigonometrical ratios of the angle

A4 . .
= w0 terms of sin A.

2
From cquation (1) of Art. 109, we have
2smA cosig—-smA T ¢ § 8
Also sin? f—;— + cos? % =1, always ....ooeen (2)

8—2
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First adding these equations, and then subtracting
(1) from (2), we have

L4 .4 A 24 .
sin ~2—+2sm§cos§+cos —2——1 +sin 4,

and sin’é—2sinécosé+cos24=1—sinA;

2 2 2 2
1.6 (siu % + cos %)2 =1+sin4,
and (sin % _ cos g)'= 1—sind;
so that sin % +cos {—21 =+VIt+sind............ 3),
and sin % — cos % =4V =80 d.ccearnnen. 4).

By adding, and then subtracting, we have

231n§=i~/1+sin.&j;~/l—ainA ...... (5),

and 2cos§=;t~/1 +sinAF~1l-58inA...... (6).

The other ratios of {21 are then easily obtained.

114. In each of the formulae (5) and (6) there are
two ambiguous signs. In the following examples it is
shewn how to determine the ambiguity in any particular
case.

Bx. 1. Given that sin 30° {s %, find the values of sin 16° and cos 15°,

Patting A =30°, we have from relations (3) and (4),
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sin 15°+ cos 15%= % \/1 + sin 30°= J:j';,

8in 15°~ cos 15°= + /1 - gin 30° ~:!=~/—2.

Now sin 15° and cos 15° are both positive, and cos 15° is greater than
8in 16°. Hence the expressions sin 15°+cos 15° and sin 15° - cos 15° are
respectively positive and negative.

Hence the above two relations should be

sin 15°+4 cos 15°= +

JZ’
and 8in 15° - cos 15°= — -
~/4
. N3-1 _~3+1
oV __° O
Hence 8in 15°= 203 and cos 15 ~~/2 .

Bx. 3. Given that sin 570° i3 equal to—— » Jind the values of sin 285°
and cos 285°,
Putting 4 equal to 570°, we have

8in 285°+ co8 285° = + /1 +8in 570°= :h:/lT) ’

and 8in 285° - cos 285°= % ,/1 —gin 70°= * \/g
Now &in 285° is negative, cos 285° is positive, and ihe former is
numerically greater than the latter, as may be seen by a figure.
Hence sin 285° + cos 285° is negative, and sin 285° — cos 283° is also
negative,

~ 8in 285° 4 cos 285°= — 71_ ,

3
o _ (o] =y
and sin 285° - cos 285 V2
. J3+1
Qe . —
Henoce gin 285°= 23
and eos 285°= Y3-1

273
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*%116. To explain why there is ambiguity when sz'ng—

and oos - 4 are found from the value of sin A.

We know that, if n be any integer,

sin {nr+ (— 1) 4} =sin A =k (say). (Art. 82.)
Hence any formula which gives us sing— in terms of &,
nr+(—~1)» 4
g
First, let n be even and equal to 2m, Then

should give us also the sine of

~1)n4 .
1n w( 64].._)___ = 8Inh <7n7r + %)
= &1 MT COS — + COS MTr 8iL — == COS T Sin -4
2 2 2
= + Sln ~2-',

according as m is even or odd.
Secondly, let n be odd and equal to 2p + 1.
Then
ptrECIA Ay [,m + Lé]

r

=sinp1rcos7r— > 4 cos pmr sin ~— =cosp7rcos4
2 2 2

4

=+ cos 3,

according as p is even or odd.

Hence any forinula which gives us sin% in terms of

sin A should be expected to give us, in addition, the
values of

A
—8in =5, cos 7 and - cos =

2’ 2’
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t.e. 4 values in all. This is the number of valuecs which
we get from the formulae of Art. 113, by giving all possible

values to the ambiguitics.

.. ] A
In a similar manner it may be shewn that when cos =

2
is found from sin 4, we should expect 4 values.
[If the angles Ii-(——u, i.e n2+( 1H)» ;, be drawn geometri-

cally for the case when %is an acute angle, it will be found that there
are four positions of the bounding line, two in the first quadrant inclined

at angles ‘—g and g - ‘;— to the initial line, and two in the third quadrant

inclined at% und .- —g to the negative direction of the initial line, It

will be clear from the figure that we should then expect four values for
sing and four for cos g Similarly for any other value of % N

116. In any general case we can shew how the
ambiguities in relations (3) and (4) of Art. 113 may be
found.

We have

smf}-i-cob =2 ( g+l~cos )

A w A . 7 . /m A
=4/2 | & — — 08 — | = — —
A [qm 5 cos ; Heos 5 sin 4,:] /2 sin <4 + 2)

The right-hand member of this equation is positive if

K

i +% lie between 2nw and 2nw +

. . 3
1e if é lie between 2nar ——:’f and 2nm + _;_r

2
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Hence sin % + cos% is positive if % lie between

2nmr — % and 2nmr + £3lr;

4

it is negative otherwise.
Similarly we can prove that

sin%—cos%:»\ﬂ sin (%—-E)

Therefore sin 4_ cosf;— is positive if

2
A .
(~2— - Z) lie between 2nar and 2nw + 7,
t.e if 1—21 lie between 27z7r+’£ and 2nar 4 Z—%r

It is negative otherwise.

The results of this article are shewn graphically in the
following figure.
B

i A+ cosAis+
SI)E ] 2

\hA csAis
Lbli— 0—‘2 -+

.4 4.
Biné—+cosf—iis— ; sin 5 +cos8 ; 184

2 _2_; 2 2
A . 4 ii . L - é_ A. A
SLDE—COS B 18+ s1n 3 co8 3 18
. s
R smg—cos—xa-—
’
8 -

04 is the initial line, and OP, 0Q, OR and OS bisect



RATIOS OF f;- IN TERMS OF TAN 4, 121

the angles in the first, sccond, third and fourth quadrants
respectively.

iy Lo A4 .
Numerical Bxample. Within what limits must 3 lie if

281'11%: —T1tsind—~JI-sin A}

In this case the formulae of Art. 113 must clearly be

A
81n2+cos—=—Jl+blnA OOV ¢ ) 8
and sin%- cos%: N S Y RO (2).

For the addition of these two formulae gives the given formula.
From (1) it follows that the revolving line which bounds the angle%

must be between OQ and OR or else between OR and OS.
From (2), it follows that the revolving line must lie between OR and
08 or else between OS and OP.

Both these conditions are satisfied only when the revolving line lies

between OR and 08, and therefore the angle é lies between

2n1r—3Tr and 2111-;.
117. To express the trigonometrical ratios of % n
terms of tan A.
From equation (3) of Art. 109 we have

2tani21~
tan A = .
— tan? =
1 — tan 5
A 2 A
- a______h
. 1 —tan tnAta
A 2 A 1 1
Yl T
Hence tan gttana "2 t.a.n‘A =1+ and
1+ta.n’A

“tan*l
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. tané+ 1 +\/1+t'm-11
v 2 " tan d tan A
A4 +Vi4+tantd -1
Sotan =S (1).

118. The ambiguous sign in equation (1) can only
be determined when we know something of the magnitude
of A,

Bx. Given tan15°=23—4/3, find tan 75°.
Putting 4 =15° we have, from equation (1) of the last articls,

tan 7 LIV CICRINEl) “WBEZT i\/S_—‘i\/}—_l. ....... 1.
2= ~/ 1 2-4/3
Now tan 73° is positive, so that we must take the upper sign.
o_ TW6-2)-1
Hence tan 74° = 23

=(6-a/2-1) (2+4/3) =4/6 - /3 +4/2 - 2=(J3 - /2) (V2 -1).

Since tan 15°=tan 195°, the equation which gives us tan g in terms

5o

of tan 15° may be expected to give us tan ';

fact the value obtained from (1) by taking the negative sign before the

in teims of tan 195°, In

~0
radical is tan 1—%’— .

195°  -V8-4/3-1_ - (J/8-42)-1

2 P2 B S
=(~N0+y2-1) (2+4/3)= - (V3+4/2) W2+1),
so that —cot TH°=tan974°= ~ (J/3+4/2) (W2 +1).

Hence

*%119. To expluin why there is ambiguity when tang-
18 found from the value of tan A.
We know, by Art. 84, that, if n be any integer,
tan (nar + A) = tan 4 =k (say).
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. . . A . .
Hence any equation which gives us tan - in terms of k

. A
may be expected to give us tan "2 ko

2
First, let n be even and equal to 2m.
Then
tan ;- 4 = tan 2m7;+ 4 =tan (m'rr + i})

= tan {1—2— ,as 1n Art. 84,

Secondly, let n be odd and equal to 2p + 1.

n'n';;—A=mn(2p+137r+A

Then tan

= tan (pvr +7 4;4) = tan ?—;—A (Art. 84)

=— cotg . (Art. 70.)

Hence the formula which gives us the value of tan—;1
4
7

An illustration of this is scen in the example of the
last article.

should be expected to give us also the value of — cot

EXAMPLES. XVIL

1. Ifsin 0=% and ain¢-=%, find the values of sin (6 +¢) and.

sin (20 +2¢).

2. The tangent of an angle is 2-4. Find its cosecant, the cosecant of
half the angle, and the cosecant of the supplement of double the angle.
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a-8
P

and

3 If cos:;:—lﬁ—i— and sin ﬂ:é, find the values of sin?

cos? u;ﬂ, the angles a and 8 being positive acute angles.

4, If cosa:g and cos /3=§- find the value of cos %E, the angles

a and B being positive acute angles.

5. Given sec =1}, find tzm 9 and tan 6. Verify by & graph.

6. If cos 4 =-28, find the value of tan 5;— , and explain the resulting

ambiguity.
7. Find the values of (1) sin7§° (2) cos75° (3) tan223° and
(4) tan 113°,
8. Ifsin 0 +sin¢p=a and cos 8+ cos ¢p=>, find the value of tan té?
Prove that

9. (cosa+cosB)+(sin a-sinB)?=4 cos® —— +ﬁ
10. (cosa+cos B)%+ (sin a+sin 8)2=4 cos? %E.
11. (cosa-cosB)?+ (sina~sinB)?=4 siu’a--éﬁ.
2 tan g 1- tan’%
12, sind = - 13. cosd= .
2 2
1+4+tan 5 1 4 tan’ 3
14, sec ( 0) (-;—’ 0> 2 sec 20,
15. tan 4.) + 1+qlM—secA+m4.

1-—-sin

A A

in? a(T_4
18, sin (8 2) - gin (8 2) 73 sin 4,
17. costa+cos? (a+ 120°) +cos? (a ~ 120°).:g_

8x 5x 8
¢ 4 4O 4 =
18. cos 8+cox~1 5 + o8t + co8 5=3
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8w 5 T
4 ox 2T T2
19. sin 8+|sm 3 + Bin' s + 8in 5 =3

20. 0328 cos 2¢+8in? (8 — ¢) - sin? (0 + ¢) =co8 (26 + 2¢).
21. (tan 44 +tan 24) (1 -tan234tan®4)=2tan 3d scc? 4.

22. (1+tnn—-—sec2> (1+tan2+secg> =sgina sec‘fg.

Find the proper signs to be applied to the radicals in the three follow-
ng formulae.

23. 2cos%= *Jl—sinAiJiTgm—zl, when ‘—;—:278".

197

24, 2slné~=4=,,/1—ban=l:\/1+smA when é= i1 *

2

25. 2cos%=:|=~/1—sind=h~/1+sm,4, when %: - 1409,

926. If 4 =340° prove that

2sin%= —J1+sind+./I-¢in 4,

and 2cos%=—\/1+smd—-\/1-sind.

27. If A=460°, prove that

2cos‘%= ~J1+sin 44 /1=sin 4.

28. If 4=2580°, prove that

2sin%= - Jl+sind - /T-5sIn 4,

99. Within what respective limits must ‘g lie when

1) 2sin%= JTFsin A + o/1=gin 4,

. (3) 2si é—— 1¥sind + o/T—sin 4,
& 2
(®) 3sind=+N17s0d- ST 4,

and 4 2cos = Nfl¢sind— o fl-eind.
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30. In the formula

2cosf2i-=£,\/1+sin.4=!=~/1—siu 4,

find within what limits '21 must lie when

(1) the two positive signs are taken,
(2) the two negative ,, ,, '
and (8) the first sign is negative and the second positive.

31. Prove that the sine is algebraically less than the cosine for any

angle between 2nr ~ ?i'—r and 2nw +er where n is any integer.

32, If siné3 be determined from the equation
. .4 . L4
8in 4 =8 sin - 431113§ ,

prove that we should expcet to obtain also the values of
-4 and — sin1r+4

3 3
Give also a geometrical illustration.

sin

33. If cos‘:—i be found from the equation

3
cos 4 =4 cos3§— 3 cosé,
prove that we should expect to obtain also the values of
cos -4 and cos Ir+d
3 3

Give also a geometrical illustration.

120. By the use of the formulae of the present
chapter we can now find the trigonometrical ratios of
some important angles. .

To find the trigonometrical functions of an angle of 18°,

Let 0 stand for 18°, so that 26 is 36° and 38 is 54°,

Hence 28 =90° — 30,
and therefore

sin 26 = sin (90° — 36) = cos 34.
. 28in 0 cos @ = 4 cos* 0 — 3 cos § (Arts. 105 and 107),
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Hence, either cos 8 =0, which gives 8 = 90°, or
2sin @ =4cos*d —3=1—4sin?d.
\ ‘. 4sin? @+ 2sin §=1.
By solving this quadratic equation, we have
+a/5—1
N 4 )
In our case sin@ is nccessarily a positive quantity.
Hence we take the upper sign, and have

sin § =

dn18°=J€;1,
Hence
cos18° =1 —sin218° = \/ 6 1%“/3 = 10 '*]'.g“/5
_VIOT I

4
The remaining trigonometrical ratios of 18° may be
pow found.
Since 72° is the complement of 18° the values of the
ratios for 72° may be obtained by the use of Art. 69.

121, To find the trigonometrical functions of an angle
of 36°.
Since cos 20 =1 — 2sin? 6, (Art. 105),

. o __ . o __ 6——21\/:3
S c08836°=1—2sin218 _1—2(_“16 )
_1.3-v3
so that cos 36° = _“/i;i.

Hence

sin 360:'\/1—00b ;()"—«/]_ _— (_5__—2-‘22;\‘/{“)_‘\_/.1914 2~/5_
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The remaining trigonometrical functions of 36° may
now be found.

Also, since 54° is the complement of 36°, the values of
the functions for 54° may be found by the help of Art. 69.

122, The value of sin 18° and cos 36° may also be
found geometrically as follows.

Let ABC be a triangle constructed,
as in Euc. 1v. 10, so that each of the
angles B and C is double of the angle
4. Then

180°=A+ B+C=A4+24 +24,
so that A =36°

Hence, if AD be drawn perpendicu-
lar to BC, we have

£BAD=18"
By Euclid’s eonstruction we know that BC is equal to
AX where X is a point on 4B, such that
AB.BX =AXs

Let AB=a,and AX =a.
This relation then gives

a(a—a)=al,
.6 o2 + ax = ad,
e m:aﬁs:-!.
. o . BD 1 BO
Hence sin18 —SIDBAD—B2=§FZ_
le +5-1

T Y
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Again, (by Eue. 1v. 10), we know that 4X and XC are
equal; hence, if XL be perpendicular to AC, then L
bisects AC.

Hence
o AL «a 1
cos 36° = Ux= 3+ «/ =3
V5+1 1/4—{-_—

.

SWE-DWsrD) 4

123. To find the trigonometrical functions for an angle
of 9°

Since sin9° and cos 9° are both positive, the relation
(8) of Art. 113 gives

siﬁ9°+cos$)°=~/1+sinlS°=J1+

J5—1_V3+3
M)

Also, since cos 9° is greater than sin 9° (Art. 53), the
quantity sin9° — cos 9° is negative. Hence the relation
(4) of Art. 118 gives

sin9°—cosQ°=—Vf—sin18°=—\/1-- “«/’—54_—1

VENE @
5 o (2).

By adding (1) and (2), we have
V3+ 5 — Vb~ V5
4
and, by subtracting (2) from (1), we have
~/3+~/5+~_/5 -5
4
The remaining functions for 9° may now be found.
L T. 9

sin §° =

€08 9° =
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Also, since 81° is the complement of 9° the values of
the functions for 81° may be obtained by the use of

Art. 69,
EXAMPLES. XIX,
Prove that ;
1, sin?72° -sin? 60°=‘—/%l.
9, cost4®—sin? 120=Y" N 1
3. cos 12°+ cos 60°+ cos 84° =08 24° + cos 48°, Veiify by a graph.
4, sin T sin r sn il s1n i _ 5
575 575 167
.o . 187 1 . ow . 137 1
5. smia+s1n»10_~§. 6. S”‘E"*mm='z~
7. tan6°tan 42° tan 66°tan 78°=1.
2r 3w 4w  br  6r Tr 1

8. cos 15 9% 15 998 75 ©0 15 €08 15 08 15 °°8 15 = 1+

2r  4r 87 14w
9, 16cos - CO8 77 CO8 1 €08 = 1.

10. Two parallel chords of a cirele, which are on the same side of the

centre, subtend angles of 72°and 144° respectively at the centre. Prove

that the perpendicular distatice between the chords is half the radius of
the circle.

1L

In any circle prove that the chord which subtends 108° at the

centre is equal to the sum of the two chords which subtend angles of 3G°
and 60°

12,
13.

Construct the angle whose cosine is equal to its tangent.
Solve tLe equation
8in 56 cos 36 =sin 96 cos 76,



CHAPTER IX.
IDENTITIES AND TRIGONOMETRICAL EQUATIONS.

124. THE formulae of Arts. 88 and 90 can be used to
obtain the trigonometrical ratios of the sum of more than
two angles.

For example

sin (A 4+ B +C)=sin (A + B) cos C + cos (A + B)sin C
=[sin 4 cos B+ cos A sin Bl cos O
+ [cos A cos B—sin A sin B x sin C
=sin 4 cos Bcos ' + cos 4 sin Beos C

+ cos A4 cos Bsin C —sin A sin Bsin C.
So :

cos(A + B+ )=cos (4 + B)cos C —sin (4 + B) sin C
= (cos A cos B — sin 4 sin B) cos C
— (sin A cos B + cos A sin B) sin
= cos .4 cos B¢os €'~ cos A sin Bsin C —sin 4 cos Bsin C

—gin A sin B cos C,
9—2
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tan (4 + B) + tan C
1 —tan (A +B)tan O
tan A +tan B

Also tan(4 + B+0C) =

_l—-tan 4 tnnB+tan ¢
1 tan 4 +fif‘lnB tan O

Ti-tandtanB
__t:mA+t;a.nB+tanC—mnAtanBtanC’
" 1—tanBtanC—tanCtan A —tan A tan 3"

125. The last formula of the previous article is a
particular case of a very general theoremn which gives the
tangent of the sum of any number of angles in terms of
the tangents of the angles themselves. The theorem is

_81_83+55-87+-0-
1—52+84_56+-u

where
s,=tan A, +tan A, +... +tan 4,

= the sum of the tangents of the separate angles,
s, =tan 4,tan 4, + tan 4, tan 4,+ ...

= the sum of the tangents taken two at a time,
8= tan A, tan A,tan A;+tan 4, tan Az tan 4, + ...

= the sum of the tangents taken three at a time, and so

oun.
Assume the relation (1) to hold for n angles, and add
on another angle 4,,,,.

Then tan (4, + A, + ... + 4,4)
=tan (A, + A, + ... + 4,) + Anya]

_ tan(Ad,+ 4,4 ...+ 4,)+tan 4,
—1 - ta.n (Al + .A2 + “es + A") . tan An+]
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81—33+35‘—37+...

tan 4
_ l—sg+s.— +an Any
— 83+ 85 —
tan A
1 __82_*_34 n+1

Let tan 4,, tan 4,, ... tan 4,,, be respectively called
t) b o

Then tan (A, + A+ ...+ 4pp)

_(sims s )t (L —s 4 80.00)

Tl =8+ Se) = (1= S+ S5...) tuny

- (814 o) — (Ss+ Sabugr) + (S5 + S tu i) oo

T — (834 81 tusn) +(sa+ S5 ) — (Ss+ S buga) oo
But s+t =L+ b+ ... b)) Hapr
= the sum of the (n + 1) tangents,

G+ sitpn=>Gh+th+ )G Lt i)
=the sum, two at a time, of the (n 4+ 1) tangents.
S3+ 8 tn+1 = (t1t2ts + Gyt + . )+ (tlts + it + . ) tan
= the sum three at a time of the (n+ 1) tangents
and so on.
Hence we see that the same rule holds for (n+1)
angles as for n angles.
Hence, if the thcorem be true for n angles, it is true
for (n + 1) angles.
But, by Arts. 98 and 124, it 7s true for 2 and 3 angles.
Hence the theorem is true for 4 angles; hence for
5 angles.... Hence it is true universally.

Cor. If the angles be all equal, and there be n of
them, and each equal to 6, then

s =n.tan @; s, ="C, tan*d; s =", tan?f,......
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Bx. Write down the value of tan 46.

3, -8 4tan 6 —4C; tand @
H 40= 13 = 3 -
ere tan los,+s, 1-4Cytan36+4C tanto
__4tanf—4tan®@
T1-6tan?@+tante”

5tan § -10tan3 64 tan® @
Lz. Prove that tan50= 1100 0405 tandd

v 126. By a method similar to that of the last article
it may be shewn that sin (4, + 4, +... + 4,)
=cos4d,c084,...c08 A, (8 — 8 +8—...),
and that cos (4, +4,+ ...+ 4,)
=cos 4,cos 4, ... COS An(l—sy+8—...),

where g, s,, S;, ... have the same values as in that article.

127. 1Identities holding between the trigono-
metrical ratios of the angles of a triangle.

When three angles A, B, and C, are such that their
sum is 180°, many identical relations are found to hold
between their trigonometrical ratios.

The method of proof is best secn from the following
examples.

Bx. 1. If A+ B+ C=180° to prove that
8in 24 +sin 2B +8in 2C =4 sin 4 sin Bsin 0,

sin 24 + gin 2B +8in 2¢
=2sgin(d +B)cos (4 ~B)+2rin Ccos C.
Since A4 B+ C=180°
we have A+B=180°-0,
and therefore gin (4 + B)=sin C,

and cos (4+B)= —cos C. (Art. 72)
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Hence the expression
=251 C cos (4 —B) +2sin C cos C
=2sin O [cos (4 — B)+cos ]
=2sin C[cos (4 — B) - cos (4 + B)]
=2sinC.2sin 4 sin B
=4sin 4 sin B sin C.

Exaf2. If A+ B4+ C=180°,
proveWat cosAd+cos B-cosC=-1+4 cos% cosl—; sin%.
The oxpressgon =¢08 4 + (cos B - cos C)
, A B+C C-B
=2 cos’ §—1+2s n ——[—%m 3
Now B4 C=180°-
B+C , A
so that ——= 90° - 5
and therefore gin B :; c = cosé ,
and B+C_ 4
) COS*;-)‘—»—hlll-Z-.

Hence the expression
C-n
9

=2 cos? /i—- 142 cos% sin

4
=2 cos 3 cos + sm

_2003—[ +:.m ~»~] 1

=2cosé.2singcos£—1

-1

2 2 2
= —=1+4cos g—cosgsin %.
Bx.8. If A+ B+C0=180°,
prove that  sin® A+ sin? B +sin? C=2+2cos 4 cos Beos C.
Let S=sin? 4 +sin? B +sin?C,
go that 28 =2sin?4 41 -cos 23 +1-cos 2C

=2sin34 +2 -2 cos (B+ C)cos(B - C)
=2-2c0s? 4 +2-2008(B+ C)cos(B-0).
J. 8=2rcosd[cos (B~ C)+cos(B+C)}
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since cos 4 =cos {180° - (B + C)} = ~cos (B+C).
o 8=24c084.2co8DBcosC.
=2+2co03 4 cos Beos O,
Bx. 4. If 4+ B+ C=180°,
prove that tan 4 + tan B +tan C=tan 4 tan B tan C.

By the third formula of Art. 124, we have
tan 4 +tan B+ tan C —tan 4 tan B tan 0

tan (A+B+C)=1—(tan1}tan C+tan Ctan 4 +tan 4 tan B)”
But tan (4 + B+ C) =tan 180°=0.
Hence 0=tan 4 +tan B + tan C - tan 4 tan B tan C,
i.e. tan 4 +tan B +tan C=tan 4 tan Btan C.

This may also be proved independently. For
tan (4 + B)=tan (180°- €)= - tan C,

, tand+tanB tan C
** I<tan.ttanB :

& tanAd+tan B= —tan C+tan 4 tan Btan d,
i.e. tan 4 +tan B +tan C=tan 4 tan I tan C.

Bx. 8. Jfx+y+z=xyz, prove that

2z 2y + 2z 22 29 2
1-31:24-1—1/2 T 12 "1- 1yt 1-A"

Put z=tan 4, y=tan B, and z=tan C, so that we have
tan 4 +tan B4 tan C=tan 4 tan B tan C.

1t q‘ntﬁ:rAt::nI;s -tan 0,
80 that tan (4 + B)=tan (v - C). [Art. 72.]
Hence A+B+C=nx+m,
2z 2y 2z 2tan 4 2tan B 2tanC

et ot AT I e A Y i st B T T a0
=tan 24 4 tan 2B + tan 2C=1{an 24 tan 28 tan 20,
{by & proof similar to that of the last example)

- 2::5‘ 2y 2z
b I R T R e
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EXAMPLES. XX,

If A 4 B+ C=180°, prove that

1
2.
3.

4

©® ®o®N o

10.

11

12.

13.

14.
15.

18.

17.

18.

8in 24 +8in 28 —8in2C =4 cos 4 cos Bsin C,
c03 24 +co82B +cos2C=—-1—-4cosdcos Beos C.
c08 24 +¢08 2B ~cos 2C=1~48in 4 sin B cos C.

sin 4 +8in B +5in C= 4cos%cosgc052 .

sin 4 4sin B - sin C=4sin‘-§—singcos

2" g

cos 4 +cos B+cos C=1+4sin%sing sing.
8in? 4 +gin? B —sin? 0=2sin 4 sin Bcos C.
cos? 4 +cos? B+cos2C=1-2co8 4 cos BeosC.

cosd 4 +4cos8? B-cos? C=1-2sin 4 sin Beos C.

.L,4 ..B . C .4 . B . C
2 2 9~ s
sin 2+sm 5 + sin 2_1 2 gin 5 sin 5 sin 3

t 2 aY _ . z.
s1m 3 +8In D) 81 3 =1-2cos 5 cos B s g

A B B C C A
tu.ngtnn 2+tnn—§ tunz +tanz ta.n§ 1.

4 B Cc A B C
cot-§+cot§+c0t§_cot§ cot 3 cot 3

cot B cot C+ cot C cot 4 +cot 4 cot B=1,
sin (B +2C) + sin (C +24) +sin (4 + 2B)

=4 Sin 5 Sin -~ 8in - 2*—
= —_ .
i i > sin —2 1=4sin sin sin i
gin — +8in— + - .
CO8 -= + Q0! ——COS——4OB —— — €08 - —

2+ -] 3 3 08 - OS { cos {

8in 24 + 8in 2B + gin 2¢ 85mAsm§smg
sind+sinBisinC 2 2 2°
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19. sin(B+C—4)+sin(C+4 - DB)+sin (4+B~C)

=4 gin 4 8in Bsin C.
If 44 B+ C=2S prove that

20. sin (S - 4)sin (S~ B) +sin S sin (S - C)=sin 4 s5in B.
21. 4sin Ssin (S- d4)sin (S~ DB)sin (S-C)
=1-cos? 4 —cos? B~ cos?C+2cosd cos Beos C.
22. sin(S—4)+sin(S B)+sin(§-C)-sin§
=4 'néqin]—}sing
=4singsing -
23. c0s?S+4cos? (S ~ 4)+cos? (S —B)+cos?(S - C)
=24+2cos 4 cos Bcos C.
24, cosA+cos?B+cos?C+2cos A cos B dos O
=1+4c0s85cos(S~d)cos (S~ DB)cos(S—-C).
25, If a+B+vy+8="2m prove that
at+f aty at+d

1) cosa+cos[3+cusy+cos&+4cos~2--cos-——z—~ cos =0,
2) sine-sinB+siny~sind+4cos atg 8in ary cos a~+6=0,
v 2 2 2

and (3) tana+tang+tany+tand
=tan a tan 3 tan y tan 8 (oot a + cot B +cot v +cot 8).
28. If the sum of four angles be 180° prove that the sum of the
products of their cocines taken two and two together is equal to the
sum of the products of their sines taken similarly.
27. Prove that sin 2a +sin 28+ sin 2y
=2 (sina+sin B +8iny) (1 +cos a+cosB+cosy),
if a+f+y=0.
28, Verify that
sind a sin (b - ¢) +sin® b sin (¢ - a) + sin3¢ sin (a — b)
+sin(a+b+c)sin(b- ¢)sin(c-a)sin (¢ -b)=0.
If 4, B, C, and D be any angles prove that
29, sin 4 sin B sin (4 ~ B) +sin Bsin Csin (B - C)
+sin C'sin 4 8in (€ ~ 4) +sin (4 - B) sin (B — C) sin (C - 4)=0.
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80, sin (4 —B)cos(4 + B) +sin (B - C) cos (B+C)
+8in (0 ~ D) cos (G + D) +sin (D - 4) cos (D + 4) =0.
31. sin(d+B-2C)cos B-sin(4+C-2B)cosC
=sin (B - C) {cos(B+C—-4) +cos (C+4 ~B)+cos{d+B-C)}.
32. sin(4+B+C+D)+sin(d+B-C~D)+sm{d+B-C+D)
+sin (4 + B+ C~D)=4sin(d + B) cos C cosD.
33. If any theorem be true for values of 4, B, and C such that
A+B4+C=180°
prove that the theorem is still true if we substitute for 4, B, and C
respectively the quantities
@ 90°-%, 000- 2 anaoee- $,

or (2) 180°-24, 180°-2B, and 180°-20.
Hence deduce Ex. 16 from Ex. 6, and Ex. 17 from Ex. 5.
If z +y +2z=xyz prove that
gg, 3= W=y Bod - Byt B
*1-3x2 T 1-8y* 1-3:227 1-38x% 1-3y* " 1-38¢
and 35, z(l-y¥){(1-22)+y(1-2%) (1 ~2®)+e(l-2% (L -y?)=4dayz.

128. The Addition and Subtraction Theorems may be
used to solve some kinds of trigonometrical equations.

Ex.  Solve the equation
sin @ + sin bz = sin 3.

By the formulae of Art. 94, the equation is
2 sin 3% cos 22 = sin 3.

s, 8in 3z=0, or 2cos 2z =1.

If sin 3z =0, then 8z = nr.
1 o
D — == & =
If cos 2z =3, then 2z = 2n7w + 3
nw T
Hence w—g,ormrig.
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129. To solve an equation of the form
acos 0+ bsinf=c.

Divide both sides of the equation by ¥a? + 03, so that
it may be written

2 cosH+——b— sin = —2
Nar+ 0 Var + b2 Var + 03

Find from the table of tangents the angle whose

tangent isg— and call it o

Then tan a =3, so that

o ) __ e
sin a = ”—Vm_l;z’ and cos a = ’\/__—m .
The equation can then be written
; ¢
cosacos@+sinasin @ =——.
Var+ 03’
. c
s.e. cos (0 —a) = ——.
( ) Var + b
Next find from the tables, or otherwise, the angle 8
whose cosine is . ,
Va2 + b
¢
8o that cos B= e
R Nar + 5’

[N.B. This can only be done when ¢ is <~a? + [7}
The equation is then cos (@ — a) =cos 8.
The solution of this is & — a = 2a7 + B, so that

0=2nm+a+f,

where 7 is any integer.
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Angles, such as a and B, which are introduced into
trigonomotrical work to facilitate computation are called
Subsidiary Angles.

130. The above solution may be illustrated graphically
as follows;

Measure OM along the initial
line equal to @, and MP perpen-
dicular to it, and equal to . The
angle MOP is then the angle whose

tangent is —, v.e. a.
a

With centre O and radius OP,
ie. Nai+ b, describe a circle, and measure ON along
the initial line equal to ¢

Draw QNQ perpendicular to ON to meet the circle in
Q and @Q'; the angles NOQ and Q'ON are therefore each
equal to B.

The angle QOP is therefore a — B and QOP is a + 8.

Hence the solutions of the equation are respectively

2nm + QOP and 2nmw + Q' OP.

The construction clearly fails if ¢ be > Va2 + 13, for then
the point N would fall outside the circle.

131. As a numerical example let us solve the equation
b5cos@~2sin =2
2
given that tan 21°48'= g
‘ Dividing both sides of the equation by

R 6N
" OTFB, e 29, J{ 3
we have
:/ﬁooso J rsino_d29 6



142

TRIGONOMETRY.
Hence €08 8 cos 21°48’ — sin 0 sin 21° 4%
=gin 21° 48 =sin (J0° — 68° 12/)
=cos 68°12".
»~ €08 (0 +21°48)=cos 68° 12/,
Hence

0+ 21°48"=2n x 180°+68° 12", (Art. 83)

S 0=2nx180°-21°487+68° 12/
=2nx 180° - 90°, or 2n x 180° + 46° 24,
where n is any integer,

Aliter. The cquation of Art, 129 may be solved in ano}her way.
4
For let t=tan 3,

2
[/}
. 2 tan 3 2
so that gin = =T
1+tan®;
2
1—tan'~’g 1o
and cos = IR e (Art. 109.)
1+tan?-.

3

The equation then becomes

al—t?+b 2t _
14227 1462

B(c+a)-2bt+c-a=0.

Cy
80 that

This is & quadratic equation giving two vulues for ¢ and hence two
values for tan g .

Thus, the example of this article gives

T2+ 4t - 83=0,
8o that t=-1lor}
=tan (- 45° or tan 23° 12 (from the tables),
Hence g: n. 180° - 45° or n . 180° 4 23° 12,
t.e.

§=mn.360°-90° or n . 360° +46° 24,
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EXAMPLES. XXI.

Solve the equations

1,
3.
5.
7.
9.
10.
11.

12,

14.
16.
18.
20.
22.
23.
24.
25.
27.
29.
31.

33.

3b.
37.
38.
39.
40.

sin 0 + sin 70 =sin 40.

co8 8 +cos 30 =2 cos 20.

cos @ - sin 30=cos 26.

c0s 0+ cos 204 cos 30=0.

8in 20 — cos 20 — sin 0+ cos §=0.
8in (30 + a) +8in (38 — a) + sin (a

cos 0 +cos T =cos 40.

sin 46 — sin 26 =cos 36.

sin 78 =sgin @ -+ sin 36.

©® o B

sin 4 sin 36 4-sin 56 =0.

—~0) - sin{a+6)==cosa.

cos (30 + a) cos (38 — a) + cos (56 + a) cos (50 - a) = cos 2a.

cosnf=cos(n—-2)0+-inéd,

sin m6 + 8in nf =0,

gindnd — sin? (n— 1) 6=sin? 4.
A/3cos 8 +sin 6=,/2.

/3 5in 6 — cos 0 =/2.

13. sin 71; 10:5in"310+sin9.
15. cos m®+cosnf=0.

17. sin 30 +c¢os20=0.

19, sin8+cosf=,/2.

21, sinz+cosr=4/2cosd.

5sin 0+ 2 cos @ =5 (given tan 21° 8= 4.

6cosz+8sin x=9 (given tan 53”8 =14 and cos 25° 50'="9).
1+4sin20=3 sin 0 cos 6 (given tan 71° 34’ =3).

cosee 8 =cot 0+ /3.
(2+4/3) cos =1 —sin 6.
cos 20=cos? 4,

cos 26 -+ 3 cos §=0.

cos20=(/2+1) (cos 0— —1—)> .
\ NE] /

4 cot 20 =cot? 6 - tan2 4.

tan 6+ tan 26 4+ tan 36 =0,

26. coxecxr=1+cota.

28. tan 8 4-scc §=,/3.

30. 4cos6-3secO=tanf.
32, cos38+2cosd=0.

34.
36.

cot 8 -tan =2,

3 tan (0 - 15°)=tan (0 + 15°).

tan @ +tan 20 +.4/3 tan 6 tan 20 =,/3.

8in 8a =4 sin a sin (z + a) sin (z -

Prove that the equation 3 - 2¢

either of the values

A/2 8in 45°, 2 sin 189,

a).

+1=0 is satisfied by putting for =

and 2sin 234°,
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41, Ifsi 8)= ing that paT) =1
. sin (m cos 8) =cos (r sin ), prove that cos 4) =373
ot #) = cos {7 tan @), prove that either cosec 2¢ or cot 26

43, If gin
here n i8 a positive or negative integer,

is equal to n +
132. Ex.” To trace the changes in the expression

simx+cosx as x wnereases from 0 to 2.

W i =
¢ have sinz + cos x = /2 [«/2 sm:/c-i-‘\/2 cosa:]

=4/2 [smxcoq + cos & sin Z] = /2 sin (w + g)

4
We thus have the following table of values:
T 3r S5 ks
§ 0 i | 1| 7 ! T |
24T L4 - S o 9r
i i 2 i El T
. T 1 1
sin (a: + Z) 73 1 0 -1 0 72
V2 sin (z+"-1’) 1 V2 0 Vel o 1
As in Art. 62, the graph is as in the following figure.
Y
Ry N P kN
N [¢} R\ ‘," s X

133. Ex. To trace the changes in the sign and
magritude of acos@+bsinG, and to find the greatest
value of the expression.

. We have

a cos 0 + bsin 0 = Va? + b? [___a_
Nat +

b
cosﬂ+va__ — sin 0]
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Let « be the smallest positive angle such that
cos o = ———-=— and sin o = b#—
Vai+ 0 Var + 60

The expression therefore

=Vu? + b?[cos 0 cos a +sin @ sin a] = Va? + b* cos (0 —a).

As 6 changes from a to 27 + a, the angle ¢ — a changes
from O to 27, and hence the changes in the sign and
magnitude of the expression are easily obtained.

Since the greatest value of the quantity cos (8 — ) is
unity, 6. when @ equals a, the greatest value of the
expression is Va* + b

Also the value of @ which gives this greatest value is

. . «
such that its cosine is ————.

EXAMPLES. XXIT,
As 0 increases from 0 to 27, trace the changes in the sign and magni-
tude of the following expressions, and plat their graphs.
1. sinog- cos 0.
sin 6+,/3 cos 0.

2.
I:N.B. sin 0+ 4/3 cos 0 =2 [‘%sin 9+~é3 cos 0]=2sin (0 + g)]
3

sin 0 — /3 cos 0. "4, cos?@-sin2g. 5. sin @cos @,
8. sin3a. 7. tan30. 8. secdd.
sin 6 4 sin 20 . . .
o e YL . 8).
9. cov 0T 00520 10. sin (rsin 6) S 11. cos(wsiné)
12, Trace the changes in the sign and magnmtude of Biz .M:!, e

angle increases from O to 90°,

L T. 10



CHAPTER X

LOGARITHMS.

134. SurrosING that we know that
10%wmems — 953 T0remses — 407,
and 1070 — 102971,

we can shew that 253 x 407 = 102971 without performing
the operation of multiplication. For

253 x 407 = 10xwmaw x ] (o
= ]()2-4031206+2-6005644
= 1030me = 102971.

Here it will be noticed that the process of multiplica-
tion has been replaced by the simpler process of addition.
Again, supposing that we know that

10400 — 79507,
and that 1060 = 43
we can casily shew that the cube root of 79507 is 43.
For V79507 = [79507]5 - (104.90040“)&
== 1 QAxa-s0a055 _ ] ()-633485 — 4,9,

Here it will be noticed that the difficult process of
extracting the cube root has been replaced by the simpler
process of division,
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135. Logarithm. Def. Ifa be any number, and =
and N two other numbers such that a®*= N, then x is culled
the logarithm of N to the base a and vs written log, V.

The logarithm of a number to a given base is therefore
. the index of the power to which the basc must be raised
that it may be equal to the given number.

Bxs. Since 107=100, thercfore 2=log,, 100,

Since 10%=100000, therefore 5 =log,;, 100000,

Since 2¢=16, therefore 4=1log, 16.

2

Since 8% = (8} 2= 9224, therefore 5:10{;3 4.

1 1 1

Smc69‘3=§§=§3=2—7,

therefore

8_1. (1
—’2—- 0y 2—7- .

N.B. Sincea%=1always, the logarithm of unity to any base is always
zero.

136. In Algebra, if m and n be any real quantities
whatever, the following laws, known as the laws of indices,
are found to be true:

‘Z (1) am x a® = “m+n’
! (1) am+at=u"n,
and (i) (a™)P=a""

Corresponding to these we have three fundamental
laws of logarithms, viz.

(1) log, (mn)=Ilog, m + log, n,

(i1) loga (E) =log, m —log.n,
and (iii) log, m®=mn log, m.

The proofs of these laws are given in the following
articles.

137.  The logarithm of the product of two quantities is
10—2
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equal to the sum of the logarithms of the quantities to the

same base, 1.e.
log, {(mn) =log, m + log, n.

Let & =log, m, so that a®=m,
and y = log,n, so that a¥=n.
Then mn=a® X a¥ = a**v,
& loggmn=2z+y (Art. 135, Def)
=log,m + log, n.

138. The logarithm of the quotient of two quantities is
equal to the difference of thewr logarithms, 1.e.

log. (I-E) =log, m — log, n.

n
Let @ =log,m, so that a®*=m, (Art. 135, Def)
and y = loge n, s0 that «¥=n.
Then % =a® ¥ =0
m »
- log, (W) =ax—y (Art. 135, Def)

=log, m — log, n.

139. The logarithm of a quantity raised to any power
18 equal to the logarithm of the quantity multiplied by the
index of the power, te.
log, (m®) = nlog, m.
Let # = log, m, so that a®=m. Then
mr = (az)n = q"®,
o logg (m™) =nz (Art. 135, Def.)
=n log, m.
Bxs. log48=log (24 x 8)=log 244+ log8=4log 2+log 3;
1034%3;=log 23—):—(13:—“:103 7 +log 8% —log 22 —log 112
=log T+2log8-2log2-~2logll,
log & T3 =log 13t =} log 13,
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140. Common system of logarithms. In the
system of logarithms which we practically use the base is
always 10, so that, if no base be expressed, the base 10
is always understood. The advantage of using 10 as the
basc is scen in the three following articles.

141, Characteristic and Mantissa. Def. If the
logarithm of any number be partly integral and partly
fractional, the integral portion of the logarithin is called its
characteristic and the decimal portion is called its mantissa.

Thus, supposing that log 795 = 2 9003671, the number
2 is the characteristic and ‘9003671 is the mantissa.

Negutive characteristics. Suppose we know that

log 2 ="30103.
Then, by Art. 138,

log 4 =log 1 —log 2=0-—log 2=—"30103,

so that log § 1s negative.

Now it is found convenient, as will be seen in Art. 143,
that the mantissee of all logarithms should be kept positive.
We therefore instead of —-30103 write — [1 — 6£397], so
that

log 3 == (1 —69897)=—=1 4 G9897.

For shortness this latter expression is written 169897.
The horizontal line over the 1 denotes that the integral
part s negative; the decimal part however is positive.

As another example, 3'4771213 stands for
— 344771213,

142, The characteristic of the logarithm of any number
can always be deternined by inspection.
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(i) Let the number be greater than unity.
Since 100=1, therefore logl =0;

since 10t =10, thercforec log10 =1;
since 10° =100, therefore log 100 =2,
and so on.

Hence the logarithm of any number lying between 1
and 10 must lie between 0 and 1, that is, it will be a
decimal fraction and thercfore have 0 as its characteristic.

So the logarithm of any number betwecn 10 and 100
must lie between 1 and 2, 7.e. it will have a characteristic
equal to 1.

Similarly, the logarithm of any number between 100
and 1000 must lic between 2 and 8, ie. it will have a
characteristic equal to 2.

So, if the number lie between 1000 and 10000, the
characteristic will be 3.

Generally, the characteristic of the logarithm of any
number will be one less than the number of digits in its
integral part.

Bxs. The number 296-3457 has 3 figures in its integral part, and
therefore the characteristic of its logarithm is 2.
The characteristic of the logarithm of 29634-57 will be § -1, {.c. 4.

(i) Let the number be less than unity.
Since 10°= 1, therefore log 1=0;

since 10'= 0= ‘1, therefore log "1=-1;
gince 1073= TIU2 = ‘01, therefore log 01=-2;
gsince 107%= 1—107, =001, thercfore log 001 =-8;

and so on,
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The logarithm of any number between 1 and ‘1 there-
fore lies between 0 and — 1, and so i3 equal to — 1 + some
decimal, 7.e. its characteristic is 1.

So the logarithm of any number between 1 and 01
lies between —1 and —2, and hence it is equal to — 2+
some decimal, ¢.e. its characteristic is 2.

Similarly, the logarithm of any number between 01
and 001 lics between — 2 and — 8, 7.e. its characteristic is 3

Generally, the characteristic of the logarithm of any
decimal fraction will be negative and numerically will be
greater by unity than the number of cyphers fullowing the
decvmal point.

For any fraction between 1 and ‘1 (eg. *5) has no
cypher following the decimal point and we have scen that
its characteristic is I.

Any fraction between ‘1 and ‘01 (eq. '07) has one
cypher following the decimal point and we have scen
that its characteristic is 2.

- Any fraction between ‘01 and ‘001 (e.g. 003) has two
cyphers following the decimal point and we have scen that
its characteristic is 3.

Similarly for any fraction.

Exs. The characteristic of the logarithm of the number -00835 is 3.
The characteristic of the logarithm of the number 0000053 is 6.
The characteristic of the logarithm of the number 34567 is 1.

143. The mantisse of the logurithm of ull numbers,
consisting of the same digits, are the same.

This will be made clear by an example.

Suppose we are given that

log 66818 = 48248935,
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Then
. 66818
log 66818 =log 00 = log 66818 —log 100 (Art. 138)
=4 8248935 — 2 = 2:8248935 ;
. _ 66818 . icig
log -G6818 = log 100000 = log 66818 —log 100000
~ (Art, 138)
= 43248935 — 5 = 1'8248935.
66818

So log 00066818 = log 108 = log 66818 — log 10®

= 48248935 — 8 = 4°8248935.

Now'the numbers 66318, 66818, 66818, and 00066818
consist of the same significant figures, and only differ in
the position of the decimal point. We observe that their
logarithms have the same decimal portion, t.e. the same
mantissa, and they only differ in the characteristic.

The value of this characteristic is in cach case deterg
mined by the rule of the previous article.

It will be noted that the mantissa of a logarithm is
always positive.

144. ‘Tables of logarithms. The logarithms of all
numbers from 1 to 108000 are given in Chambers’ Tables
of Logarithmms. Their values are there given corrcct to
seven places of decimals.

The student should have access to a copy of the above
table of logarithms or to some other suitable table. It
will be required for many examples in the course of the
next few chapters.

On the opposite page is a specimen page selected from
Chambers’ Tables. It gives the mantissw of the logarithms
of all whole numbers from 52500 to 53000.



No.] O 1 2 3 4 5 6 17 8 9 |bifif
525017201593 1676 1758 1841 1924 2007 2089 2172 2255 2337
*51 2420 2508 2586 20668 2751 2834 2916 2999 3082 3164
52 3217 3330 3413 3495 3578 3661 3743 3826 3909 3991
53 4074 4157 4239 4322 4405 4487 4570 4653 4735 4818
54 4901 4983 5066 5149 5281 5314 5397 5479 5562 5645
5151 5727 5810 5802 5975 6058 6140 6223 6306 6388 6471
56 6554 6636 6719 6801 6884 6967 T049 7132 7215 7297,
57 7380 7462 7545 7628 7710 7793 7875 7933 8041 8123
58 8206 8288 8371 8454 8536 8619 8701 8784 5867 8040
59 9032 9114 9197 9279 9362 9445 9527 9510 9692 9775

60 9857 9940 0023 0105 0188 0270 0353 0435 0518 0600

5261|721 0683 0766 0848 0931 1013 1096 1178 1261 1343 1420
62 1508 1591 1674 1756 1839 1921 2004 2086 2169 2251
63 2334 2116 2499 2581 2664 2740 2329 2911 2994 3076
64 3159 3241 33214 3406 3489 3571 3654 3736 3819 3901
65 3984 4066 4149 4231 4314 4396 4479 4561 4644 4720
66 4809 4891 4973 5056 5138 5221 5303 5386 5468 5551
67 5633 5716 5798 5831 5963 (045 6128 621Q 6293 6375(
68 6458 6540 6623 6705 6787 6570 6952 7035 7117 7200
69 7282 7364 7447 7529 7612 7691 7777 7350 T4l 8024
70 8106 8189 8271 83533 8436 8518 8601 8033 8765 8848

5271 8930 9013 9095 9177 9260 9343 9124 9507 9589 9672
72 9754 9836 9919 0001 0084 OLGG 02i3 0331 0413 0495
737220578 0660 0742 0825 0907 0990 1072 1154 1237 1319
74 1401 1484 1566 1648 1731 1813 18951978 2060 2112
75 2225 2307 2389 2472 2354 2636 2719 2801 2833 2966
76 3048 3130 3212 8295 3377 3459 3542 3624 3706 3789
77 3871 3953 4036 4118 4200 4232 4365 4447 4529 4612
78 4694 4776 4858 4941 5023 5105 5188 5270 5352 5484
79 5517 5599 5681 5763 5816 5928 6010 6092 6175 6257
80 6339 6421 6504 6586 6503 6750 6833 6915 6997 T07)

5281 7162 7244 7326 7408 7491 7573 7655 7737 7820 7902
82 7984 8066 8148 8231 8313 8305 8477 8559 8¢42 8724
83 8806 8888 8971 9053 9135 9217 9299 9382 9464 9546
84 9628 9710°@E92 9875 9957 0039 0121 0203 0236 0368
85723 0450 0532 0696 0779 0361 0943 1025 11Q7 1189
86| . 1272 1358 1438 1518 1600 1682 1765 1547 199 2011
87 20)3 2175 2257 2340 2422 2504 2586 2668 2750 2832
88 2914 2997 3079 3161 3243 3325 3407 3489 3571 3654
89 3736 8818 3000 3082 4064 4146 4228 4310 4393 4475
90 4557 4630 4721 4803 4845 4967 5049 5131 5213 5296

5201 5378 5460 5542 5624 5706 5788 5870 5952 6034 6116
92 6198 6280 6362 6445 6527 6609 6691 6773 6355 6937
093 7019 7101 7183 72065 7347 7429 7511 7593 7675 7757
94 7839 7921 8003 8085 8167 8250 8332 8414 8496 8578
95 8660 8742 8824 8906 8988 9070 9152 9234 9316 9398

96 0480 9562 9644 9726 9808 9890 9972 0054 0136 0218
Y717240300 0382 0464 05346 0628 0710 0792 0874 0956 1038
98 1120 1202 1283 1365 1447 1529 1611 1693 1775 1857
99 1939 2021 2103 2135 2267 2349 2431 2513 2595 2677
5300 2759 2841 2923 3005 3086 3168 3230 3332 3414 8496

oo ~To ot o
>
Lad
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145. To obtain the logarithm of any such number, such
as 52087, we proceed as follows. Run the eye down the
extreme left-hand column until it arrives at the number
5268. Then look horizuntally until the eye sces the figures
7035 which are vertically bencath the number 7 at the top
of the page. The number corresponding to 52687 is there-
fore 7217035. But this last number consists only of the
digits of the mantissa, so that the mantissa required is
"7217035. But the characteristic for 52687 is 4.

Hence log 52687 = 4-7217035.
So log 52687 = 172170833,
and log “00052687 = 4°7217035.

If, again, the logarithm of 52725 be required, the
student will find (on running his eye vertically down the ex-
treme left-hand column as far as 5272 and then horizontally
along the row until he comes to the column under the
digit 5) the number 0166. The bar which is placed oves
these digits denotes that to them must be prefixed not
721 but 722. Hence the mantissa corresponding to the
number 52725 is "7220166.

Also the characteristic of the logarithm of the number
52725 is 4.

Hence log 52725 = 4°7220166.

So log 052725 = 2:7220166.

We shall now work a few numcrical examples to shew
the efficiency of the application of logarithms for purposes
of calculation.

146. EBx. 1. Find the value of ,,7‘2314.
Let z= Y25d=(284)h
so that log z=; log (23-4), by Art, 139,
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In the table of logarithms we find, opposite the number 234, the
logarithm 3692159,
Hence log 23-4=1-3692159.

Therefore log z= % [1-3692159] =-2738432.

Again, in the table of logarithms we find, corresponding to the logarithm
2738432, the number 187864, so that
log 1-87864 = 2738432,
o x=1-87864,

Bx. 3. IFind the value of
(6-457 x 3/70003
(9372 x Y893
Let x be the required value so that, by Arts. 138 and 139,
log = =1og (6-45)%+ log ("00034)3 ~ log (9-37)2 - log /803
=3 log (645) +% log (00034) - 2 log (9+37) -% log 803,

Now in the table of logarithms we find

opposite the number 645 the logarithm 8095597,
34 ,, " 5314739,
937 ,, » 9717396,
893 ,, »» 9508515,

” 1 3

" 2 3

and 2 2 2
Hence

logz=38 x *8005597 +% (4-5314789)

—2x 9717396 - % x “0508518.

(4:6314780) =3 [8.+ 2:5314780]

] -

But
=3 + 8438263,
~ log 2=2-4286791 + [2+-8438263] - 1-9434793 - *2377129
=8-2726054 — 4:1811921
=1 442725054 — 4-1311921 .
=1-0918133,
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In the table of logarithms we find, oppositc the number 12340, the.
logarithm 0913152, so that

log -12340=1-0913152.
Hence log x =log -12340 ncaly,
and therefore z="12310 ncarly.

When the logarithm of any number does not guite agree with any
logarithm in the tables, but lies between two consecutive logarithms, it
will be shewn in the next chapter how the number muay be accurately
found.

Ex. 3. Having given log2=-30103, find the number of digits in 267
and the position of the first siynvjicant figure an 2757,

We have log 26" =67 x log 2 =67 x 30103
=20-16901.
Since the characteristic of the logarithm of 267 is 20, it follows, by Art.
142, that in 297 there ate 21 digits.
Agan, log 297 = - 37 log 2= ~ 87 % -30103
= - 11-13511=12-86189,

Hence, by Art. 142, in 2737 there are 11 cyphers following the decimal
point, i.e. the first sigmticant figure is in the twelfth place of decunals, !f

Bx. 4. Given log3="1771213,log 7="8450980, and log11=1-0113927,

solve the equation
3% x P 113,

Taking logarithms of both sides we have
log 3% + log 7***1=log 11%+5,
s xlog3+(2x+1)log 7= (z+5)log11.
<~ xflog3+2log7-log1t}=5log 11 -1ug7.

. ._ blogli-log7

" T 105 5 ¥ 210g T-log 11
_ 5:2069635 - 8150980
4771218+ 1'6901960 ~ 1-0413027

4-3618655
= [ 55524 = 38T
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147, To prove that

log, m =log, m x log, b,

Let log, m = &, so that «®=m.
Also let logy m =y, so that 0¥ =m.
Sooat =Y,
Hence log, (¢®) = log, (BY).
coa=ylog, b, (Art. 139.)
Hence log, m = logy m x log, b.

By the theorem of the foregoing article we can from
the logarithm of any number to a basc b find its logarithm
to any other base a. It is found convenient, as will appear
in & subsequent chapter, not to caleulate the logarithms to
base 10 direetly, but to calculate them first to another
base and then to transform them by this theorem.

EXAMPLES, XXIII.

1. Given log 4=-60206 and log 83=4771213, find the logarithms of
8, -003, ‘0108, and (-00018)%.

2. Given log 11=1-0413927 and log 13 =1-1139434, find the values of
(1) log 1:43, (2) log 183-1, (3) log ~/143, and (4) log /00169

3. What are the characteristics of the logarithms of 2437, ‘0153,
28718, -00057, -023, ~/24615, and (24589)%»

4, Find the 5th root of -003, having given log 3=-4771213 and

log 312936 = 5-4954243.
5. Find tho valne of (1) 7%, (2) (84)%, and (3) (-021)}, having given
log 2=30103, log 3=-4771213,
log 7="8450980, log 132057=5 1207283,
log 588453 =5-7697117, and log 461791 =5-6644438,



158 TRIGONOMETRY. {Bxs, XXIII.]

6. Having given log 3=-4771213,
find the number of digits in
(1) 34, (2) 3%, and (3) 3%,
and the position of the first significant figure in
(4) 3713, (5) 8743, and (6) 83-95,
7. Given log 2=-30103, log 3="4771213, and log 7="8450080, solve
the equations
(1) 2=.3"H=7=,
(2) 2w gerte—tix
(3) 7T-Qx-4=3357,

T2ty x 3%ty =9
35—V 3 95U = 3:0}

and (4)

8. From the tables find the seventh root of ‘000026751.
Making use of the tables, find the approximate values of

3f R s 5 ~/5X~'/_7
9. V6153, 10. /82357, /11. Ve
3/72x83 g"fo*
12. N gazies 18 V gaxge:

Draw the graphs of
14. Log=. 15. Logsin z. 16. T.ogeosz
17. Logtanz. 18, Logcoseoz. 19. Logcotx.



CHAPTER XL

TABLES OF LOGARITHMS AND TRIGONOMETRICAL RATIOS.
PRINCIPLE OF PROPORTIONAL PARTS.

148, WE have pointed out that the logarithms of all
numbers from 1 to 108000 may be found in Chambers’
Mathematical Tables, so that, for example, the logarithms
of 74583 and 74584 may be obtained directly therefrom.

Suppose however we wanted the logarithm of a
number lying between these twa, e.9. the number 745833,

To obtain the logarithm of this number we use the
Principle of Proportional Parts which states that the
increase in the logarithm of a number is proportional to
the increase in the number itself.

Thus from the tables we find

log 74533 = 48726398 .....e.oven.. ),
and log 74584 = 4:8726457 .........e.... (2).

The quantity log 745833 will clearly lie between
log 74583 and log 74584,

Let then  log 745838 =log 74583 + «
= 48726398 + Z.oeovvvenn (B
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From (1) and (2), we see that for an increase 1 in the
number the increase in the logarithm is *0000059.

The Theory of Proportional Parts then states that for
an incrcase of ‘3 in the number the incrcase in the
logarithm is

‘3 x-0000039, .e., 00000177,

Hence log 745833 = 48726398 + -00000177

= 487264157,

149. As another example, we shall find the value of
log 0382757 and shall exhibit the working in a more
concise form.

From the tables we obtain

log 038275 = 2-5529152
log ‘038276 = 2:532Y2

Hence the difference for

‘000001 = -0000113.

Therefore the difference for

0000()()7 =7 x ‘0000113
=-00000791.
». log 0382757 = 25829152
+ 00000791
= 2:58202311.

Since we only require logarithms to seven places of
decimals, we omit the last digit and the answer is
2:5829231.

150. The converse question is often met with, viz,
to find the number whose logarithm is given. If the
logarithm be one of those tabulated the required number
is eagily found. The method to be followed when this is
not the case is shewn in the following examples.
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Iind the number whose logarithun is 2:6283924.

On reference to the tables we find that the logarithm 6283924 is not
tabulated, but that the nearest logarithms are 623830 and 6283991,
between which our logarithm lies.

‘We have then log 425-:00=2'6283839 ..........c..u. cevene(1),
and log 425-01=2-6283991..............cves (2).
Let log (425:00 + ) =2-628392¢t...... .c.os crernern. (30

From (1) and (2), we sce that corresponding to a difference -01 in the
number there i a difference 0000102 in the logarithm.

From (1) and (3), we sce that corresponding to a difference ¢ in the
number there is a difference 0000035 in the logarnthun,

Hence we have 2 : 01 :: -0000035 : 0000102,
1'30'3 x 0l= _1%12 =-00343 neaily.
Hence tho required number =425-00 + -003 43 =425-00343.

S T=

151. Where logarithms are taken out of the tables
the labour of subtracting successive logarithms wmay be
avoided. On reference to page 153 there is found at the
cxtreme right a column headed Dif The number 82 at
the hecad of the figures in this column gives the difference
corresponding to a difference unity in the numbers on
that page.

This number 82 means -0000082.

The rows below the 82 give the differences correspond-
ing to ‘1, '2,.... Thus the fifth of thesc rows means that
the difference for *5 is “00000+41.

As an example, let us find the logarithm of 52746:74.

From page 153, we have

log 52746 = 47221895

diff, for 7 = 0000057
diff. for ‘04
(= 116 x diff. for 4) — 0000003
log 5274674 = 47221955,
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We shall solve two more examples, taking all the logarithms from
the tables, and only putting down the necessary steps.

Ex. 1. Find the scventh root of -031574.

If = be the required quantity, we have

log z=} log (-034574) =} (2-5387496)
=} (7 + 5-5387496).

~Tog z=1-7912499, 71)150 (211
But  log 61837=17912484 12
&Off. | = ‘0000013 ot
But diff. for -00001= -0000071, 90
srequired inercase= 00000211, 71
= 61837211, 19

Ex. 2. If a=34562"73 and b=148347-012, find the value of the square
root of a*- b3

If 2 be the required quantity, we have
2log 2z =log (a2 - V%) =log (a — b) +log (2 + 1)
=log 6214818 +log 62910 642
Now log 6214 81 =3'7934273

8 56
log 629100  =4-7987197
6 41
4 2l8
o2 4
Hence, by addition, 2 log z=85921525]54.
log £ =4-29607C3.

But log 19773 = 42060726
,dnf. = 37.
But diff. Tr 1= 220,

< proportional increase=Pf; x 1=-168,
S x=19773-108,

. 162. The proof of the Principle of Proportional Parts
will not be given at this stage. It is mot strictly true
without certain limitations,
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The numbers to which the principle is applied must
contain not less than five significant figures, and then we
may rely on the result as correct to seven places of
decimals.

For example, we must not apply the principle to
obtain the value of log 25 from the values of log 2 and
log 3.

For, if we did, since these logarithms are ‘30103 and
4771213, the logarithm of 2'5 would be 389075,

But from the tables the value of log 2 5 is found to be
*3979400.

Hence the result which we should obtain would be
manifestly quite iucorrect.

Tables of trigonometrical ratios.

153. In Chambers’ Tables will be found tables giving
the values of the trigonometrical ratios of angles between
0° and 45° the angles increasing by differences of 1.

It is unnccessary to scparately tabulate the ratios for
angles betwecen 45° and 90° since the ratios of angles
between 45° and 90° can be reduced to those of angles
between 0° and 45°, (Art. 75.)

For example,

[sin 76° 11’ = sin (90° — 13° 49') = cos 13° 49,
and is therefore known]

Such a table is called a table of natural sines, cosines,
cte. to distinguish it from the table of logarithmic sines,
cosines, cte.

If we want to find the sine of an angle which contains
an integral number of degrees and minutes, we can obtain

112
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it from the tables. If, however, the angle contain seconds,
we must use the principle of proportional parts.

BEx. . Given 8in 29° 14’ =-48383674,
and 81n 20° 15" =-4836212,
Jind the value of sin 29°14’ 32",
By subtraction we have
difference in the sine for 1'=-0002538.
.. difference in the sine for 32" = éi x *0002538 =-00913536,
& 8in 20° 147 327 =-4883674
+ 00013536
=-48850276.

Since we want our answer only to seven places of decimals, we omit
the last 6, and, since 76 is nearer to 80 than 70, we write

sin 20° 14’ 832” = -4885028.
N.B. When we omit a figure in the eighth place of decimals we add

1 to the figure in the seventh place, if the omitted figure be § or & numker
greater than 5.

Ex. 2. Given €08 16°27' = *9500672,
and ( “cos 16°28' = 0584848,
Jfind cos16° 277 47",

We note that, as was shewn in Art. 55, the cosine deereascs ag the
angle increascs,

Hence for an increase of 1/, 1. e 60", in the angle, there is a decrease
of -0000824 in the cosine, .

Hence for an increase of 47 in the angle, there is a decrease of

47 x *0000824 in the cosine,

s o8 16°27 47 =-9590672 - 4—'! x 0000824

9590672 - 0000645
0590672
~ +0000645
9590027

i

H
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In practice this may be abbreviated thus;

c0s16°28'= 0580818
cos 16° 27'= 9590672 824
diff. for 1'= — -0000824. 47
diff. for 47" = - §§ x 0000524 5768
= — 0000615, C.__.;‘Df%?_fi_
Ans.= 0390672 013:3%8

- -0000645 2
= 9590027,

164. The inverse question, to find the angle, when
one of its trigonometrical ratios is given, will now be
easy.

Bx. Find the angle whose cotangent is 1-4100325, having given
cot 35° 19 =1-4114799, and cot 35°20'=1- 1106098,

Let the required ancle be 35° 19 +x”,
so that cot (36° 19 + ") = 1-4109325.

From these three equations we have
For an increase of 60” in the angle, a decrease of 0008701 in the cotangent,

' » Ty wor n e 0005474 » ”

& oz 60 25174 8701, so that x=3T7'7.

Hence the required angle =35° 19’ 37-7"

155. In working all questions involving the applica-
tion of thePrinciple of Proportional Parts, the student must
be very careful to note whether the trigonometrical ratios
increase or decrease as the angle increases. As a help to
his memory, he may obscrve that in the first quadrant the
three trigonometrical ratios whose names begin with co-,
ve. the cosine, the cotangent, and the cosccant, all decrease
as the angle increascs.
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'Tables of logarithmic sines, cosines, etc.

156. In many kinds of trigonometric calculation, as
in the solution of triangles, we often require the logarithms
of trigonometrical ratios. To avoid the inconvenience of
first finding the sine of any angle from the tables and
then obtaining the logarithm of this sine by a second
application of the tables, it has been found desirable to
have separate tables giving the logarithins of the various
trigonometrical functions of angles. As before, it is only
necessary to construct the tables for angles between 0°
and 45°,

Since the sine of an angle is always less than unity,
the logarithm of its sine is always negative (Art. 142).

Again, since the tangent of an angle between 0° and
45° is less than unity its logarithm is negative, whilst the
logarithm of the tangent of an angle between 45° and
90° is the logarithm of a number greater than unity and
is therefore positive.

157. To avoid the trouble and inconvenience of print-
ing the proper sign to the logarithms of the trigonometric
functions, the logarithms as tabulated are not the true
logarithms, but the true logarithms ¢ncreused by 10.

For example, sine 30°=4.

Hence log sin 30° = log § = —log 2
=~ 30103 =1-69897.
The logarithm tabulated is therefore
10 + log sin 30°, z.e. 9-69897.
Again, tan 60° = /8.
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Hence logtan 60° =4 log 3 =4 ("4771213)
= 2385606.
The logarithm tabulated is thercfore
' 10 + 2385606, f.e. 10-2385606.

The symbol L is used to denote these “tabular
logarithms,” t.e. the logarithms as found in the English
books of tables.

Thus  Lsin 15° 25" = 10 + log sin 15° 25/,
and Lsce 48° 23" =10 + log sec 48° 23",

158. If we want to find the tabular logarithm of any
function of an angle, which contains an integral number
of degrees and minutes, we can obtain it directly from the
tables. 1If, however, the angle contain seconds we must
use the principle of proportional parts. The method of
procedure is similar to that of Art. 153, We give an
example and also one of the inverse question.

‘Ex. 1. Given L cosec 32°21'=10-2715733,
and L cosec 32°22'=10-2713740,
JSind L cosee 32° 21’ 51”,

For an increase of 60” in the angle, there is a decrease of -0001993 in
the logarithm,
Hence for an increase of 51”7 in the angle, the coiresponding decrease

is % x 0001993, i.e. 0001694,
Hence L coses 32°21'51"=10-2715733
- 000169
=10-2714039.
Ex. 2. Find the angle such that the tabular logarithm of its tangent
is 9-4417250.
Let & be the requiied angle.
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From the tables, we have

L tan £=9-4417250 L tan 15° 28" =9-4420062
L twagl5° 27’=9'4415}é5 L tﬂl{l_io 27 =9'441;’5145
diff. = 2105, diff, for 1'= 4917,
! 2105
60
Corresponding increase — 2398 x 60” 4917) 126300 (257
=95-7", 1834
o m=15°97 257", 27960
x=15°27" 257 24385
~ 3750
Ex. 8. Given Lsin14° 6'=93867040, .
find L cosec 14° (',
Here logein 14°6'=Lsin 11° 6’ = 10
= — 1+ 3867040.
1
v 149 () —
Now logcosec 14° ¢/ =lug iTT

= —logsin 14° ¢/
=1--3867040=-61329C0.
Hence L cosec 14° ¢ = 106132960,
More generally, we hiave sin 0 x cosee 6=1.
log sin @+ log cosec 0=0,
I sin 6+ L cosce §=20.

The error to be avoided is this; the student sometimos assumes that,

because
log cosee 14° 6" = ~ log sin 14° 6/,

he may therefore assume that
Lcosec14°6'= - Lin 14°6'.
This is obviously untrue.

EXAMPLES. XXIV.

1. Given log 35705 = 4-5527290
and log 85706 =4-5527412,
find the values of  log 857057 and log 35°70588.

2. Given log 5:8742 = 7589487
and log 587-43=2-7689561,

find the values of log 5874257 and log ‘00587422,
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3. Given log 47847 =4-6798547
and log 47848 =4-6798638,
find the numbers whose logarithms are respectively
26798593 and 36798617,
4, Given log 258:36=2-4122233
and log 2-5837=-4122421,
find the numbers whose logarithms are
*4122378 and 34122287,
§. From the table on page 153 find the logarithms of
(1) 5253897, (2) 527-286,  (3) -000524673,
and the numbers whose logarithms are

(4) 37221098,  (5) 2-7210075, and (6) 7210386,

6. Given sin 43° 23’ = 6868761
and sin 43° 24’ =-6870875,
find the value of sin 48° 23" 47",

7. Find also the angle whose sine is -6870349.

8. Given cos 32° 10’ =+8435726
and cos 82° 17/ = 8454172,

find the values of cos 32° 16’ 24” and of cos 82° 16 47",

9. Find also the angles whose cosines are
8454832 and 8455176.

10. Given tan 76°21' =4-1177734

and tan 76°22'=4-1230079,

find the values of tan 76°21’ 29” and tan 76° 21/ 47%.
11. Given cosec 13° 8’ =4-4010616

and cosec 13° Y =4-3955817,

find the values of cosec 13°8’ 19" and cosec 13° 8 37",
12. Find also the angle whose cosecant is 4-396789.
13. Given Lcos34°44'=9-9147729

and L cos 84°45'=9-9146853,

find the value of L cos 34° 44’ 277,

169
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14. Find also the angld 4, ‘he?
L cos §=99147328.

15. Given L cob 71° 27" = 9-5257779
and | L cot 71° 28'=9-5253589,
find the value of L cot 71°27' 47",
and solve the equation L cot 0:9'5254782./

16. Given L sec 18°27'=10-0229163
and L sec 18° 28' = 100229590,
find the value of L sec 18°27' 35",

17. Find also the angle whose L sec is 10°0229285.

18. Find in degrees, minutes, and seconds the angle whose sine is *6,
given that
log 6="7781513, L sin 36°52'=9-7781186,

and L sin 36° 53’ =9 7782870.

 169. On the nest page is printed a spccimen page
taken from Chambers’ tables. It gives the tabular log-
arithms of the ratios of angles between 32° and 33° and
also between 57° and 58°.

The first column gives the L sine for each minute
between 32° and 33°.

In the second column under the word Diff. is found
the number 2021. This means that 0002021 is the
difference between Lsin32°0" and Lsin32°1’; this may
be verified by subtracting 97242097 from 97244118. It
will also be noted that the figures 2021 are printed half-
way between -the numbers 97242097 and 97244118,
thus clearly shewing between what numbers it is the
ditference.

This same column of Differences also applies to the
column on its right-hand side which is headed Cosec.

Similarly the fifth column, which is also headed Diff,
may be used with the two columns on the right and left
of it.
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82 Deg.

SINES,

TANGENTS, AND SECANTS,

-

CXND ARBRHO

7
Sine
97242007
97244118
97246138
97248156
97260174
97252189
97254204
7256217

O 7258220 |
| 97260240 |

97262249
97264257
97266264
263260
97270243
V722276
97274278
97276278
97278217
97980975
97282271
97284267
9728620
97266353
9- mwu
97202234
97204293
97296211
97208197
97300182
97302165
97304148
97306129
97308100
- 97310087
977313064
9-7814040
977316015
97817989
97319961
97321932

9°7823002

97331768
9'7833731
97835693
97887664
9-7339614
97841672
9'7313629
9735468
97847440

9'7349803
97851846

97301088
Cosine

Dift,

Dift.

7
Cosec.

10°27579%03
10°27508682
10-2754862
10°2751844
10 2749826
102747811

1027456798
102743783
102741771
102739760
102737761
10°2735743
102735726
10'2731731
102729727
1072721724
10:2725722
109725722

10 2721723 9

10°27 19725
102717720
10:2715783

102707766

102705777
1072703789
1072701808

10-2699818 9
o83 102697835

1072695862
10°2693871

1
1072687 .)36 9

10-2685960
10 2683085
102682011
1072680039
10°2078068
10°2676098
10°2674130
1072672163
10°2670197
102668232
10°2666269
10°2664307
102062346
10°2660386
102668428
10'2666471
102651515
10°2652660
102650607
10°2648655
102846704
10-2644754
102642306
102640858
102638912
Becant

Tang.

07957802
9‘7Jb(h 03

97063513
979066322
97969130
97971938

9°7974745
9°7077561
97980356
9°7953160
97085001
9'7088767
97001569
97994370
97997170
97909970
9°8002769
9805567

-8008365
9°8011161
9°8013057

98016762
98019546

98022310 ¢
5 9°80253133
98027926 |

98030716
9.8(1350
Y206
9801173
98044661

"$075278
9 SO;N).).,
98080829
9°8083606

98086333
9°8089158
98091933
98004707
98097480
9 8100253

9°8111386
9 8114106

Diff.

2811
2810
2809
2508

g

2798

Cotang.

10:2042108
102039207
102036487
102033678
102030870
10-2028062
10°2025255
10-2022449
102019644
10°2016840
102014036

10" 201 123‘1

10 2002430
10° 2000030
101997231
101994433
10:1991635
10° 1988839
101956043
10°1982248
10° 19804554
10°1977660
10°1974867
1019720756

10°1969284
10° 1966494
10 1963704
10° 1960015
10°1958127

101

1001949767
10°184681
10°1944197

101941413
1071938630
10°1935848
1071933067
10°1980286
1019275606
1071924727
101921948
1071919171
10°1816394

1011913817
10°1910842
10°1908067
10-1905293

101902520,

10°1899747
101896975
10°1804204
10°1891434
101888664

Secant
100715795
10071605
10°0717375

1070718166 -

10°0718957
1070719749
1070720541
10-0721834
1() 72 ’1‘!7

310-0726897 ¢
10°0727694

100728491
1070720289
100730087
10°0730886
100731656

100732486

101733256
10 0734087
100734888
1070735690
1070736493
100787296
10°0735009
100738504
100739708
10°0740513
100741319
100742125
1007429031
10°0743739
10°0744848
100745854
100746166
100746973
100747782
10-0748592
100749408
10°0750214
100751026
100751839

100752661
100753465
100764279
100755098
10°07565908
10°0756728
10°0757539

10°1885805 100760800

10° 1883127

810 2

810
811

8. 9

8121

a8 o

812

814
814

Cosine
99284205
9 0083115
9 9282625
90281834
99281043

o 99260251

90279459
99278666
99277873
99277079
99276265

90275490

s 90274695

99273899
9 9273103
99272306
99271509
9'9270711
9:9269913
99269114
99268314
99267514
99266714
99265913
99265112
99264310

99263607
89262704
99261901

99255454
99254646
99253837

9253028
9°9252218
9-9251408

9250607
99249786
9248974
9'9248161

99247,
9924
9-9245721
99244907
9°9244002

N OmNERE ABRNETE
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160. There is one point to be noticed in using the
columns headed Diff. It has been pointed out that 2021
(at the top of the second column) means -0002021. Now
the 790 (at the top of the cighth eolumnn) means not 000790,
but -0000790. The rule is this; the right-hand fignre of
the Diff. must be placed in the seventh place of decimals
and the requisite number of cyphers prefixed.  Thus

Diff. = 9 means that the difference is 0000009,
Diff. = - 74 » » " ‘0000074,
Diff = 7735 » » » 0000735,
Diff. = 2021 » » » ‘0002021,
whilst Diff, = 12348  ,, ) . 0012348,

161. Page 171 also gives the tabular logs. of ratios
between 57° and 58°. Suppose we wanted L tan 57° 20",
We now start with the line at the botfom of the page and
run our eye up the column which has Tang. at its foot. We
go up this column until we arrive at the number which is
on the same level as the number 20 in the extreme
right-hand column. This number we find to be 101930286,
which is therefore the value of

Ltan 57° 20",

EXAMPLES. XXV.

1. Find 9, given that cos #="-9725382,
cos813° 27 =-9725733, diff. for 1'=677.

2. Find the angle whose sine is g, given

sin 22° 1'=~3748763, diff. for 1'=2(98,
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3. Given cosec 65° 24’ =1-0098243,
diff, for 1'=1464,
find the value of cosec 65° 24" 37",

and the angle whose cosec is 1'0997938.

4, Given L tan 22° 37 =9-6197205,
diff. for 1'=3557,
find the value of L tan 22° 37 22",

{
and the angle whose L tan is 9-6195253,

4
5. Find the angle whose I. cos ig 9-993, given
L cos 10° 15" =9-9930131, diff, for 1'=229,

=2

, Find the angle whose I sec is 10-15, given
L sec 44° 55’ =10-1498843, dilf. for 1’ =120Q.

7. Trom the table on page 171 find the values of

(1) Lsin32°18'23", (2) Leos32 1649,

(3) L cot32°29 43", (4) Lsec 32°52'27",

(5) L tan 57° 45" 28", (6) Leosec57° 43'217,
and (7) Lcosb7°58 29",

8. With the help of the same page solve the equations
(1) Ltan@=10-1959261, (2) L cosec8=10-0738125,
(3) Lcos@=9-9259283, and (4) Lsin#=99241352,

9. Tuke out of the tables L tan 16°6'23” and calculate the value of
the square root of the tangent.

10. Change into a form more convenient for logarithmic computation
(i.e. express in the form of products of quantities) the quantities

(1) l+tanatany, (2) l-tanztany,

(8) cotz+tany, (4) cotz-tany,
1-cos2e tanz +tany

(6) 1+4cos2z’ and (6) cotT +coty



CHAPTER XIL

RELATIONS BETWEEN THE SIDES AND THE TRIGONOMETRICAL
RATIOS OF THE ANGLES OF ANY TRIANGLE.

162. Ix any triangle ABC, the side BC, opposite
to the angle A, is denoted by @; the sides CA4 and AB,
opposite to the angles B and C respectively, are denoted
by b and c.

163. 'Theorem. In any triangle 4 BC,

sind sinB _sinC

a b c ’

t.e. the sines of the angles are proportional to the oppostte
sudes.

N\ . T \
v /, Tk
B ap C B a6 P B a— ¢
Draw 4D perpendicu]arﬁo the opposite side meetidf
is, produced if necessary, in the point D.
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In the triangle ABD, we have
4D
AB
In the triangle ACD, we have

=sin B, so that AD=¢sin D.

%—g —sin G, so that 4D =bsin O\

[If the angle C be obtuse, as in the second figure, we have

461‘) =sin ACD=sin (180°= C)=sin @ (Art. 72),
so that AD=0bs8in C.]

Equating these two values of 4.1), we hdve
¢sin B=bsin O,

. smB sinC
e =",
b ¢

In a similar manner, by drawing a perpendicular from

DB upon CA4, we have
sin (] sin A
c a

If one of the angles, C, be a right angle, as in the third
figure, we have sin U =1,

. a . b
sin 4 =< and sin B=E'

sind sinB 1 smC’

Hence i
) b c ¢

We therefore have, in all cases, -

sin A smB sinc
a b o




CHAPTER XIL

RELATIONS BETWEEN THE SIDES AND THE TRIGONOMETRICAL
RATIOS OF TIIE ANGLES OF ANY TRIANGLE.

162. In any triangle ABC, the side BC, opposite
to the angle 4, is denoted by a; the sides CA and AB,

opposite to the angles B and C respectively, are denoted
by b and c.

163. Theorem. In any triangle 4 BC,

sinA sinB sin(

a b ¢ ?

i.e. the sines of the angles are proportional to the opposite

sides.
‘A A
%b' /l °
C B D B a H

a D a 0

Draw AD perpendicular{o the opposite side meetiff
it, produced if necessary, in the point D.
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In the triangle ABD, we have
AD . .
S p=5n B, so that AD=csinD.
In the triangle ACD, we have

4D sin C, so that 4D =bsin C.

AC
[If the angle C be obtuse, as in the second figure, we have
£ =sin ACD=sin (180°~ ) =sin @ (Art. 72),
so that AD=bsin C.]

Equating these two values of A4 D, we have
c¢sin B=bsin C,

sin B sinC

b c
In a similar manner, by drawing a perpendicular from
B upon ¢4, we have

e

sinC sinAd

4 a

If one of the angles, €, be a right angle, as in the third
figure, we have sin U =1,

. a . b
sin 4 ==, and sin B=-,
¢ ¢

sind _sinB_1 sinC

b c c

Hence

We therefore have, in all cases,

sinA sinB_sinC
a = b o °
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164. In any triangle, to find the cosine of an angle in
terms of the sides.

Let ADBC be the triangle and let the perpondwu]ar
it 4 on BC meet 18, produced if nceessary, in the
point D,

First, let the angle € be acute, as in the first figure.

By Euc. II. 13, we have
AB*=BC* 4 CA4*—2BC . OD............ @)

But gg =cos 0, so that CD=0Dcos(

Hence (1) becomes

¢*=a?+b—2a.bcos O,

.6 2ab cos C=a?+ 0? — ¢,
. b —¢
e cos O’-_-——%b .
Secondly, let the angle C be obtuse, as in the second
figure.
By Euec. I1. 12, we have
AB*= B0+ C4*+2BC.CD ........ ().
But gﬁ =08 AUD = cos (180° — ) = —cos (),

(Art. 72)
80 that CD=—-bcosC
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Hence (i1) becomes
= a?+ 0+ 2a (— beos () = a2 + b* — 2ub cos C,
so that, as in the first case, we have

@+ 0 -
“eosC ="~
2ab
In a similar manner it may be shcwn that
b? 4 ¢? —al
CO8A = ————
2bc  ’
a1
and cos I = - .
e

If one of the angles, ¢/, be a right angle, the above
formula would give ¢*=a*+10% so that cosC=0. This
is correct, since C' is a right angle.

The above formula is therefore true for all values of C.

Bx, If a==15, b=30, and ¢=39,
362+ }‘)~~1”_3‘( 1204130 -5 988 12
then €08 A= e T B ik 1 T 9tils =13

165. To find the sines of half the ungles in terms of
the sides.

In any triangle we have, by Art. 164,

0ot —a?
cos d = "~

20
By "Art. 109, we have

., A
cos A =1—2sin2;

2
Hence 2 sin?‘?;1~ =1l-cosd=1-— bj—j-—‘g—jf
2 2be
_2be—b—~c*+a* _ a?— (04 2= 20c) o~ (b—e)
] 7 2b¢ - 2b¢
et G-olle =G0l _(@rboo)(a=bre)
20¢ 2b¢ A

L. T. 12
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Let 2s stand for a +b + ¢, so that s is equal to half the
sum of the sides of the triangle, Z.e. s is equal to the semi-
perimeter of the triangle.

We then have

a+b—c=a+btc—2=2s—2c=2(s—0),
and a—-b+c=a+b+c—-20=25~2b=2(s—0)
The relation (1) therefore becomes

_2(-0)x2(s-b) 2(s—-b)(s—c)

2 sm2 3

2be

wh TS
Similarly,

Sin%:\/(s_c)cis—a)’ ond Sin§=\/(s-—a()u()s——b).

166. To find the cosines of half the angles tn terms of
the sides.

By Art. 109, we have

cos A =2cos’—42— -1,

.4 P+ct—a?
Hence 2cos -—2—-1+cosA-1+ 50
_2Wetbr4ct—ar (bte)p-—a?
- 2 - 2bc
[(b+c)+a][(b+c)-—u] (a+b+0)(b+o~-a) 1
e 2bc (1

Now b+c—a=a+b+c—2a=25~2a=2(s—a),
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so that (1) becomes

A ﬂsx2(s-—-a) s(s—a)

2cos’ 5 Sho b

Similarly,

B 2 (s — b), and cos \/‘E(Z,Z_?_)

167. To find the tangents of half the angles in terms
of the sides.

sin =

Since tan g = i s
CcOoS ‘g

we have, by (2) of Arts. 165 and 166,

A (8~b)( —o .  Jss—a) (s—D) (s —

Slmﬂarly,

(s—c)(s— C  Js—a)(s—D)
tan—z— = Yo bT_ and tan 5 = T

Since, in a triangle, 4 is always < 180°, 5 is always
< 90°

The sine, cosine, and tangent of -‘g are therefore always

B

positive (Art. 52).

The positive sign must therefore always be prefixed to
the radical sign in the formulae of this and the last two
articles.

12—2
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168. E=x. )f a=13, b=14, and c¢=15,
then 62&_15___%=21’ s~a=8,5~0=T,
and g~c=0.

A T 11,

Hence EIDQ—\/M&—R*,‘/J 5\/0,

. B /Tx8 4 4 .
sin 5 = \/laxlc‘» T =iV

[y 21x6 3
€83 \/hxm Nith 15“/3
B Gx8 4
and tﬂn—i—l\/m‘?—f.

169. To express the sine of uny angle of a triangle
wn terms of the sides.
We have, by Art. 109,
. . A A
— D2 ot
sin4 = me2 cos 5
But, by the previous articles,

A Js=b(s—¢) D)
sin o , and cos 5 = i

9

Hence

PR e o)

“

" sinA:i?EJs(S—a) {s— D) (s —c)

EXAMPLES. XXVL
In & triangle

1. Given =25, b=>52, and ¢=63,

B g
find tanz,tzm—g—,and tan—z-.
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9. Given a=125, b=123, and ¢=62,
find the sines of half the angles and the sines of the angles.
3. Given a=18, h=24, and ¢ =30,
find gin 4, sin B, and sin C,
Verify by a graph.
4, QGiven a=35, b=84, and ¢=91,
find tan 4, tan B, and tan C,
5. Given a=13, b=14, and ¢=15,
find the sines of the angles. Verify by a graph.
8. Given a =287, b=81¢, and ¢ =805,

find the values of tanf;- and tan 4.

7. Given a=,/3, b=4/2, and r~“/it5/2
find the angles.
170. In any triangle, to prove that,
@ =bcos C+ccos B.

Take the figures of Art. 164.
In the first case, we have

gﬁ) = cos B, so that BD =c¢ cos B,
and gg =cos C, so that CD=0bcosC.

Hence a=BC=BD+ DC=ccos B+ bcosC.

In the second case, we have

gﬁ? =cos B, so that BD=ccos B,

CD o
and T4 = o ACD = cos (180° - 0)
= —cos O (Art. 72),

so that CD=—bcos (.

181
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Hence, in this case,
a=DBC=BD~CD=ccos B—(—beos0),
50 that in each case
a=bcosC+ccosB.
Similarly, b=ccos 4 +acos O,

and c=acos B4 bcos A,

171, In any triangle, to prove that
B-C b—c A

- = ———cot 5~

tan 2 b+c 2

In any triangle, we have

b sinB

¢ sinC’

B+C . B-C

B¢ _snBosing 2Ty Mg
*“b+e snb+sinC . B+C B-C
2 sin 5 CO8 =

2

B-C B-0

&

-0
2

1
cob é«

=

(Art. 69). P
3”

B~-C b-c A
ot

Hence tan—-——é—- = Tec c g
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172, Ex. From the formulue of drt, 164 deduce those of Art. 170
and vice versd,

The first and third formulae of Art. 161 give
at+b—c?  rha?-10
2a 20

2a?
=g =

s0 that a=bcos C+ccos B,

beos C+ccosB=

a,

Similarly, the other formulac of Art. 170 may be obtained.
Again, the three formulac of Art. 170 give
a=becos C+ceosl,
b=ccos A 4acosC,
and ce=acos B+bcos 4.
Multiplying theso in suceession by a, b, and - ¢ we have, by addition,
a4 bt~ ct=a(beos C+ceos BY+b(ccosd+acos C)~c(«cus B+boosd)
=%ab cos C.
S CO8 Cch—%l?);b:ﬁ.
Similarly, the other formulne of Art. 162 may be found.

173. Thestudent will often meet with identities, which he is required
to prove, which involve both the sides and the angles of a triangle.

It is, in goncral, desirable in the identity to substitute for the sides in
terms of the angles, or to subsiitute for the ratios of the angles in terms
of the sides.

Ex. 1. Prove that acos —; ={b+c¢) sin g-
By Art. 163, we have
2sinB+G B-¢C
b+c__sin]3+s.inC__ 9 cos 9
“ sn 4 2sinf!-cogfi-
22
cost—{cosB~C cos 5-6
2 2 g
einécoq‘i - sin‘—‘1
27779 2
. B-C
So(b —= ———
( +c)s1n2 @ 008 ~—5—,
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Bx. 2. Inany triangle prove that
(12~ c®) cot d + (¢2 - u¥) cot B+ (a®— 0%) cot C=0.
By Art. 163 we have

sind sinB_siu¢

— =y = =k (say).
Hence the given expression
=(0— )coq{{_i_(c’_az) cosB_H _bﬂ)g‘qsa
¢k
b +c - a? c?+ad - b2 a?4 b2 c?
b2~ L gy E T 2 _ 2 ks
[( +-al) 2abe lat-?) “Dabe
1 o P . <
= gapa D0t — a1 (07 - ) kot - 4t~ 1P (¢~ @) 0t - U - F (ad - 1))
=0.

Ex. 3. In any triangle prove that

(@+b+c¢) ( tan i+t'm 1;) =2 cotg-.
The left-hand member

-2 l:\/ s;-(l:v\ajf‘) \/E%—? , by Art. 167,
o/ Ve e a [ ekt

= U since 2s=a+b+0,

.Js—a)(.s——b)

C
=2¢ cot Tk

This identity may also be proved by substituting for the sides.
We have, by Art. 163,

a+b+c sind+sinB+sin C

¢ sin C
4 B (o] A B
4 co5 - €08 3 COS 2 cos ; cos =
2 2 2 2 2
e , a8 in Art, 127, = — o
2gin 3 c08 3 &1n g
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C c B
2cot§ Zcos~—cos§cos§

Also tan‘é+tan§= ¢ vsmA -l— 'f—ls' b
3 3 2 2+(:.oxs2 1n72

2 cos é cos‘E cos —q 2 cos -4 COS =
- 2 2 2 — 2 2
sin g sin —A j£ sin -(i'

2 2 2

(Axt. 69.)

We have thercfore
2cot g
at+b+ec 2

¢c 4 B
tané +tan§

k]

so that {a+b+c) (tan%+mn §>=2c cotg-.

ExX. 4. If the sides of a triangle be in Arithmetical Progression, prove
that so also are the cotangents of half the angles.

We have given that
and we have to prove that
B

A c
cot—§+cot§~2 cot~2— .

Now (2) is true if

s (s-a) 8(s—c) _ mf_(.sllﬂ__
\/(e—b) w-a " \/ oo G-0" "N Gmo-a)”
or, by multiplying both sides by
(5—a)(e-b) (s-c) c)

8
if (8~a)+ (smc)=2(s~1),
t.e. if 25 — (@ +c)=28-2b,
i.e. if a+ ¢=2b, which is relation (1).

Hence if relation (1) be true, so also is relation (2).
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EXAMPLES. XXVII,

In any triangle 4BC, prove that

1

W

o oW

10.

11

12.
13.

14
15.
16.

17.

sin 2= ¢_b- 52 osd
2 " a2

b2Rin 20 +¢¥ sin QL =2b¢ sin 4.
a {bcos C—¢cos D)=1%~c%

(h+c)cos d+4 (c+a)cos B+ (a+b)cos C=a+b+e.

a (cos B+cos U)=2(b+¢) smﬂg
24
a (cos C-cos B)=2 (b -c)cos 9°

sin (B C) _V¥-c*
s (B4C) o

a+b—~tunéﬂ cotA -3
a-b 2 )

2
a?sin (B-C)  ¥sin(C-d)  c*sin(4-B)

sinB+sinC " emC+sind  smAd4sin B

a sin (g— +B)= (b+c)sin é

(b+c—a) (cot§+cot( > 2a cot;-t.
a4 b+ ¢2=2 (be cos 4 +ca cos B +ab cos C).

(a® ~ 0¥+ ¢%) tan B=(a®+1*~ ¢?) tan C.

c*=(a - )* cos? g+ (a+b)? sin? §°

a sin (B~ C) +bsin (C - d)+esin (4 - D) =0,

asin(B-C) _bein(C~4) csin{d-D)
[ P T R T T

A . B-C B, (C~ C. 4-B
asln§(;1n——2 +bsm§sm 2—+csmzsm-—§ =0,



[Exs. XXVIL.] SIDES AND ANGLES OF A TRIANGLE. 187

18. a®(cos®B~cos®C)+1? (cos® C~cos?4)+c? (cos? A - cos? B) =0,

2 _ a2

Z 2 —q? 2. b2
19. ‘*a;i sin 2A+[—:—7};l~ sin 28-{-%‘05“ sin 2C=0.

A B ¢
(14 b+l cot +cot 5 +cot§—

0. it cotA+cotB+c-otG

21, a?cos (B3~ C)+ D% cos (C— A)+c? cos (4 - I3) =3 abe.

22, In a iriangle whose sides are 3, 4, and /38 fcet respectively,
prove that the largest angle is greater thau 120°,

9238, The sides of a right-angled triangle are 21 and 28 feet; find the
length of the perpendicular drawn to the hypothenuse from the right
angle.

924. If in any tfriangle the angles be fo onc another as 1:2:38,
prove that the corresponding sides are ns 1 : 4/3 : 2.

25, In any triangle, if

4 5 B_20
tar —2-_.gandtn =57
find tan ¢ , and prove that in this triangle a +¢=2b.

2

26. In an isosceles right-angled triangle a straight line is drawn from
the middle point of one of the equal sides to the opposite angle. Shew
that it divides the angle into parts whose cotangents are 2 and 3.

27. The perpendicular 4D to the base of a triangle 4BC divides it
into segments such that BD, CD, and AD are in the ratio of 2, 8, and 6;
prove that the vertical angle of the triangle is 45°

98, A ring, ten inches in diameter, is suspended from a point one
foot above its centre by G equal strings attached to its circumference at
equal intervals. Find the cosine of the angle between consecutive
strings.

29, I a2, 0% and c? be in A.p., prove that cot 4, cot B, and cot C are in
A.P, algo.

30. If a, b, and ¢ be in A, p., prove thab cosAcot‘; , cos B cot —g,

C .
and cos C cot 3z arein a.».
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' ; . ‘
3L Ife,b,and ¢ are in mr., prove that S‘““% » sl 5, and sm“’g are

also in H.P,

32. The sides of a triangle are in A.r. and the greatest and least
angles are § and ¢; prove that

4 (1 - cos 8)(1 - cos ¢h) = cos 0 + cos ¢.

33. The sides of a tiiangle are in a.p. and the greatest angle exceeds
the least by 90°; prove that the sides are proportional to o/7+1, /7, and

J7-1.
34, If C=60° then prove that
1 1 3
et eI
atc b+e adbtce
35. In any triangle ABC if D be any point of the base BC, such
that BD:DC::m:n, and if 2BAD=a, £DAC=8, £CDd4d=0, and
AD =z, prove that
{(m-+n) cot f=m cot o —ncotf
=n cot B -meotC,
and (m+n) . 2%=(m+n) (mb+ne?) — mna?,
86. If in a triangle the bisector of the side ¢ be perpendicular to the

gide &, prove that
2tan 4 +tan C=0.

37. In any triapgle prove that, if § be any angle, then
bcos @=c cos{d ~0)+acos (C+0).
38, If p and g be the perpendiculars from the angular points 4 and B

on any line passing through the vertex C of the triangle 4BC, then

prove that
a?p® + b%g% - 2abpq cos O'=a?b? 8in? C,

39, In the triangle ABC, lines 04, OB, and OC are drawn 80 that
the angles 04B, OBC, and 0C4 are each equal to w; prove that
cot w=cot 4 +cot B+ 0ot C,

and sosec? w=cosce? A +oosec? B+ coseo? J.,



CHAPTER XIIL
SOLUTION OF TRIANGLES.

174. 1IN any triangle the three sides and the three
angles are often called the elements of the triangle. When
any threc elements of the triangle are given, provided they
be not the three angles, the triangle is in general com-
pletely known, e its other angles and sides can be
calculatcd. When the three angles are given, only the
ratios of the lengths of the sides can be found, so that the
triangle is given in shape only and not in size. When
threc elements of a triangle are given the process of
calculating its other three elements is called the Solution
of the Triangle.

We shall first discuss the solution of right-angled
triangles, i.e. triangles which have one angle given equal
to a right angle.

The next four articles refer to such triangles, and C
denotes the right angle.

176. Case I. Given the hypothenuse and one side, to
solve the triangle.
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Let b be the given side and ¢ the given hypothenuse.
The angle B is given by the

relation A
. b ¢

sin B = = b

oo Lsin B=10 ) logb~—logec. B 2 o

Since b and g are known, we
thus have L sin B and therefore B.
The angle 4 (=90° — B) is then kno'h.

The side a is obtained from either of the relations
a b e
cosB:E, tanB=(—L, or a=,/(c—b)(c+0D)

176. Cuse I1. Given the two sides a and b, to solve
the triangle.

Here B is given by A
b
tdnB—a, ¢ b
so that 8 o
Ltan B=10 +1log b —loga. a

Hence L tan B, and thercfore B, is known,

The angle 4 (= 90° — B) is then knowu.

The hypothenuse ¢ is given by the relation ¢ =¥a? +5%

This relation is not however very suitable for loga-
rithmic calculation, and ¢ is best given by

. b .
sin B==-, t.e. ¢=— .
¢’ sin B

log ¢ =log b —log sin B
=10+ log b — Lsin B,

Hence ¢ 1s obtained.
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177. Case II1. Given an angle B and one of the sides
a, to solve the triangle.

Here A4 (= 90° — B) is known.

A
The side b is found from the rela- o
tion b
b_ tan B, B a G
a

and ¢ from the relation
a
-~ =cos .
c

178. Case IV. Qiven an angle B and the hypothenuse

¢, to sulve the triangle. A
Here A is known, and a aud b are o
obtained from the relations b
a ‘ b .
5= cos B, and S =sin B. B 2 6

EXAMPLES. XXVIII,

1. In a right-angled triangle 4BC, where O is the right angle, if
a=50 and B="75° find the sides. (tan 75°=2+,/8.)
9. Solve the trinngle of which two.gides are equal to 10 and 20 feet
and of which the included angle is Y0°; given that log 20 =1-30103, and
L tan 26° 33’ =9-6986847, diff. for 1'=3160.
3. The length of the perpendicular from one angle of a triangle upon

the base is 3 inches and the lengths of the sides containing this angle are
4 and 5 inches. TFind the angles, having given

log 2=-30103, log 3=-4771213,
L sin 86° 52'=0-7781186, diff. for 1'=1684,
and L sin 48° 35 =9-8750142, diff. for 1'=1115,
4. TFind the acute angles of a right-angled triangle whose hypothenuse

is four times as long as the perpendicular drawn to it from the opposite
angle,
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179. We now proceed to the case of the triangle which
is not given to be right angled.

The different cases to be considered are;
Case I. The three sides given;;
Case I1. 'Two sides and the included angle given;

Case 111, Two sides and the angle opposite one of
them given;
Case IV. One side and two angles given;

Case V. The three angles given.

180. Case I.  The three sides a, b, and ¢ given.

Since the sides are known, the semi-perimeter s is
known and hence also the quantities s—a, s—5, and
s§—¢.

A B
The half-angles 505 and g are then found from the
formulae

o [emaGoD
and tan é"—-— W.

Only two of the angles need be found, the third being
known since the sum of the three angles is always 180°.
The angles may also be found by using the formulae
for the sine or cosine of the semi-angles.
(Arts. 165 and 166.)
The above formulae are all suited for logarithmic
computation. \
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The angle 4 may also be obtained from the formula

Z)z 4 ¢ — wa

cos 4 = Sio .

(Art. 164.)

This formula is not, in genecral, suitable for logarithmie
calculation. It may be conveniently used however when
the sides a, b, and ¢ are small numbers.

Bx. The sides of a triangle are 82, 40, and 66 fect ; find the angle
opposite the greatest side, having given that

log 207 =2:3159708, log L1073 = 3-0305997,
Lcot 66° 18 =9-G124341, tabulated difference for 1’=3431.

Here a=32, b=40, and ¢=06,
9 4. 4 30
so that ¢=3;+—g)-+—mf=69, s—a=37, s~0=19, and s ~c=38.
5 ‘e—c) 69x3 207
Hence  co z \/ G-a)(E-b)-V 37x20~V 1073’

L cot 52’.= 10+ é [log 207 — log 1073]

=10+ 1-157985156 ~ 1-51529985
=9-6426853.
L eot g is therefore greater than L cot 66G° 18,

8o that -gis less than 6G° 18",
c o
Let then 5= 66° 18’ — z”.

The diffcrence in the logarithm corresponding to difference of #” in the
angle therefore
= 96426853
~ 06424341
=" 0002512,
Also the difference for 60" = 0003431,

L. T. 13
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T -00027512
Hence 60 = 005431
2 by
so that r= 512 x 00 =ncarly 4.

3431
o 2= G60° 18 — 447 =66° 17 16", and henee O=132° 34 327,
EXAMPLES. XXIX.

[The student shoul@ verify the results of some of the followrimg exomples
{(c.9. Nos. 1, 7, 8,10, 1L, 12) by an accurate grapie |

1. TIf the sides of a triangic be 56, 63, and 33 teet, find the greatest
angle.

©G

2. The sides of a triangle are 7, 44/3, and A 13 yards respectively.
Find the number of degrees in ity smallest angle.

3. Thesidesof a triangle nve 224241, 22+ 1, and x?~1; prove that
the greatest angle is 120°,
4. The sides of a trinngle are a, b, and J/a?5-ab+ 5 fect; find the
greatest angle,
5. If a=2, b=4/6, and c=\/3 -1, solve the triangle.
6. Ifa=2, b=,/6, and ¢=4,/3 +1, solve the triangle.
7. fa=9, =10, and ¢=11, find B, given
log 2="30103, L tan20° 20’ =97523472,
and L tan 29° 30" =4-7526420.
8. The sides of a triangle are 130, 123, and 77 feet. TFind the
greatest angle, having given
log 2=-30103, L tan 38° 39’ =9-9029576,
and L tan 38° 40'=9-9031966.
9. Find the greatcst angle of a triangle whose sides are 212, 188, and
270 feet, having given
log 2="30103, log8="4771213, log 7= 8450380,
L tan 38° 20/ =9-8980104, and L tan 38°19'=9-8977507.
10. The sides of a triangle are 2, 8, and 4; find the greatest angle,

having given
log 2 = '30103, log 8=-4771213,

L tan 52° 14’ =10-1108395,
and L tan 52°15'=10-1111004.
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Making use of the tables, find all the angles when
11. a=25, b=26, and c=27.

12. a=17, b=20, and ¢=27

13. a=2000, 1 =1050, and ¢=1150.

181, Cuse Il. Given two stdes b and ¢ and the
wncluded angle A.

Taking b to be the greater of le two given sides,

we have A
B-C b-
tan ‘—T bT (01/ (Art 171) . (]), - b G o
and B+0 =90° — 4 . 2). ¢ B
2 2 rc a
. . ' 4
These two relations give us
B-C I B4 0
2 2

and therefore, by addition and subtraction, B and C.
The third side « is then known from the relation

a b
sin 4 sinB’
. . sin 4
which gives a=b-—=
g sin B’

and thus determines a.
The side @ may also be found from the formula

a? = b+ ¢® — 2bc cos A.
This is not adapted to logarithmic caleulation but is
sometimes useful, especially when the sides a and b are

small numbers.

13—2
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182. Bx. L. Ifb=y3, c=1, and 4=30°, solve the triangle.

‘We have
B-C b-¢ 4 J3-1

————— T - 0
tan 5 +ccot2 ~/5+lct15
3-~1
N o n/8-1
ow tan 15 WEFS| (Art, 101),
8o that cot 15°=://3_i;1
Henca tan—]f{%q— 1.
B~-C
“ g =48% e veee (1)
Also 21O g0 - £ 900~ 162755 .o )
By addition, B=120°,
By subtraction, C=230°.
Since 4 =C, we have a=e=1,
Otherwise. We have
a?=12+0?-2bccos A=3+1~2,4/3. “{f:l,
8o that a=1=c.
& O0=4==800°,
and B=180°~4 ~ C=120°.

Bx. 2. Ifb=215, ¢=105, and 4=T4° 27, find the remaining angles
and also the third side a, having given

log 2="3010300, log 11=1-0413927,
log 105=2-0211893, log 212-476 =2-3273103,
L cot 37° 18’ = 101194723, diff. for 1'=2622,
L tan 24° 20’ =9-6553477, diff. for 1’=35364,
I sin 74° 27’ =9-9838052,
and L coscc 28° 25 =10-8225025, diff. for 1'=2334.
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B C b-c¢ — o ' 3 1
Here tan 3 b_‘_ccot« 14 cot 37° 13’ 30",
Now Lot 37°18'= 101194728
diff. for 30" = - 1311
o Leot37°13 307 = 10-1193412
log1l=  1-0418927
11-1607339
log32=__ 150515
s Ltand (B-C)= 96555839
But Ltan 24°20' = 9-6553477
diff, = 2862
=diff. for §443 of 60”
=diff, for 42-1”,
-~ L-c_ =24° 20’ 427,
2
But —B-fzig =00°— ~= 52° 46 30",
& by addition, B=T7"712",
and, by subtraction, C==28° 25’ 48",
. ¢
Again AT em o= cosce C,
~ a=105 sin 74° 27/ cosec 28° 25’ 48,
Dut  Lcosec28°25'= 10-3225025
diff. for 48" = - 1867
L cosee 28° 25" 48" = 10 32231!8
Lsin74°27 =  $-98380352
log105= 20211893
22-3273108
20
o loga=  2:3278103,

& a=212-476,

197

*30103

2362
60
3364) 141720 (42-1
13456
7160
6728
4320

48 % 2334
=4 x 2334
=1867,
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%183, There are ways of finding the third side a of the triangle in the
previous cuse without first finding the angles B and C.

Two methods are as follows :
(1) Since a?=024-¢2—2he cos A

=2 c* - 2h¢ (2 cosﬂg - 1)

=(b+ (:)2 — 4be cos? %

4be A
. 2= (b4 ¢} R 2
&owi= (bt [1 (b+c)ncos 2],

. C 4be oA
Hence, if gin® 0= ey cost 5,
we have =(b+4c¢) [1-sin? 0]=(D +c)? cos? é,
80 that a=(b+c) cosd.

If then sin @ be caleulated from the relation

we have a={(b+c)cosb.
(2) We have

a¥=0>+¢> - 2bc cos A =024 2 - 2¢ (1— 25iuﬂg>

=(b—c¢)?+ 4be sin? 4

2
dbe . 4
= () - c)? 290 22
=(b-¢) [14—(1)_0)2 |in 2].
4bc A
T gin?l= 2
Let B=op sin? 5 =tan® ¢,
so that tan ¢=2—§/»I-)C-. sin 4 s
b- 2
and hence ¢ is known,
b—c)?
Then a?=(b-c)*[1+tan®p]= —(&2_9);,
so that a=(b—c)sco ¢,

and is therefore easily found.

An anpgle, such as 6 or ¢ above, introduced for the purpose of
facilitating calculation is called a subsidiary angle (Art. 129).
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EXAMPLES. XXX.

[The student should verify the results of some of the following examples
(e.g. Nus. 4, 5, 6, 11) by an accurate graph.]

1. IfEb=00 ¢=T70, and 4 =72°48 30", tind B and C, given
log 230108, T, cob 3624/ 157 =10-1323111,
L tan 9° 87 =9-2290071,
and L tan 9° 38’ =9-2297735.
2. Ifa=21, b=11, and C=34°42'30", find 4 and B, given
log 2=-30103,
and L tan 72° 38" 45” = 10-50515.
3. If the angles of a triangle be in 4. ». and the lengths of the greatest

and least sides be 24 and 16 feet respectively, find the length of the third
side and the angles, given

log 2="30108, log 3="4771218,
and L tan 19° 6 = 95394287, diff. for 1’'=4084.
4, Ifa=13, b=T7, and C=60% find 4 and B, given that
Tog 8=-4771218,
and L tan 27° 27 = 9- 7155508, diff. for 1’=3087.

5. If a=20, and ¢=120° find the valucs of 4, B, and the ratio of ¢

to a, given {hat
log 3=-4771213,

and L tan 10° 53’ =9-2830070, diff. for 1'=6808.
6. Ifd=14, ¢ =11, and 4 =60° find B and ¢, given that
log 2 = *30103, log 8.=-4771213,
L tan 11° 44’ = 0-3174299,
and L tan 11° 45 = §-3180640,

7. Tho two sides of a triangle are 540 and 420 yards long respectively
and include an ungle of 52°¢’,  Yind the remaining anygles, given that
log 2=-80103, L tan 26° 8’'=9-6891430,
L tan 14°20' = $-4074189, and L tan 14° 21 = 94079453,
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8., If b=24ft., c=2 ft., and 4=22°20, find the other angles, and
ghew that the third side is nearly one foot, given

log 2=-30103, log3="47712,
L cot 11°10'=10-70465, L sin 22° 20’ =9-57977,
I tan 29° 22° 20”7 =9-75038, L tan 29°22' 80"=9-75013,
and I gin 49° 27" 34" =9-88079.
0. Ha=2, b=1+43, and C=60° solve the triangle.
10. Two sides of a trisngle arc A/3+1 and /3 -1, and the included
angle is 60°; find the other side and angles.
11. W o=1, c=4/3-1,and 4 =00 find the length of the side a.
12, Ifd=91,¢=125,and tang = 1‘—;7 , prove that a=204,
13, If a=5,b=4, and cos (4 - B)= %3 , prove that the third side ¢ will
be 6.
14. One angle of a triangle is 80° and the lengths of the sides

adjacent to it are 40 and 40,/3 yards. TFind the length of the third
side and the number of degrees in the other angles.

15. The sides of a triangle are 9 and 3, and the difference of the
angles opposite to them is 90°. Find the base and the angles, baving
given

log 2:=-30103, log 84771213,
log 75894 == 48802074, log 75895 =4"8802132,
L tan 26° 33’ =9-6986847,

and L tan 26° 34’ =9-69900006.
16. If tan ¢>—6~L—~b cot 0
. C
sin z
prove that ¢ = (A + D) e

If a=3, b=1, and C=53°748", {ind ¢ without getting 4 and B,
given .
log 2=30103, log 25298 = 44030862,

log 25299 =4-4031034, L cos 26° 33’ 54" =9-0515452,
and L tan 26° 83’ 54" =9-6.89700.
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17. Two sides of a triangle are 237 and 158 feet and the contained
angle is 66° 40’; find the base and the other angles, having given

log 2= '30103, log 79=1-8)763,
log 22687 = 435578, L cot 33° 20’ =10-18197,
Zsin 33°20'=9-73998, L tan 16° 54’ =9-48262,
L tan 16° 55'=9-48308, L seo 16° 54'=10-01917,

and L sec 16° 55’ =10-01921.
[Use either the formula cosI---E=b—:—c-smg or the formula of the

preceding question.]

In the following four examples, the required logarithms must be taken
JSrom the tables.

18. If a=242-5, b==164'3, and C=54°36’, solve the triangle.

19. 1 =130, ¢=63, and 4 =42°15’ 30", solve the triangle.

20. Two sides of a triangle being 2265'4 and 1779 feet, and the
included angle 58°17, find the remaining angles.

91. Two sides of a triangle being 237-09 and 130-96 fect, and the
included angle 57°5Y’, find the remaining angles.

184. Case III. Given two sides b and ¢ and the
angle B opposite to one of them.

The angle C is given by the relation

gin0_sinB
¢ b’
ie. sin C’:%sin B .....(D).

Taking logarithms, we determine p
O, and then 4(=180°—-B-0) is
found.
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The remaining side ¢ is then found from the relation

a b
sin.d ~ sin B’
. sin A
6. B=0 T e 2).
sin B (

185. The equation (1) of the previous article gives in
sorne cases no value, in some cascs one, and sowmetimes
two values, for C.

First, let B be an acute angle.

(a) If b<csinB, the right-hand member of (1) is
greater than unity, and hence there is no corresponding
value for C.

(B) If b=csin B, the right-hand member of (1) is
equal to unity and the corresponding value of (f is 90°,

(v) If b > csin B, there are two values of ¢ having
qr_srlzl & as its sine, one value lying between 0° and 90°
and the other between 90° and 180°.

Both of these values are not however always admissible.

For if b>¢, then B> C. The obluse-angled value of
C is now not uadmissible; for, in this case, ¢ cannot be
obtuse unless B be obtuse also, and it is manifestly
impossible to have two obtuse angles in a triangle.

If b<c and B be an acute angle, both valucs of C
are admissible. Hence there are two values found for
A, and hence the relation (2) gives two values for ¢. In
this case there are therefore two triangles satisfying the
given conditions.

Secondly, let B be an obtuse angle.

If b be <or=c, then BB would be lcss than, or equal
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to, U, s0 that €' would be an obtusc angle. The triangle
would then be impossible.

If b be > ¢, the acute value of C, as determined from
(1), would be admissible, but not the obtuse value. We
should therefore only have one adinissible solution.

Since, for some valucs of b, ¢ and B, there is a doubt
or ambiguity in the determination of the triangle, this
case is called the Ambiguous Case of the soluiion of
triangles.

186. The Ambiguous Casc may also be discussed
in a geometrical manner.

Suppose we were given the elements b, ¢, and B, and
that we proceeded to construct, or attempted to construct,
the triangle.

We first measure an angle ABD equal to the given
angle B.

We then measure along BA a distance B4 equal to
the given distance ¢, and thus determine the angular
point 4.

We have now to find a third point €, which must lie
on BD and must also be such that its distance from 4
shall be equal to b.

To obtain it, we describe with centre 4 a circle whose
radius is b.

The point or points, if any, in which this circle meets
BD will determine the position of C.

Draw 4D perpendicular to BD, so that

AD=ABsinB =csinB.

One of the following events will happen.
The circle may not reach BD (Fig. 1) or it may
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touch BD (Fig. 2), or it may meet BD in two points C
wand C, (Kigs. 3 and 4).

Fig.4

In the case of Fig. 1, it is clear that there is mo
triangle satisfying the given condition.

Here b< AD, e <csinB.

In the case of Fig. 2, there is one triangle ABD
which is right-angled at D. Here

b=AD=c¢sinB.

In the case of Fig. 8, there are two triangles ABC,
and ABC,  Here b lies in magnitude between 4D and ¢,
te. bis >csin B and <.

In the case of Fig. 4, there is only one triangle A B0,
satisfying the given conditions [the triangle ABC; is
inadmissible ; for its angle at B is not equal to B but is
equal to 180° — B]. Here b is greater than both ¢sin B
and ¢
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Tn the case when DB is obtuse, the proper figures
should be drawn. It will then be seen that when b<e
there is no triangle (for in the corresponding triangles
ABC, and ABC, the angle at B will be 180° — B and not
B). If b>c, it will be secn that there is one triangle,
and only one, satisfying the given conditions.

To sum up :

Given the elements b, ¢, and B of a triangle,

(a) Ifb be < ¢sin B, there is no triangle.

(8) If b=csin B, there is onc triangle right-angled.

(v) Ifd be>csin B and < ¢ and B be acute, there are.
two triangles satisfying the given conditions.

(8) If b be > ¢, there is only one triangle.

Clearly if b=c¢, the points B and C; in Fig. 3 coincide
and there is only one triangle. <

(¢) If B be obtuse, there is no triangle except when
b>c ¥

187. The ambiguous case may also be considered
algebraically as follows.

From the fignre of Art. 184, we have
b=+ a? — 2cacos B.
ooa?—2uccos B+ cteos® B=0—c'+c?cos? B
=0"—¢*sin? B.
s a—ccosB=+V—¢Fsin? B3,
ie. a=ccos B+ Vb= c*sin? B ............ (1.

Now (1) is an equation to determine the value of &
when b, ¢, and B are given.
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(2) If b<csin B, the quantity VI — ¢ sin® B is
imaginary, and (1) gives no rcal value for a.

(B) If b=csin B, there is only onc value, ccosl3,
for a; there is thus only one triangle which is right-
angled.

(v) If b>csin B, there are two values for a.  But,
since @ must be positive, the value obtained by taking
the lower sign affixed to the radical is inadmissible unless

¢ cos B— Vb —¢¥sin® B is positive,

1.e. unless NI = @ sin? B< ¢ cos BB,
7.e. unless V- ctsint B<cteos® B,
7.e. unless b < ¢t

There are thercfore two triangles only when & is
>csinB and at the samne time < ¢

(8) If B be an obtuse angle, then ¢ cos B is negative,
and one value of a is always negative and the correspond-
ing triangle impossible.

The other value will be positive only when

ccos B+ VP~ ¢¥sin? B is positive,

fe only when WP —Gsin?B>—ccos B,
v.e. only when b*> ¢*sin* BB + c* cos? B,
1.e. only whet{ b>e.

Hence, B being obtuse, there is no triangle if b<e,
and only one triangle when b >ec.

188, Ex. Givenb=16, ¢=25, and B=233°15, prove that the triangle
is ambiguous and find the other angles, having given

log 2=-30108, L sin33°15'=9-7390129,
. L sin 58° 56’ =9-9327616,
and L sin 58° 57’ = 9-9328370.
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We have .
. e . ., 25 . . 100 00
sin C:B sin D= jghin L= i R D= 5 sin 33°15,
Hence Lsin C=2+4Lsin33°15 - 6iog 2
=3-9328329.
Hence I sin 0 =9-9328329 L sin 68° 57 =3-0328376
L sin 58 ' 506’ =9-9327616 L Sin 58° 56’ :79‘9.37:%7(’316
Diff.= 713 Diff. for 1'= 760.
713
6
. angular diff. =3 x 60" 76) £978'(56
=56" nearly. 380
478
456

& O=083° 56" 56" or 180° ~ 53° 56’ 56”.
Hence (Fig. 3, Art. 186) we have
Cy=58°506' 50", and C,=121°3" 4",
& L BAC=180°-33°15 - 58° 50 56” = H7° 48’ 4",
and L BAC,=180°-33°15" - 121° 8’ 4" =25 41' 56",
EXAMPLES. XXXI.

[The student should verify the results of some of the following examples
(e.g. Nus. 3, 5, 6, 8,9, 10, 12, 18) by an accurat: graph.]

If a=5, b=17, and sin A::z , is there any ambignity ?

1.
2. Ifa=2,¢=,/3+1, and 4 =45° solve the triangle.
3. If a=100,c=100,)2, and 4=30° solve the triangle.

3
4, If 20=3a, and tan® 4 = 5+ prove that there are two values to the

third side, one of which is double the other.
5, If 4=380° b=8, and a=6, find c.

6. Given B=30° ¢=150, and b=00,/8, prove that of the two
triangles which satisfy the data one will be isosceles and the other right-
angled. Find the greater value of the third side.

Would the solution have been ambiguous had

B=30°% ¢=1560, and b=75?
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7. In the ambiguous case given a, b, and 4, prove that the difference
between the two values of ¢ is 2,\/ a3~ bisin? 4.

8. Ifa=5, b=4, and 4=45° find the other angles, having given
log 2="30103, L sin 33° 29’ =9-7520507,
and L sin 33°30/ =9-7530993.
9. Ifa=9, b=12, and 4=30° find ¢, having given
log 2= 30103, log 8247712,
log 171=2-23801, log 368 =2-56635,
Lsin11°48"39"=9-31108, L sin41°48’ 39" =9-62301,
and L gin 108° 11/ 21" = 9-97774,

10. Point out whether or no the solutions of the following triangles
are ambiguous.

TFind the smaller value of the third side in the ambiguous case and
the other angles in both cases.

(1) 4=30° c¢=250 fcet, and a=125 fect;
(2) 4=30° ¢=250 feet, and a =200 foet.

Giyen log 2= 30103, log 6-03893 =-7804601,
L sin 38° 41’ = 9-7958800;
and L sin 8° 41/ =9-1789001,

11. Given a =250, b=240, and 4 =T2°4' 48", find the angles B and (,
and state whether they can have more than one value, given

log 2:5= 3979400, log 2+4="3802112,
L sin 72° 4= 99783702, L sin 72°5'=9-9784111,
and L sin 65° 59’ =9-9606739.

12. Two straight roads intersect at an angle of 30°; from the point
of junction two pedestrians 4 and B start at the same time, 4 walking
along one road at the rate of 5 miles per hour and B walking uniformly
along the other road. At the end of 3 hours they are 9 miles apart,
Shew that there are two rates at which B may walk to fulfil this
~eondition and find them.
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For the following three cxamples, a book of tables will be required.

13. Two sides of a triangle are 1015 feet and 732 feet, and the ungle
opposite the latter side is 40°; {ind the angle opposite the former and
prove that more than one value is admissible.

14. Two sides of a triangle being 53745 and 1586°6 foct, and the
angle opposite the latter being 15° 11/, caleulate the other angles of the
triangle or triangles.

15. Given 4=10° a=2308-7, and b=73032, find the smaller valuc
of ¢.

189. Cuse IV. Given one side and two angles, wiz,
a, B, and C.

Since the three angles of a triangle are together cqual
to two right angles, the third anglg

is given also. A
The sides b and ¢ are now obtained ¢ b
from the relations
b c _ a B a G
smlB sinC sind’

P sin B and c—a sin O

ivin =q -, - = ()
gving sin 4’ sin 4

190. Case V. The three angles A, B, and C given.

Here the ratios only of the sides can be determined
by the formulae
a b o_ o
smA  sinB sinC’

Their absolute magnitudes cannot be found.
L T. 14
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EXAMPLES. XXXII.

1l If cosA—QL{ and cos C’:%I, find the ratioofa: b: ¢,

9. The angles of a triangle are as 1 : 2: 7; prove that the ratio of
the greatest side to the least side is \/5+1: Jo 1.

8. If A=45° B=75° and C=060° prove that a+c /2 =2b.

4. Two angles of a triangle are 41° 18’ 22” and 71°19’ 5” and the side
opposiic the first angle is 55; find the side opposite the latter angle,
given

log 55=1-7403627, log 79063=4-8079775,
L sin 41° 18’ 22" = )-8188779,
and L gin 71° 19’ 5" = 3-9764927.

5. Trom each of two ships, one mile apart, the angle is observed
which is subtended by the other ship and a beacon on shorce; these angles
are found to be 52° 25/ 15” and 75° 9 30" respectively. Given

Lsin 75° 9 30" = 9852635,
L sin 52°25' 15" =9-8990055, log 12197 = -0802530,
and log 12198 = 0862886,
find the distance of the beacon from each of the ships.

6. The base angles of a triangle arc 224° and 112}°; prove that the

base is equal to twice the height.

For the following five questions a book of tables is required.

7. The base of a triangle being seven fect and the base angles
129° 23/ and 38° 36/, find the length of its shorter side.

8. If the angles of a triangle be a8 5 : 10 : 21, and the side opposite
the smaller angle be 3 feet, find the other sides.

9. The angles of a triangle being 150°, 18° 20, and 11°4(, and the
longest side being 1000 feet, find the length of the shortest side.

10. To get the distance of a point 4 from a point B, a line BC and
the angles ABC and BC4 are measured, and are found to be 287 yards
and 55°32'10" and 51°8’ 20” respectively. TFind the distance 4B.

11. To find the distance from 4 to P a distance, 48, of 1000 yards is
measured in & convenient direction. At A4 the angle P4B is found to be
41°18 and at B the angle PB4 is found to be 114° 38’ ‘What is the
required distance to the nearest yard ?



CHAPTER XIV,

HEIGHTS AND DISTANCES.

191. 1In the present chapter we shall consider some
questions of the kind which occur in land-surveying.
Simple questions of this kind have already been considered
in Chapter IIL

192. To find the height of an inaccessible tower by
means of observations made at distant points.

Suppose PQ to be the tower and that the ground
passing through the foot @ of the

tower is horizontal. At a point 4 P
on this ground measure the angle
of elevation a of the top of the 2
tower. /

Mecasure off a distance AB(=a) A “a § A Q

from A directly toward the foot of
the tower, and at B measure the angle@® elevation 8.

To find the unknown height & of the tower, we have
to connect it with the measured length a. This is best
done as follows:

142
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From the triaugle PBQ, we have

Bwﬁ =SB e (L),

and, from the triangle PA B, we have
PE_snPAB_ sna
@ T sin BPA T sm(B e 2),
gincec ZBPA=£QBP~2QAP=8~a.
From (1) and (2), by multiplication, we have

z sinasinf

e sin(B—-a)’
, m_asinozsinB
7.6. = B a)

The height # is therefore given in a form suitable for
logarithmic caleulation.

Numnterical Ezample. If a=100 feet, a=30°, and 8=60° then
—1nn S0 80°s8in 60° A3 .
=100 —- sEE S 100 x B =806 feet.

193. It is often not convenient to mecasure 4B
directly towards Q.

Mcasure therefore AB in any
other suitable direction on th€ hori-
zontal ground, and at 4 measgmre thé
angle of elevation’a of P, and also
the angle PAB(=p).

At B mcasure the angle PBA
=7

In the triangle PARB, we have then

£ APB=180°— £ PAB— £ PBA = 180° — (B +v).
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AP sinPB4A _ siny
@ T sinBIPA T sin B+

From the triangle 24, we have

Hence

. sin a sin
z=APsina=a -,
sin (3 +)

Henee # is found by an cxpression suitable for
logarithmic calculation.

194. 7o find the distance between two tnuccessible points
by means of observations made at two points the distunce
between which is known, all four points being suppused to
be wn one plane.

Let P and @ be two points whose distance apart, @y
is required.

Let A and B be the two known
points whose distance apart, AH is
given to be equal to a.

At A measure the angles PADB
and @4 B, and let them be a und 8 §
respectively.

At B measure the angle PBA and QBA and let them
be « and § respectively.

Then in the triangle PAB we have one side a and the
two adjacent angles a and « given, so that, as in Axt. 163,
we have AP given by the rclation

AP_ siny _ siny 1
a -‘SinAI)B-SiD(a-}—ry) ............ ( )

In the triangle QA B we have, similarly,
-.A-Q == .._....S_ip 8_, — (2)
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In the triangle APQ we have now determined the
sides AP and AQ; also the included angle PAQ(=a—B)
is known. We can therefore find the side PQ) by the
method of Art. 181,

If the four points 4, B, P, and @ be not in the same
plane, we must, in addition, measure the angle PAQ; for
in this case PAQ is not equal to a — 3. In other respects
the solution will be the same as above.

195. Bearings and Points of the Compass. The
Bearing of a given point B as seen from a given point
0 is the direction in which B is seen from 0. Thus if
3
&
.y &

e

&
*s

A
§xs
-5

¥

the direction of OB bisect the angle between East and
North, the bearing of B is said to be North-East.

If a line is said to bear 20° West of North, we mean
that it is inclined to the North direction at an angle of

20°, this angle being measured from the North towards
the West.
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To facilitate the statement of the bearing of a point
the circumference of the mariner’s compass-card is divided
into 32 equal portions, as in the abuve figure, and the sub-
divisions marked as indicated. Consider only the quadrant
between East and North. The middle point of the arc
between N. and E. is marked North-East (N.E.). The
bisectors of the arcs between N.I. and N. and E. are
respectively called North-North-East aud East-North-
East (N.N.E. and EN.E.). The other four subdivisions,
reckoning from N., are called North by East, N.E. by
North, N.E. by Last, and East by North. Similarly the
other three quadrants are subdivided.

It is clear that the arc between two subdivisions of

the card subtends an angle of 350 , t.e. 113°, at the

centre O,

EXAMPLES. XXXIIL

1. A flagstaff stands on the middle of a square tower. A man on
the ground, opposite the middle of one face and distant from it 100 feet,
]ust gees the flag ; on his reculmu another 100 feet, the tangents of clcva

tion of the top of the tower and the top of the flagstaff are found to be 3

and g. Find the dimensions of the tower and the height of the flagsiaff,

the ground being horizontal.

2. A man, walking on a level plane towards a tower, observes that
ab o certain point the angular height of the tower is 10°, and, after going
50 yards ncarer the tower, the elevation is found to be 15°. Having given

Lsin15°=9-4129962, L cos 5°=9-9983442,
log 25-783=1-4113384, and log25-784=1-4113503,
find, to 4 places of decimals, tlse height of the tower in yards.
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3. DI is a tower standing on a horizontal plane and ALCD is a
straight line in the plane.  The height of the tower subtends an angle 8
at 4, 20 at B, and 30 ot C. 1 A7 and BC berespectively 56 and 20 feet,
find the height of the tower and tlie distanece CD.

4., A tower, 50 feet high, stands on the top of a mound; from a
point on the ground tho angles of elevation of the top and bottom of the
tower are found to be 75° and 45° respectively; find the height of the
mound.

5, A vertical pole (more than 100 feet high) consists of two parts,
the lower heiug%rd of the whole. TFrom a point in a horizontal plane
through the foot of the pole and 40 feet from it, the upper part subtends

.1 . :
an angle whose tangent is ;. I'ind the height of the pole.

6. A tower sublends an angle a at a point on the same level as the
foot of the tower, and at a second point, & fect above the fiist, the
depression of the foot of the tower is 8. Find the height of the tower.

7. A person in a balloon, which has ascended vertically from flat
land at the sea level, observes the angle of depression of a ship at anchor
to be 30°; after descending vertically for 600 feot, he finds the angle
of depression to be 15°; find the Lorizontal distunce of the ship from the
point of ascent.

8. PQ is a tower standing on a horizontal plane, @ being its foot ;
4 and B are two points on the plane such that the £ Q4D is 90° and 41
ig 40 teet, It is found that
1

—_ 3 2l
cot Pd Q..——lo and cot PBQ= j
Find the height of the tower.

9. A column is E.B.E. of an observer, and at noon the end of the
shadow is North-East of him, The shadow is 80 feet long aud the
elevation of the column at the observer’s station is 45°. Find the height
of the column.

10. A tower is observed from two stations 4 and B, It is found to
be due north of 4 and north-west of 8. B is duc east of 4 and distant
from it 100 feet. The elevation of the tower as seen from 4 is the
complement of the elevation as seen from B. Find the height of the
tower,
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11. The elevation of a steeple at a place due south of it is 50 and
at another place due west of the former place the elevationis 15°  If the
distance between the two places be a, prove that the height of the stecplo 1s

¢ (/3-1)

2 473

12. A person siands in the dingonal produced of the square base of
a chnrch tower, at a distance 2a from it, and observes the angles of
c¢levation of each of the two outer cornery of the top of the tower to be
80°, whilst that of the nearvst corner is 45°% Drove that the breadth of
the towor is @ (/10— /2.

13. A person standing at & point 4 due south of a tower built on a
horizontal plane observes the altitude of the tower to be 60°.  He then
walks to B duc west of 4 and observes the altitude to be 45°, and again
at € in 4B produced Lo observes it to be 80°%  Prove thut B is nudway
between 4 and C. :

14. At each cad of a horizontal base of length 2« it is fonnd that
tho angulax height of a certain peak is @ and that at the middle point it
is ¢. Prove thai tho vertical height of the peak is
asin @sin ¢

o (¢ 0) s (G- 0)

15. 4 and B are two stations 1000 feet apart; P and Q are two
stations in thie same plane as 4 5 and on the sume side of it ; the angles
DAR, PBA, QAB, and QLA are vespeetively 75°, 30°, 45°, and 90°; find
how far P is froin ¢ and how far cach is from 4 and B.

For the following seven examples a book of tables will be wanted.

16. At a point on a horizontal plane the elevation of the summit of
a mountan is found to be 22°15’, and at another point on the plane, a
mile further away in a dircet line, ils elevation is 10°12’; find the height
of the mountain.

17. From the top of a hill the angles of depression of two succcssive
milestones, on level ground and in the same vertical plane with the
observer, are found to be 5° and 10° resgpectively. Find the height of the
hill and the horizontal distance to the ncarest milestone,

18. A castle and a monument stand on the same horizontal plane,
The height of the castle is 140 feet, and the angles of depression of the
top and botiom of the monument as seen from the top of the castle are
40° and 80° respectively. Find tho height qf the monument.
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19, A flagstaff PN stands on level ground. A base AB is measured
at right angles to AN, the points 4, B, and N being in tho same horizontal
plane, and the angles PAN and PBN are found to be @ and g respectively.
Prove that the height of the flagstaff is

Ap —.fmesing
/50 (a — ) sin (o + B)
If AB=100 feet, a =707 and B=50° calculate the height.

20. A man, standing due south of a tower on a horizontal plane
through its foot, finds the elevation of the fop of the tower to be 54°16';
he goes east 100 yards and finds the elevation to be then 50°8. Find
the height of the tower.

21, A man in a balloon observes that the angle of depression of an
object on the ground bearing due north is 33°; the balloon drifls 3 miles
due west and the angle of depression is now found to be 21° Find the
‘height of the balloon.

29. From the extremitics of & horizontal base-line 4B, whose length
is 1000 feet, the bearings of the foot C of a tower are observed and it is
found that £ C4B=56°23", £ CBA=47°15, and that the elevation of
the tower from 4 is 9°25"; find the height of the tdwer,

196. Ex. 1. A flagstafis on the top of a tower which
stands on a horizontal plane. A person observes the angles,
a and B, subtended at a point on the horizontal plane by the
Sagstaff and the tower ; Le then walks a known distance a
toward the tower and finds that the flagstaff subtends the
same angle as before; prove that the hegght of the tower
and the length of the flagstaff are respectively

o sin B cos (a + B) asina
cos (a + 208) @ cos (a + 28)"

Let P and @ be the top and foot of the tower, and let
PR be the flagstaff. Let 4 and B be the points at which
the measurcments are taken, so that ZPA4Q=8 and
L PAR =« PBR=a Since the two latter angles are

-equal, a circle will go through the four points 4, B, P,
and B,
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To find the height of the flagstaff we have to connect
the unknown length PR with the known length AB.
This may be done by conffecting mch with the

length AR. [

To do this, we must first // ' ~
determine the angles of the \R
triangles ARP and ARB. / A

Since 4, B, P,and R lic on a | i
circle, we have \ TP

¢BRP=sBAP=8, N _ 4
and £ APB=/ARB=0 (say). i

Also 2ZAPR=90°+2PA4Q =90+
Hence, since -the angles of ‘the triangle APR are
together equal to two right angles, we have
180°=a+(90°+B) + (0 + B),

80 that 0=90"—(a4+28) ceciariirininien. (1).
From the triangles 4 PR and ABR we then have
PR AR AR

Sma s RPA ~ sin RBA “sme (AT 169
(It will be found in Chap. XV. that each of these
quantities is equal to the diameter of the circle.]
Hence the height of the flagstaff
asina_ _ asina

=Pli= sin @ cos(a + 28)’ » by (1).
Again, %g =cos BPQ=cos(a+ 8)..coeuun. (2),
PB sin PAB sinf
and *E-' = EHIJB = m ............... (3)

Hence, from (2) and (3), by multiplication,
%Q sin Bcos(a+B) _ sin Beos(a + B) by .

sin 6 " cos(a+283)
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Also, BQ = PQ tan BPQ = PQ tan (a + B)
_sinBsin(a+B)
= o8 ( (a+28) °
_ _cos(a+28)+sin Bsin (a + B)
and AQ=a+4+DQ=a cos (3 25) 2
cos B cos (a+B)
“cos(at+2B)

If a, a, and B be given numerically, these results are
all in a form suitable for logarithinic computation.

Bx. 2. Aladistance a from the foot of a tower AB, of known height
b, a flagstaff BT and the tower subtend equal angles. Find the Reight of
the flagstaf. . :

Let O be the poiut of obsorvation, and let the angles 408 and BOC
be each 0; also let the heig,ht BC bey.

‘We then have tan Hb. o and tan "G—IZi—Z/‘
9b
bty 2tan 6 a
Hence = tan 20 = 1o fan2 g = =T
1-24
@
80 that by _ b
a — 2
2a2) a2+ 32
Then Y= 0= e

If @ and b be given numerically, we thus casily obtain y,

197. Bx. A man walks along a straight road and
observes that the greatest angle subtended by two objects is a;
Sfromthe puint where this greatest angle is subtended he walks
a distance ¢ along the roud, and finds that the two objects are
now @ stratght line which makes an angle B with the
roud ; prove that the distance between the objects 8

+8 ot =B
s

see
2

. . o
psin asin Bsce
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Let P and @ be the two points, and let @ meet
the road in B.

If A be the point at which the greatest angle is
subtended, then 4 must be the point where a circle drawn
through P and @ touches the road.

[For, take any other point A" on AB, and join it to P
cutting the circle in B, and join A’Q and B'Q.

Then £ PA'Q <2 PBQ (Buc 1. 16),
and therefore < £ PAQ (Eue. IIL 21).]

Let the angle QA B be called 6. Then (Euc. I 32)
the angle A PQ is 6 also.

Hence 180° = sum of the angles of the triangle PAB

=0+t 0+,
80 that e=90°—“25.

From the triangles PAQ and QA B we have

PQ_sing  AQ_ suf _ swg
AQ sm8’ ¢ sin dQB sm(f+a)
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Hence, by multiplication, we have
P@ sinasin 8
o smfsin(f+a)
sin a sin [3

a+p =g

cos 5 cos *~2~
a+B -8
9 —2 g

s PQ=csin asmBsec

EXAMPLES. XXXIV,

1. A bridge has 5 equal spans, each of 100 feet measured from the
centre of the piers, and a boat is moored in a line with one of the middle
piers. The whole length of the bridge. subtends a right angle as seen
from the boat. Prove that the distance of the boat from the bridge is
100,/6 feet.

2. A ladder placed at an angle of 75° with the ground just reaches
the sill of a window at a height of 27 feet above the ground on one side
of a street, On turning the ladder over without moving its foot, it is
found that when it rcsts against a wall on the other side of the street
it is at an angle of 15° with the ground. Prove that the breadth of the
street and the length of the ladder are respectively

27 (8 -4/3) and 27 (/6 - A/2) feet.

3. From a house on one side of a strect obscrvations are made of the
angle subtended by tho height of the opposite house; from the level of
the street the angle subtended is the angle whose tangent is 8; from two
windows one above the other tho angle subtended is found to be the
angle whose tangent is —~3; the height of the opposite house being
60 feet, find the height above the street of each of the two windows.

4. A rod of given length can turn in a vertical plane passing through
the sun, one end being fixed on the ground; find the longest shadow it
can cast on the ground.

Calculate the altitude of the sun when the longest shadow it can ocast
is 8% times the length of the rod.

% 5, A person on a ship 4 observes another ehip B leaving a harbour,
whose bearing is then N.W. After 10 minutes 4, having sailed one mile
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N.E., sees B due west and the harbour then bears 60° West of North,
After another 10 minutes B is observed to bear 8.W. Iind the distances
between 4 and B at the first observation and also the direction and rate
of B,

6. A person on a ship sailing north sces two lighthouses, which are 6
miles apart, in a line due west; after an hour’s sailing one of them bears
8.W, and the other S.8.W. Find the ship’s rate.

7. A person on a ship sces a lighthouse N.W. of himself. After
sailing for 12 miles in a direction 15° south of W. the lighthouse is
seen due N. Tind the distance of the lighthouse from the ship in
each position,

8. A man, travelling west along a straizht road, observes that when
he is due south of & certain windmill the straight line drawn to a distant
tower makes an angle of 30° with the road. A mile further on the
bearings of the windmill and tower are respectively N.Ti. and N.W. Find
the distances of the tower from the windmill and from the nearest point
of the road.

v 9. An observer on a headland sccs a ship due north of him ; after a
quarter of an hour he sces it due east and after another half-hour he sees
it due south-east; find the direction that the ship’s course makes with
the meridian and the time after the ship is first seen until it is nearest
the observer, supposing that it sails unmiformly in a straight line.

10. A man walking along a straight road, which runs in a direction
80° cast of north, notes when he is due south of a certuain house; when he
has walked a mile further, he observes that the house lies due west and
that a windmill on the opposite side of the road is N.E. of him ; three
miles further on he finds that he is due north of the windmill; prove
that the line joining the house and the windmill makes with the road
the angle whose tangent is

48-25,/3
11

11." 4, B, and C arc three consecutive milestones on 8 straight road
from each of whicli a distant spire is visible. The spire is observed to
bear north-east at 4, eaat at B, and 60° east of south at C. Prove that

the shortest distance of the spire from the road is Zii%"/ﬁ ;

t

» 19, Two stations due south of a tower, which leans towards the
north, are at distances @ and b from its foot; if a and 8 be the
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elevations of the top of the tower from theso stations, prove that its
inclination to the horizontal is
_jbeota—acotg

cot Y

13, From & point 4 on a level plane the angle of clevatin of a
balloon is a, the balloon being south of 4 ; from a point B, which is at a
distance ¢ south of 4, the balloon is seen northwards at an elevation of
B; find the distancoe of the balloon from 4 and its height above the
ground.

14. A statuc on the top of a pillar subtends the same angle a at
1

distances of 9 and 11 yards from the pillar; if tana=-

g find the height

of the pillar and of the statue.

15. A flagstaff on the top of a tower is ohserved to subtend the game
angle a at two points on a horizontal plane, which lie on a line passing
through the centre of the base of the tower and whose distance from one
another is 2a, and an angle 8 at a point halfway between them. Prove
that the height of the flagstaff is

asina / 2sin B
A/ cosasin(B-a)"
16. An observer in the first place stations himself at a distance a
feet from a column standing vpon a mound. He {inds that the column

subtends an angle, whose tangent is ;12, at his eye which may be supposed
to be on the horizontal planc through the base of the mound. On

moving 3@ feet nearer the column, he finds that the angle subtended is
unchanged. Find the height of the mound and of the colnmn.

17. A church tower stands on the bank of a river, which is 150 feet
wide, and on the top of the tower is a spire 30 feet high. To an observer
on the opposite bank of the river, the spiro subtends the sane angle that
a pole six feet high subtends when placed upright on the ground at the
foot of the tower. Prove that the height of the tower is nearly 285 feet.

18. A person, wishing to ageertain the height of a tower, stations
himsclf on & horizontal plane through its foot at a point at which the
elevation of the top is 30°. On walking a distance a in a certain direction
he finds that the elevation of the top is the same as before, and on then

walking & distance ga at right angles to his former direction he finds the
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elevation of the top to be 60° DProve thut the hcight of the tower is

either \/ a or \/ 85

The angles of elevation of the top of a tower, standing on l)
horlzonta,l plane, from two points distant @ wnd b from the base and in
the same straight Iine with it are complementary. Prove that the height
of the tower is y/ab feet, and, if @ be the angle subtonded at the top of
w~b

a+b’

20. A tower 150 feet high stands on the top of a chif 80 feet hig]
At what point on the plane passing through the foot of the cliff must ai
observer place himself so that the tower and the cliff ay subtend equal
angles, the height of his eye being 5 feet ?

the tower by the line joining the two points, then sin g= -

21. A statue on the top of a pillar, standing on level ground, is
found to subtend the greatest angle a at the eye of an obscrver when his
distance from the pillar is ¢ lcet; prove that the height of the statue is
2c tan a fect, and find the height of the pillar.

292. A tower stood at the foot of an inclined plane whose inclination
to the horizon was 9°. A line 100 foet in length was measured straight
up the incline from the foot of the tower, and at the end of this line the
tower subtended an angle of 54°. Find the height of the fower, having
given log 2=-30103, log 114-4123=20584720,
and L sin 54°=9-9079576.

23. A vertical tower stands on a declivity which is inclined at 15° to
the horizon. From the foot of the tower a man ascends the declivity for
80 feet, and then finds that the tower subtends an angle of 30° [FProve
that the height of the tower is 40 (/6 — \/2) feet.

24, The altitude of a certain rock is 47°, and after walking towards it
1000 feet up a slope inelined at 30° to the horizon an observer finds its
altitude $o be 77°. Find the vertical height of the rock above the first
point of observation, given that sin 47°=+73135.

" 25. A man obgerves that when he has walked ¢ feet up an inclined
plane the angular depression of an object in a horizontal plane through
the foot of the slope is a,and that, when he has walked a further distance
of ¢ fect, the depression is 8. Prove that the inclination of the slope to
the horizon is the angle whose cotangent is

(2cot 8- cota).

LT 15
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26. A regular pyramid on a squaie base has an edge 150 feet long,
and the length of the side of its base is 200 feet. 1'ind the inclination of
its face to the base.

97. A pyramid has for base a square of sido a3 its vertex lies on a
line through the middle point of the base and perpendicular o it, and ab
a distance X from it ; prove that the angle a between the two lateral fuces
is given by the equation B )

. 2)1«/2(["~+—47LH
Bl a=-— ", - 5 .
a? -+ 402

98. A flagstaff, 100 fect high, stands in the centre of an equilateral
friangle which ig horizontal. From the top of the flagstaff eael side
subtends an angle of (60°; prove that the length of the side of the friangle
is 50,/6 feet.

29. The extremity of the shadow of a flagsiaff, which is 6 feet high
and stands on the top of a pyramid on a square base, just reaches the
gide of the base and is distant 56 and 8 feet respectively from the
extremities of that side, ¥ind the sun’s altitude if the height of the
pyramid be 84 feet.

30. The extremity of the shadow of a flagstaff, which is 6 feet high
and stands on the top of a pyramid on a square base, just reaches the
side of the base and is distant z {eet and y fect respectively {row the ends
of that side; prove that the height of the pyramid 18

24yt
-5 Y tan o — 6,

where a is the elevation of the sun.

3l. The angle of elevation of a clond from a point A feet above

a lake is a, and the angle of depression of its reflexion in the lake is

; prove that its height is 7 2. 8+)

8 prove that its height is hsin(/:i—a)'

82. The shadow of a tower is observed to be half the known height

of the tower and sometime afterwards it is equal to the known height;
how much will the sun have gone down in the interval, given

log2=-30103, L tan 63° 26'=10-3009994,
aud diff. for 1'= 31592
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33. An isosceles triangle of wood is placed in a vertical plane, vertex
upwards, and faces the sun. If 2a be the base of the triangle, & its
height, and 30° the altitude of the sun, prove that the tungent of the angle
2aha\/3
3ht—ad’

34. A rectangular target faces due south, being vertical and standing
on a horizontal planc. Compare the area of the target with that of its
shadow on the ground when the sun is 8° from the south at an altitude
of a°.

at the apex of the shadow is

35. A spherical ball, of diameter §, subtends an angle @ at a man’s
eye when the elevation of its centre is 8; prove that the heyht of the

centre of the ball is %6 sin 8 cosec g- .

36. A man standing on a plane observes a row of cqual and equi.
distant pillars, the 10th and 17th of which subtend the same angle that
they would do if they were in the position of the first and were

respectively -1— a.nd,l of their height. Prove that, neglecting the height
P 3 #%3

of the man’s eye, the line of pillars is inclined to the line drawn from hiy
eye to the first at an angle whose secant is nearly 2-6.

For the following four examples a book of tables will be wanted.

37. 4 and DB are two points, which are on the banks of a river and
opposite to one another, and between them is the mast, PN, of a ship;
the breadth of the river is 1000 {ret, and the anpular elevation of P B A
is 14° 20" and at B it is 8°10'. 'What is the height of P above AR ?

38. 4D isa line 1000 yards long; B is due north of 4 and from I
a distant point P bears 70° cast of north; at 4 it bears 41° 22/ east of
north ; find the distance from 4 to P.

39. 4 is a station exactly 10 miles west of B. The lDeming of a
particalar rock from 4 is 74° 19’ east of north, and its bearing from I is
26°51" west of north.,  How far is it north of the line 4B?

40, The summit of a spire is vertically over the middle point of a
horizontal square endlosure whose side is of length a feet; the height of
the spire is 7 feet above the level of the square. If the shadow of the
spire just roach a corner of the square when the sun has aun altitude 6,
prove that

h\/2=aq tan .
Calculate &, having given a=1000 fcet and 8= 25°15".



CHAPTER XV.
PROPERTIES OF A TRIANGLE.

198. Area of a given triangle. Lct ABC be any
triangle, and AD the perpen-
dicular drawn from A4 upon the ° R F
opposite side. :

Through 4 draw AF parallel
to BC, and draw BE and CF per- 3
i-ndicular to it. By Eue. I 41, & D ¢
the arca of the triangle ABC

=} rectangle BF=4BC.CF=%}a.4D.

But AD=ABsin B=¢sin B.
The area of the triangle ABC therefore = §ca sin B.
This arca is denoted by A. ’

Hence A =j3casinB=3absinC=2bcsinA...(1)

By Art. 169, we have sin 4 = 52—0 Ns(s—a)(s—b)(s—c

go that A =4bcsin 4 = %_ a) (s — b)
This latter quantity is often ¢
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EXAMPLES. XXXV.

Find the area of the triangle 4BC when

1. a=13, b=14, and ¢c=15. 2, o=18, b=2L and ¢=30.
3. a=25, b=52, and c=063. 4, a=125, b=123, avd c= G2
5, a=15 b=36, and ¢=39. @, a=237, b=816, and ¢=865.
7. a=35, b=84, and c¢-91.

5 2
8. a=./3, b=\/2, and c=~/‘)—:\/——

9, If B=45° C=00° and a=2 (/3 +1) inches, prove that the area
of the triangle is 6+ 2./3 sq. inehes.

10. The sides of a triangle are 119, 111, and 92 yards; prove that its
area is 10 sq. yards less than an acre.

11. The sides of a triangular field are 242, 1212, and 1450 yards;
prove that the area of the field is 6 acres.

12. A workman is told to make a triangualar encloiu’re of sides 50, 41,
and 21 yards respectively ; having made thoAirst side one yard too long,
what length must ho make the other two sides in order to enclose the
prescribed area with the prescribed length of fencing?

13. Find, correct to ‘0001 of an inch, the length of one of the equal
sides of an isosceles triangle on a base of 14 inches having the sanie ares
a8 & trianngle whose sides are 136, 15, and 154 inches.
 8in Bein €

sind

If one angle of a triangle be 60°, the area 10,/3 square feet, and tho
perimeter 20 fcot, find the lengths of the sides.

14, Prove that the area of a triangle is 3a

15. The sides of a triangle are in a.p. and its area is gths of an

equilateral triangle of the samc perimeter ; prove that its sides are in the
ratio 3:5:7, and find the greatest angle of the triangle,

16. In a triangle the least angle is 45° and the tangents of the angles
are in a.p. If its area be 8 square yards, prove that the lengths of the
sides are 84/5, 6,/2, and 9 fect, and that the tangents of the other angles
are respectively 2 and 3.
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17. The lengths of two sides of a triangle are one foot and 4/2 feet
respectively, and the angle opposite the shorter side is 30°; prove that
there are two triangles gatisfying these conditions, find their angles, and
ghew that their-areas are in the ratio

NE+1:43-1,
18 Find by the nid of the tables the area of the larger of the two
triangles given by the data
A4=381°15", a=5ins., and b="Tins,

199. On the circles connected with a given
triangle.

The circle which passes through the angular points of
a triangle ABC is called its circumscribing circle or, more
briefly, its circumecircle. Thc centre of this circle is
found by the construction of Eue. 1v. 5. Its radius is
always called R.

The circle which can be inscribed within the triangle
so as to touch each of the sides is called its inscribed
circle or, more bricfly, its incircle. The centre of this
circle is found by the construction of Euec. 1v. 4, Its radius
will be denoted by .

The circle which touches the side BC and the two
sides AB and AC produced is called the escribed circle
opposite the angle A. Its radius will be denoted by 7.

Similarly 7, denotes the radius of the circle which
touches the side C4 and the two sides BC and BA
produced. Also r, denotes the radius of the circle touch-
ing 4B and the two sides C4 and CB produced.

200. To find the magnitude of R, the radius of the
circumcircle of any triangle A BC.

Bisect the two sides BC and CA in D and E respec-
tively, and draw DO and EQ perpendicular to BC and C4.
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By Euc. 1v. 5, O is the centre of the circumcircle.
Join OB and 0C.

Fig. 3.

The point O may either lic within the triangle as in
Fig. 1, or without it as in Fig. 2, or upon one of the sides
as in Fig. 3.

Taking the first figure, the iwo triangles 500 and
COD are equal in all respects, so that

£ BOD=,0C0D,
. £BOD=4%2BOC=2BAC (Euc. 1L 20),
=4.

Also BD = B0 sin BOD.

g-: Rsin 4.

If A be obtuse, as in Fig. 2, we have
£BOD=4%2BOC0=,BLCO=180° -4 (Euc. 111. 22),
so that, as before, sin BOD =sin 4,

a
and = m.
If A be a right angle, as in Fig. 3, we have
R=04=00=3

a . . . .
=S d’ since in this case sin 4 =1,
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'The relation found above is thercfore true for all
triangles.
Hence, in all three cascs we have

. a _ b _ c
T o2sinA” 2sinB” 2sinC

(Art. 163).

201. In Art. 169 we have shewfhthat

: 2 28
smA,=bZ Js(s—a)(s—=0)(s—c)= 75’

where S is the area of the triangle.
Substituting this value of sin 4 in (1), we have
abe
R=35"

giving the radiug of the circumcircle in terms of the sides.

202. To find the value of r, the radius of the incircle
af the triangle ABC.

Bisect the two angles B and € by the two lines BJ
and CI meeting in 1.

By Eue. 111. 4, 1 is the
centre of the incircle. Join
IA,and draw ID, IE, and
IF perpendicular to the
three sides.

Then ID=1L=I1F=r.

We have

arca of A IBC=1ID.BC=1r.aq,
arca of A ICA=4IE.CA =4r.b,

and  areaof A TAB=}IF.AB=}r.c.




RADT *® THE INCIRCLE. 233

Hence, by addition, we have

ir.a+4r.b+4r.c= sum of tue areas of the triangles
IBC, ICA, and IAB

= arca of the A 4BG,

. a+b4¢
.8 r 5 =8,
so that r.s=~8,
S
Lr=-.
)

203. Since the angles IBD and IDB are respectively
equal to the angles JBF and IFB, the two triangles 1DB
and IFB are equal in all respects.

Hence BD = BF, so that 2BD = BD + BF.

Soalso  AE=AF, sothat 24 E= Ali + AF,
and CE = (CDso that 20K = CE + CD.

Hence, by addition, we have

” ¥/ +20K =(BD +CD)+ (CE+ AE)+(AF + FB),
?Z.é.g% 2BD +24C=BC+ CA + AB.

; . 28D +2b=a+b+c=2s
Hence: | “BD=s—b=BF;
so. . ._._ . _CEss—c=CD,
and AF =s—aq=ALE
ID B
NOW B-l—)=t:mIBD=tan ‘2 .

¢ r=ID=BDtan 3 =(s~t)tan 5.
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So r=IE’=OEt':mIOE=(s—«c)tan%,

and also r=JF=Fd4 tan IAF = (s — @) tan g

_ A B_ C
Heuce r-(si—a) tan 3 _(s—b)tana_(s—c)ta.n—é—.

204. A third value for » may be found as follows:
we lisve  @=BD + DC=1IDcot IBD+1D cot ICD

B ¢
=17 cob 5 + 7 cob 5

& -

) ¢
(J()SE COQ—‘Z
=r|—p Ft—=%
SIIIA-Z Sll’l—é
. . B. ¢ T.C B ¢ . B
RS aSIDEbln—z»—r .sm~2~cos T‘z——{-cos—é smgj
= 7 sl <B+C>—s 090° A7 4
=7sin|5 + 5 )=rsin | 5| =Teos 3.
. B .
Sin ~ sSin -§
L re=q .
COS'§
Cor. Since a=2RsinA=4~Rsin%cos%,
. 4 . B .
we have r=4R sin 5 sin 5 sin 5.

205. To find the value of ry, the radius of the escribed
circle opposite the angle A of the triungle 4 BC.
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Produce AB and AC to L and M.

Bisect the angles CBL and
BCAM Dby the lines BI, and CI,,
and let these lines mect in 1.

Draw I,D,, LE, and I,F,
perpeundicular to the three sides
respectively.

The two triangles I,D,B and
LF\B are equal in all respects,
so that LF, =1,D,

Similarly Il = I, D,

The three perpendiculars
I.D,, LE, and I, F being cqual, the point I, is the centre
of the required circle.

Now the area ADLC is equal to the sum of the
triangles ABC and 1,B0; it is also equal to the sun of
the triangles 1,724 and L,CA.

Hence
AABC 4+ ALBC= ATCA+AILAB.
S S+3LD,.BC=LNE,. CA+L1LF,.AB,

1.6 S+ir.a=4%r.b+3r.c
. 8=mn {b te-el. 7 bteta —a | =r(8—a)
) g,
. r — S
"17g—a’

Similarly it can be shewn that

Ty = 8 and 1, = 8
1T g=D’ 3T g-¢’
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206. Since AFE, and AF, are tangents, we have,
as in Art. 203, Ak, = AF,.

Similarly, BF,=DBD,, and CF, = CD,.
N 24k =AK + AF, = AB + BF, + AC + CFE,
=AB+BD,+AC+CD,=AB+ BC + 04 =2s.
S AL =s=AF,
Also, BD,=BF = AF, - AB =s—c¢,
and CD,=0Cls,= Ak, — AU =5-0D.
o L = AE tan [ AE,,

. A
ue. r, =stan 3

207. A third value may be obtained for », in terms of
@ and the angles B and C.

Yor, since I,C bisccts the angle BOE,, we have

2 L,OD, = 3(180° — () = 90° — g.
So £ LBD, =90° — -g .

. a=DB0=BD,+D,C
= 1,D, cot I,BD, + I,D, cot 1,0D,

=1 (tan B + tan 9)

2 2

81 sin ¢

|1n -'Z ’2*_

=n| —p+—7

COS =~ CO8 -5
2

2
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_ B O_ B C B . C
S @ COR D) coS _)., (sm ) COS — B) + cos B sin - )

=7y 8in Uﬁ) + %) =7, sin (90o - -g—) =17y 08 f—%

s ¢ ¢
COS & Cox =
2 2
. N=u .
Cos Tz
. . A A
Cor. Since a=2Isin A=4Rsin o 55
. A B
we have ry=4Rsin 5 cos 5 Cos -

EXAMPLES. XXXVI

1. In a triangle whose sides are 18, 24, and 30 inches respectively,
prove that the circumradius, the inrvadigs, wnd the radii of the three
escribed cireles are respectively 175, 6, lg’tm&

2. The sides of a triangle are 13, 14, and 15 feet ; prove that

(1) R=38§ ft., (2) r=41%,, (8) r;=104 ft.,
(4) ry=12 ft.,and (5) r, =11 ft.

5
13

8. Ina triangle ABC if a=13, b=4, and cos C= — 3 find

R, r, v, 7q, and rg.

4., In the ambiguous case of the solution of friangles prove that the
circumcireles of the two triangles are equal,

Prove that
5, ms—a)=ry(s-b)y=r4(8~c)=r5=8.

Ty ‘A o
6. T;;_tun 3 Y. rryryry=8%
¢
3°

4 B
8, mryry=ricot? 3 cot? 5 cot? 9, m cot =48
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11
10. rorg+rgry 7 Ta=s?, 11, —+ -+ 1. _1__-:0.
7y rg Tg 1
12, a(rry+rar) =b{rry+rgm)=c (rrg+ryr)
13. (ry+7) tan g:(rx—r) cot g:c.
14, S=2R%gin 4 sin Bsin C.
15. 4Rsin A4 sin Dsin C=acos 4 +bcos B+ccos O,
A B y
16. S=4chos§cosé—cos g
1 1 1 1 a?4 242
17, ;;‘*;174'1“2‘2'*"6“: g 13. n+rytrg—-r=40%.
19, (ry—-1)(re~7) (r3—7) =4L%.
101 1 1 Ty, e, 7 101
20. vetet TR 2L et ewta T TR

22, r4rl4rP+rd=16R~a?- >~ 2.

208. Orthocentre and pedal triangle of any
triangle.

Let ABC be any triangle, and let AK, BL, and CM be
the perpendiculars from A4, B,and ¢
upon the opposite sides of the tri-
angle. It can be easily shewn, as
in most books on Geometry, that
these three perpendiculars mect in -
a common point P. This point P B<
is called the orthocentre of the
triangle. The triangle K LM, which is formed by joining
the feet of these perpendiculars, is called the pedal
triangle of ABC.

209. Dustances of the orthocentre from the angular
points of the triangle,
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We have PK = KB tan PBK = KB tan (90° - C)

=ABcosBcot0=—~LcosBc030

sin C
=2 cos Bcos O (Art. 200).
Again AP =Al.sec KAC
=ccos A .cosee
= glza .cos 4
=2l cos A (Art. 200).
So BP=2Rcos B, and OP = 2R cos C.

The distances of the orthocentre from the angular
points are therefore 2R cos 4, 2R cos B, and 2R cos C; its
distances from the sides are 242 cos B cos U, 210 cos U cos 4,
and 212 cos 4 cos B.

210. To find the sides and angles of the pedal triangle.

Since the angles PKC and LPLC are right angles, the
points £, L, C, and K lic on a circle.

s £PKL= 2 PCL (Buc. 111, 21)
= 90°— A,
Similarly, P, K, I and A lie on a circle, and therefore
~ L m‘_m.,.w«-"“"
LLPKNM= s PBM

=00°— 4.
Hence ZMKEL =180° ~ 24

=the supplement of 24.
So 2 KLM=180° — 2B,

and £ LMK =180° — 20,
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Again, from the triangle A LM, we have

LM AL' _ABcos4
sind smAML cos PML

cecos A ccos 4
TeosPAL  sin0

LM= ;{C—; sin 4 cos /A

nC
= 1 cos A. (Art. 163.)
So ME=bcos B, and KL =ccosC.

The sides of the pedal triangle are therefore a cos 4,
beos B, and ccos C; also its angles are the supplements
of twice the angles of the triangle.

211. Let I be the centre of the incircle and 1, 15, and
I, the centres of the escribed circles
which are opposite to 4, B, and ¢ I,
respectively. As in Arts. 202 and “ __________________ A
203, IC bisects the angle ACB, and % ™.
1,0 bisects the angle BCIL.
. 2ICL=</ICB+ < 1,0B
=42 A40B+}2MCB
=3[ £ ACB+ 2 MCB]
= %.180° = a right angle.
Similarly, « ICI; is a right
angle,
Hence 1,01, is a straight line to which 7€ is perpen-
dicular,
So I,AI, is a straight line to which I4 is pcrpen-
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dicular, and I;BI, is a straight line to which I8 is perpen-
dicular. .

Also, since 74 and 7,1 both bisect the angle BAC,
the three points A, I, and 7, are in a straight line.
Similarly BII, and CII; are straight lines. Henee 1,1, /[,
is a triangle, which is such that 4, B, and C are the fect
of the perpendiculars drawn from its vertices upon the
opposite sides, and such that 7 is the intersection of these
perpendiculars, t.e. A BC is its pedal triangle and 1 is its
orthocentre.

The triangle 1,7,1, is often called the excentric triangle.

212. Centroid and Medians of any Triangle.

If ABC be any triangle, and D, £, and F respectively
the middle points of BC, 04, and
AB, the lines AD, BE, and CF are
called the medians of the triangle.

It is shewn in Most oditions of
Euclid that the medians meet in a
common point -G, such that

AG=34D, B =:2BE,
and ) CG =3CF.
This point ( is called the centroid of the triangle.

213.  Length of the medians. We have, by Art. 1G4,
Alp= 40"+ CD =240 . CDeos @

=b*+gﬁ-abcos0’
4 s

and =0+ >~ 2ab cos C.
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2

Hence QA — 2= — L;,

go that AD=3N20 + 2¢*— al
IieﬁCe also AD =3Vl + ¢+ 2bccos . (Art 164.)
So also

BE=3VIF ¥ 35 —F, and CF =} V3 5 2= &

214.  Augles that the median AD males with the sides.
Ifthe £ BAD =4, and £CAD=r, wec have

siny D0 a
sin C AD  2z°

. asmC asin
PR T s e T e e
YT T V2L + 26— at
asin B

Similm‘]y, sin /3) = '\/‘)7;;;@-—«‘.—;':_2.
20° ¢ —a

Again, if the £ ADC be 6, we have
sinf AC b
sin C~ AD =z°
_bsinC_ 2bsinC
z  Jor 2t —a?

-

. sin 8

The angles that 4D makes with the sides are thercfore
found.

215.  The centroid lics on the line joining the circum-~
centre to the orthocentre.
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Let O and P be the circumecentre and orthocentre
respectively. Draw 0D and
PK perpendicular to BC.

Let AD and OP mect in G,

The triangles OGD and
PGEA are clearly equiangular.

Also, by Art. 200,

OD =Recos A
and, by Art. 209,

AP=2Rcos A.
Hence, by Euc. v1. 4,

AG AP 9

GD oD~

The point @ is therefore the ceutroid of the triangle.
Also, by the same proposition,

0@ 0D 1

GP~ AP~ ¥

The centroid therefore lies on the line joining the
circumecentre to the orthocentre, and divides 1t in the ratio
1:2 .

It may be shewn by geomctry that the centre of the
nine-point ecircle (which passes through the feet of the
perpendiculars, the middle points of the sides, and the
middle points of the lines joining the angular points
to the orthocentre) lies on OF and bisects it

The circumecentre, the centroid, the centre of the
nine-point circle, and the orthocentre therefore all lic on a
straight line.

216. Distance between the circuncentre and the ortho-
centre.
16—2
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If OI7 be perpendicnlar to /5 we have
LO0AF=90°— £ 408 =900,
Also £PAL=90"-C.
S LUAP=A—~r04F -2 PAL
=4 -2(00°=0)=4+20-180°
=A+20-(Ad+DB+)=C-0.
Also 04 = I, and, by Art. 209,
PA=2Rcos 4.
S 0Pr=0A2 4 PA*— 204 . P4 cos OAP
= I+ 408 cos* A — 4 R*cos A cos (O — B)
= It*+ 4R*cos A [cos A —cos (' — 1)]
= K~ 4R2cos A [eos (B + C) +cos (€ — 1))

(Art. 72),
= R — 8 cos A cos Beos .

s OP=RA1TZ8¢cos 4 cos BB eos O,

*¥217. To find the distance between the circumcentre
and the tncentre.

Let O be the circamecentre, and
let OF be perpendicular to A5,
Let I be the incentre, and 16
be perpendicular to AC.
Thewn, as in the last article,
£ 0AI=950° - C.
w2041 =214F -2 0AF

A oo 4, A+B+C _C-B
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>

Ty —_ = 4R i ]) sin S;L(Art 204. Cor.).

Also AI::_Z =— 5
sin g sin
S O0R=0A2+ A2 204 . A1 cosOAT

/ B y -B

..B . C U /0
=L 16/ sin? ?sm” ;-)«——813'-’511)—2- s 5 Cos

(jg =14 16 sin? [; - sint g
B C ,,‘B.VU . B.C
— 83sin B S 5 CO8 ~§U>b 9 + «n 9 sin 5
L B Oy B¢ B
=1 —8xin S s (u g 08 5, = Sin g sin -2->
. B .0 B+ C
=1~8sin 3 sm—gcos 9"
D C A
=1~ 85111—2 sin gqm = (Art. 69)......... (1).

L O0I=R ,\//1 — 8sin —{; sin % sin %

Also (1) may be written

. A . BR.C
5. R2_9p ool Zun2
0= R*— 2R x 4R sin 5 Sin 3 sing

= R*—2Rr. (Art. 204 Cor.)

in g sumilar manner it may be shewn that, if 7, be the
centre of the egeribed ecircle opposite the angle 4, we shall
have ,
A B
)

- L()b‘c‘)‘ COS — D0
&

0l,=R /1+85n
and hence Oli=R+20r, (Art. 207. Cor.)
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Auter. T.ct OF be produced to meet the circumeircle of the triangle
in S and T, and let 471, meet it in II.
By Euec. 1t. 35, we have
SIIT=AT. IH..cccocvivnriinirnvmncmrnnnnn (2).

But SI.IT=(R+0I)(k-0I)=1&- 0I2,
Algo LHIC=21CA+ £1AC=£ICB+ L HAB

= 21CB4 2 1ICB

= £ HCI.

o BI=HC=2Rsng . (Art.200) X

Also AT = et == v

Bubstituting in (2), we have
~QI*=2nr,
i.e. OI2=1%-2Rr.
Similarly, we can shew that I} IT=1I,C, and hence thaf
LO* - 1=111. [Ad=4%1,,
ie. 1,(P=R*+2Rr,.

218. Bisectors of the angles.
Tf AD bisect the angle 4 and

divide the base into portions # and A
¥, we have, by Eue. V1. 3,
a ADB ¢ ]
g AC™ i b\,
.Yy _ety @ Z
N i IO b7
giving z and y.

Also, if & be the length of 4D and @ the angle it
makes with BC, we have

AABD+ A ACD=AABC.

Sl 4 1, A 1.
.. §c§su§§+§b8mn2_—2bcam/1,.
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L.e. g be sind 2 A ,
‘ Tbte . A=) g e (2).
)

Also 0=2DAB+ B= {l+ 3. ™~

We thus have the length of the blbu,tor and 1ts
inclination to DC. -

EXAMPLES. XXXVIL

I I, I, I,, and I be respectively the contres of the ineircle and the
three escribed circles of a triangle 410, prove that

1. AI=r cosee -4

2
9. I4.I8.IC=alctian f tun»f Mng
8. 4I =r cosce “j . 4, II,=asecc g
4 v .
§. I,1,=acosee 5 6. I, .11, .TI,=16R%.
; Y
7. LIZ=4R(r,+7). 8. rin="rC
9. I+ L0 0=TI + I, T BT 10
1 )
10. Area of ALLIy=8R? co«; oos T , cos = ¢ “2":
n U5 L _IELL I L,
i A gin B sinC °

If I, O, and P be respeetively the inggntre, circumeontre, and ortho-
centre, and & the c’eg_tmid of the triangle AIC, prove thut

12. I0%=R?(3-2cos A~2cos B~2cos ().
13, IP=2r2-41R%cos Acag B ecos C.

14. 0G*=R?*- %,.(a’ + V24 ¢,

15. Aren of AIOP=213sin 1%—0 sin ¢ 314 sin 4 ;_13 .
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)—-C . C~4 . A-
16. Arcaof AIDG - glﬂ sin]i‘f)—(j- sin ¢ o 4 sin %—1—;

17. Prove that the distance of the centre of the nine-point cirele from
the ungle 4 is & o/T58 05 4 s B o G-

18. DEF is the pedal triangle of ABC; prove that
(1) its area 18 25 cos A cos B eos G,
(2) the radius of its eircumcircle is -‘I; y
and (3) the radius of its incircle is 2% cos 4 cos B cos O,
19. 0,0,0,is the triangle formed by the centies of the escribed circles

of the triangle ABC; prove that

(1) 1ts sides are 4R cos g , 4R cos % , and 41 cos g,

. r 4 » B C
(2) its angles ave g =5, G~ 2,md - g
and (3) itsareais 2Rs.
20. DEF is the triangle formed by joining the points of contact of
the incircle with the sides of the triangle ABC; provo thut

B
(1) its sides are 2r cos 1—1 r cos 3 and 2r cos 5

27
. r 4 » B r Q
{2) its angles are 5 519" 3" and 573
293 . 1lr
and (3) itsarca is- e 5T S.

21. D, E, and F arc the middle points of the sides of the triangle
ARC; prove that the centroid of the triangle DEF is the same as that of
4DBC, and that its orthocentre is the circumeentre of ABC.

In any triangle 4 BC, prove that

22. The perpendicular from 4 divides BC into portions which are
proportional to the cotangents of the adjacent angles, and that 1t divides
the angle 4 into portions whose cosines are inversely proportional to the
adjacent sides.

23. The median through 4 divides it into angles whose cotangents
are 2 cot 4 +cot C and 2 cot 4 +cot B, and inakes with the base an angle

whose cotangent is % (cot C ~ cot B).
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924. The distance between the middle point of BC and the foot of the
22
perpendicular from 4 is b ZaL

25, 0 is the orthocentre of a triangle ABC ; prove that the radii of
the circles circumseribing the triangles BOC, CO.L, 40B, and 4BC arc
all equal.

26. AD, BE, and CF are the perpendiculars from the angular points
of a triangle ABC upon the opposite sides; prove that the diametors of
the circumeircles of the triangles A EF, BDF, and CDE arc respectively
acot A, beot B, and ¢ cot C, and {hat the perimeters of the triungles DEF
and ABC are in the ratio r & R.

97. Prove that the product of the distances of the incentre from the
angular points of a trianglc is 480

28, The triangle DEF civcumseribes the thrce escribed circles of the
triangle 4 BC; prove thl

rKr FD _ DE
acosd beosB ccosCT
X% 929, If a circle bo drawn touching the inscribed and eirenmeeribed

cireles of & triangle and the side BC externally, prove that its radius is

A tan? %
a 2

30. If a, b, and ¢ be the radii of three cireles which tonch onc another
externally, and r, and ry be the radii of the two circles that can be drawn
to touch these three, prove that

1 1 2 2 2
——— =gt
rn Ty a b ¢

31, If A, be the arca of the triangle formed by joining the points of
contact of the inseribed cirele with the sides of the given triangle, whose
ares is A, and 4A;, Ay, aud Ay the correspon ing areas for the escribed
circlos, prove that

A+ Ay + Ag— Ag=2A.

32, If the bisectors of the angles of a triangle 4 BC meet the opposite
sides in 4', I, and (”, prove that the ratio of the areas of the triangles
A'B'C’ and 4BC is

.4 . B C 4-B RB-C C0-4
2sin 5 Bin - 8in — : cos €08 —5 - GOB — 5—

202772 2 2 T
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33. Through the angular points of a triangle are drawn straight
lines which make the same angle a with the opposite sides of the triangle;
prove that the arca of the triangle formed by them is to the area of the
original triangle as 4 cos?a : 1.

34. Two circles, of radii @ and b, cut each other at an anglo 6.
Prove that the length of the common chord is

2ab sin 0

VAL tab cos 8’

35. Three equal circles touch one another; find the radius of the
circle which touches all three.

36. Three circles, whose radii are a, b, and ¢, tonch onc another
externally and the tangents at their points of eontact meet in a point;
prove that the distance of this point {rom either of their points of contact is

_abe b
at+btc) ’

87. In thesides BC, CA, AB are taken three points 4%, B/, C’ such that
BA : A'C=C8 : BA=A4C": CB=m: n;
prove that if 44’, BB’, and CC’ be joined they will form by their inter-
sections a triangle wuose arca is to that of the triangle ABC as
(m—~n)?: md+mn+nd

38, “The cirele inseribed in the triangle 4BC touches the sides BC,
C4,.4nd 4B in the points 4,, B,, and €, respoctively; similarly the
cirdle inscribed in the triangle 4,B,C, touches the sides in 4,, By, C,
respectively, &nd so on; if 4,3B,C, be the nth triangle so formed, prove
tbpt ils angles are :

g+(-2)"‘(:i,-’l— g) §+(—2)-u(3-§>,
and ..... X §+(—2)—n(c_?§’).

Hence prove that the triangle so formed is ultimately equilateral.

39, A;B,C, is the triangle formed by joining the feet of the perpen.
diculars drawn from ABC upon the opposite sides; in like manner
4,B,0, is the triangle obtained by joining the feet of the perpendiculars
from A,, B, and C, on the opposite sides, and so on. Find the values of
the angles 4,,, By, and C, in the nth of these triangles.



CHAPTER XVIL
ON QUADRITATERALS AND REGULAR POLYGONS.

219. 7o find the arew of a quadrilateral which s
inscribable in a circle.

Let ABCD be the guadrilateral, the sides being a, b, ¢,
and d as marked in the figure.

The arca of the quadrieteral
=area of A 4 BC +arcaof AADC
= Labsin B+4ed sin D (Art. 198.)
=% (abd+ cd)sin B,
since, by BEue. 111. 22,

£ B =180°— 2 D,

and therefore

sin B = sin D.
We bave to express sin B in
terms of the sides
We have

a2+ b2 —2abcos B=AC*=c*+ d*— 2¢d cos D.
But cos D) = cos (180° — B) = — cos B.
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Hence
ar+ bt — 2ub cos B=c* 4+ d* + 2cd cos B,
o @b ot
so that cos I3 = - 2 @b+ od)
Hence
. ((1,2 + 12 — 2 — ({2)2
2 = — =
sin? B=1~cos* B =1~ REICETY) N
_2@tedfp— {2+ —c—
4 (ab + cd)
_{2(ab ded)+ (24— = dH) [2(ab -+ ed) (a4 12— — 0]
- 4 (ab + cd)?

(@4 2ab 417 —(¢*— 2ed 4 IV (e + 2ed ) —(a + 0 -- 2ad)}
= (b 4 oy
_la+by—(c—dy} {(c+dy—(a—-by}
4 (ab + cd )
_{@atbte—d)(ntb- c+d)} {(c+d +a—b)(c+d—a+ b)}
4 (b + cd)y*

Let
o+b+c+d=2s,

8o that
a+b+e—d=(+b+c+d)—2d=2(s—d),
a+b—c+d=2(s—0c),
a—-b+c+d=2(s—0b),

and —a+b+c+d=2(s—a)

Hence n
a2 —=dyx2(s—-c)x2(s=b x2(9—-a)
sin® B = 4 (ab + cd)?

so that

Hence the area of the quadnlateral
=4 (ub+cd)sin B=+/(s —a) (8 = b) (8 —c) (s ~ d).
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. R R e (4

220. Since cos 3= (b T o)

we have ACt =+ 1 — 2ab cos B
a4 bt - -

gt bt b L
a* +b* —ab b +cd

(4 B2 ed + ab (¢ + d°)
ab+cd

_ (uc+ bed) (ad + bc)
ab+cd

Similarly it could be proved that
_ (@b +cd) (ac + /)(?)
T ad4be

We thus have the lengths of the diagonals of the
quadrilateral.

BD

It follows by multiplication that
AC . BL? = (ac+ Dby,
7.e. AC.BD=AB.CD+BC.AD.
This is Eue. vI. Prop. D,

Again, the radius of the eircle circunmiscribing the

. AC
quadrilateral = & - i B

(ac+ b_(]) (url + b(‘) /\/(V.S‘”:'Eli) (8=b)(s—¢c)s—d)
= ab -+ cd (b + cdy?

_%\/ (ab + cd) (e + bil) ( (el 1 be)
- Jl(s—‘a)(é"b)(é--c)(%Ol)} )
221. If we have any quadrilateral, not nceessarily

inseribable in a circle, we can express its area in terms of
its sides and the sum of any two opposite angles,
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Yor let the sum of the two angles B and D be denoted
by 2a, and denote the area of the
quadrilateral by A,

Then
A =area of ABC + area of ACD

=4absin B+ 4cdsin D,

50 that

B

4A = 2ab sin B + 2ed sindD. . (1),
Also a?+b*— 2ubcos B=c*+ d* — 2cd cos D,
so that
a?+ b — ¢ — d? = 2ad cos B—2cd cos D ......(2).
Squaring (1) and (2) and adding, we have
1A% + (¢ + 03 — ¢ — d¥)* = 4a?D* + 4c*d?
—~ 8abed (¢os L3 cos D — sin Bsin D)
= 4a?b® + 4c*d? — Sabed cos (I3 + D)
= 4a%? + 4ctd? — Sabed cos 2a
= 4a* -+ 4c*d? — Babed (2 cos*a — 1)
=4 (ab + cd)* — 16abed cos® a,
8o that
16A? = 4 (ab + cd)* — (u* + b* — ¢ — d*)* — 16aded cos? a

But, as in Art. 219, we have
4 (ab + cd)* — (a4 b — c* — d¥)?
=2(—a).2(s—-0).2(s—¢).2(s—d)
=16 (s—a)(s—b)(s—c) (s—d).
Hence (3) becomes
Ar=(s—a)(s —b)(s —c}(s — d) — abed cos’a,
giving the required arca.
Cor. 1. If d be zero, the quadrilateral becomes &
triangle, and the formula abuve becomes that of Art. 198,
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Cor. 2. If the sides of the quadrilateral be given in
length, we know q, b, ¢, d and theretore s The urea A is
hence greate&t when abed cos® « 1s least, that is when cos?a
is zero, and then a=90°, In this case the sum of two
opposité angles of the quadrilateral is 180° and the figure
inscgi‘[;uble in a cirele.  (Fuc. 111 22.)

The quudrilwtem;}‘; whose sides arc given, has thercfore
the greatest area when it can be inscribed in a circle.

222, Ex. Find the area of a quadrilateral which can have a circle
inscribed in it.

If the quadrilateral 4BCD can have a cirele inscribed in it g0 as to
touch the sides 4B, BC, €D, and D.t in the points P, @, I, and &5, we
should have

AP=48, BP=T10, CQ)=CR, and DR=DS.

& AP+BP4+CR+DR= A4S+ BQ+ CQ+DS,

i.e. AB+CO=L0U+ DA, _
i.e. ate=b+d.
[/ !
Hence PRyt RPN S |

2
& 8—a=c, s-b=d, s—c=ua, and s-d=b.
The formula of the last article thercfore gives in this case
Al=qbed ~ abed cos® a=abed sinda,
ie. the area required = fabed sin a.
If in addition the quadiilateral be also inseribable in a circle, we have
20=180°, so that sin a=sin 90°=1,
Hence the area of a quadrilateral which can be both iuscribed in
s cirele and circumseribed about another eircle is Jfabod.

EXAMPLES. XXXVIIL

1. Find the arca of a quadrilateral, whieh can be inseribed in a cirele,

whose sides are
(1) 8,5, 7 and 9 feet;

and (2 7,10, 5, and 2 fect.

9. The sides of & quadiilateral arc respoetively 3, 4, 5, and 6 feet, and
the sum of a pair of opposite angles is 120°; prove that the ares of the
quadrilateral is 3 4/80 square fect.
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3. The sides of a quadrilateral which can be inscribed in a circle are
8, 8, 4, and 4 Icet; find the radii of the incircle and encunicirele.

4, Prove that the area of any quadrilateral is one-half the product of
the two diagonals and the sine of the angle between theimn,

5. If a quadrilateral can be inseribed in one cirele and cirenmseribed

the latter cirele is

6. A quadrilateral ARCD is described about & circle; prove that

.

A B IS |
ABSm—2—sm~2—:C’1)sm§sm§

7. a, b, ¢, and d are the sides of a quadrilateral taken in order, and a
is the angle butwe&g the diagonals opposite to b or d; prove that the area
of the quadrilateral is

% (a? - +c*-d? tana.

8. If a, b, ¢, and d be tho sides und z and y the diagonals of a
quadrilateral, prove that its arca is

% (4% — (b2 4+ d2 - a? - c'l)‘“’]* .
0, If a quadrilateral can be inseribed in a circle, prove that the angle
between its disgonals is
RN sin~1 (2 /(8- @) (s = 0) (5 — ¢) (5~ d)-+{ac +bd)].
If the same quadrilateral can also be circumscribed about & circle, prove
that this angle is thgp

Lac—bd
ac+0d’
10. The sides of a quadiilateral are divided in order in the ratio
m :n, and a new qiadrilateral is formed by joining the points of division;
prove that-jts aren is to the area of the original figure as m*+22 to
(mn): - T
11. If ABCD be a quadniateral inseribed in a circle, prove that

cos

B_ /G=alG-h)
BrE=A o s-d)"

and that the product of the segments into which one dingonal is divided
by the other diagonal is
abed (ae + bd)
{ab+cd) (@d+bc)*
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12. If a, b, ¢, and d be the sides of a quadiilateral, taken in order,
prove that
d?=u? + 02+ ¢ = 2ab cos a —~ 20 cos 3 ~ Dea cos -y,

where a, 8, and v denote the angles between the sides w and b, b and e,
and ¢ and a respectively.

223. Regular Polygons. A regular polygon is a
polygon which has all its sides cqual and all 1ts angles
equal.

If the polygon have m angles we have, by Ene. L 32,
Cor., n timces its angle + 4 right angles =twice as mauy
right angles as the figurce has sides = 2n right angles.

9 / )

) 2n—4 . 20 —4 o
Hence each angle ="~ — right anglos =" —x 5
n 7 2

r4

radians,

224, Rudit of the inscribed and circumscribing circles
of a regulur polyyon.

Let AB, BC, and (/1)‘1)0 three successive sides of the
polygon, and let » be the
number of its sides,

Bisect the angles ABC
and BCD by the lines L0
and CO which meet in O,
and draw OL perpendicular
to BC. .

It is casily scen that O is the centre of both the
incircle and the circuincircle of the polygon, and that-
BL equals LC.

Hence we have OB = OC = R, the radius of the circum-
circle, and OL = r, the radius of the incircle,

L. T. 17
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The angle BOC 1s —ith of the sum of all the angleﬁ
subtended at O by thesides, ©

4right angles A

te. £ BOC=—"-"e
n

27 .
= " radians,
7
Hence

430L=54300:%.

If a be a side of the polygon, we have
a=BU=2BL=2Rsin BOL=2Rsin".

a @ T
.. B= =22 COSEC — veverecenene Q).
oo T n
2sin -
n

Again, a=2BL=20L tan BOL = 2r tan %

Ve P e—

aT
2 tan —
o

225. Area of a Regular Polygon.

The area of the pulygon is n times the arca of the
triangle BOC.

Hence the area of the polygon
=uX4$UL.BC=n.0L.BL=n.BLcot LOB.BL

a* T
=M. - cob~"...... 1

4 n 1),
an expression for the area in terms of the side.

Also the area

=n,0L.BL=n.0L,0Ltan BOL:m*tan;.:... (2).
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Again, the arca
=n.0L.BL=n.00cos LOB.ORsin LOB

m . T n - ki
=qnk?cos — sin ~ = = [t*sin TN ) )
n n 2 n

The formulae (2) and (3) give the area in terms of the
radius of the inseribed and cireumseribed cureles,

226. Bx. Ihe length of each side of « reyutur dodecogon is 20 feet 3
Jind (1) the radius of its wnseribed circle, (2) the radius of its corcwmscridbing
cerele, and (3) its urea.

The angle subtendel by a side at the centre of the polygon

360
=" 5 =0°.
Hence we have 10=rtan15°= X sin 15°,
s r=10cot 156°
10
=7 gy (A1t 101)
=10 (2 +4/3) =3732... feet,
10 NG Y ren
Also »--;mis}).—l(} P N {Art. 106)

=10../2(J3+4 1) =10 (JG+/2)
=10 (24405, + 1-4142., )= 38637 .. feet,
Again, the arca =12 x r x 10 squarc feet
=1200 (2 +4/3) = 447 3-£6... square feet.

EXAMPLES. XXXIX.

1. Tind, correct to *01 of an inch, the length of the perimeter
of a regular decagon which surrounds a circle of radius one foot.
ftan 18°==-32492.]

2, Find to 3 pluces of deeimals the length of the side of a regular
polyyon of 12 sides which is cuicumseribed to a circle of umt radius,

3. Find the area of (1) & pentagon, (2) a bexagon, (3) an octagon,
(4) & decagon and (5) a dodecagon, cach being a regular figure of side
1foot. [cot18°=3-077G8...; cot3(°=1-37638....]

4. Yind the difference between the areas of a regular octagon and a
segulat hexagon if the perimeter of each Le 24 fect.

17—2
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5. A square, whose side is 2 fect, has its corners cut away 8o as to
form a regular octagon ; find its arca.

6. Compare the arcas and perineters of octagons which are respec-
tively inscribed in and circumseribed to a given cirele, and shew that the
areas of the inseribed hexagou and octagon are as /27 to 4/32.

7. Prove that the radius of the circle described about a regular
"pentagon is nearly $3ths of the side of the pentagon,

8. If an equilateral triangle and a regular hexagon have the same
perimeter, prove that their areas are ag 2: 3.

9, If a regular pentagon and a regnlar decagon have the same
perimeter, prove that their arcas arve as 21 4/5.

10. Prove that the sum of the radii of the circles, which are respee-
tively inseribed in and circumscribed about a regular polygon of n gides, is
3
Y]

a
5 cot o

2

where a is a side of the polygon.

11. Of two regular polygons of n sides, one eircumseribes and the
other is inscribed in o given eircle. Prove that the perimeters of the
circumscribing polygon, the circle, and the inscribed polygon are in
the ratio

o T ’
sce — 3 ~ cosee — 5 1,
non k2
. . . W
nud that the arcas of the polygons are in the ratio cos-’ﬁ .1

12. Given that the area of a polygon of u sides eircumseribed about
a circle is 1o the area of the circumseribed polygon of 2u sides as 3 : 2,
find x.

13. Prove that the area of a regular polygon of 2 sides inseribed in a
circle is & mean proportional between the areas of the regular inseribed
and circumscribed polygons of n sides.

14, The arca of a regular polygon of n sides ingeribed in a cirele is to
that of the same nmuber of sides circumseribing the same cirele as 3 ig to
4. TFind the value of n,

15. The interior angles of a polygon arc in A.Pp.; the least angle
is 120° and the common difference is §°; find the number of sides.
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16. There are fwo regular polygons the number of sides in one being
double the number in the other, and an angle of one polygon is to an angle
of the other as 9 Lo 8; find the number of sides of each polygon.

17. Show that there are eloven pairs of regular polygous such that
the number of degrecs in the angle of one s to the number in the ungle of
the other ag 10: 9, TFiud the number of sides in cuch.

18. The side of a basc of o square pyramid is a feot and its vertex is
at a heiglit of . fect above the centre of the base s if ¢ and ¢ he respee-
tively the inclinations of any face to the Lase, and of any two faces fo one
another, prove that

2% @ . ¥
tan 0-_»’—[ and fan 5= \/l + o

19. A pyramid stands on a regrlar hexagon as base.  The pripendi-
cular from the vertex of the pyramid on the base passes thiough the
centre of the hexagon, and its lenuth is equal to that of a side of the base.
Find the tangent of the angle between the base and any faco of the
pyramid, and also of half the angle between any two side faces.

20. A regulur pyramid has for its base a polygon of n sides, cach of
lengih a, and the length of cach slant sido is ¢; prove that Lhe cosine of
the angle between two adjucent lateral faces is

. 27
47 cos -]T+a‘~‘

4% - a®



CHAPTER XVII.

TRIGONOMLTRICAL RATIOS OF SMALL ANGLES.© AREA OF
A CIRCLE. DIP OF THE HORIZON,

227. Ir 0 be the number of radians in any angle,
which 1s less than a right angle, then sin 6, 6, and tun 0 are
m ascending order of magnitude.

Let T0P be any angle which is less than a rigflt
angle.

With centre O and any radius OP
describe an arc PAP meeting OT
in 4.

Draw PN perpendicular to 04,
and produce it to mcet the arc of the
circle in 1.

Draw the tangent PT at P to
meet 04 in 7, and join 1P,

The triangles PON and P'ON %re
equal in all respects, so that PN = NP and

arc PA =arc AP

Also the triangles 7OP and TOPF’ are equal in all
respects, so that

TP =17,
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The straight line PP’ is less than the ave PAF, so

that NP is < arc 4.

We shall assume that the are PAP’ is less than the
sum of PT and TP, so that arc 1’4 < I’T.

Hence NP, the are AP, and PTL are in ascending
order of maguitude.

NP arc AP PT . .
Thercfore 0P’ UP and op oo i ascending
order of magnitude.
- NP .
But op =S AODP =sin 0,
%E((')f)l) = number of radians in £ 40D = § (Art. 21),
and ?17: tan POT = tan AOP = tan 6.
OF N

Hence sin@, 6, and tan @ are in ascending order of
magnitude, provided that

0 <

SE

228. Since sin 8 < 8 <tan 8, we have, by dividing
each by the positive quantity sin 8,
1< 9 < L
sind ~cos8’
Hence —.—e»—— always lies between 1 and L
sin 6 cos &
This holds however small 8 may be.
Now, when 8 is very small, cos 8 is very nearly unity,
and the smaller 8 becomes, the more nearly dues cosd

. - 1
become unity, and hence the more nearly docs o)

become unity.
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Hence, when 6 is very small, the quantity éig—?} lies
between 1 and a quantity which differs from unity by an
indefinitely small quantity.

In other words, when @ is made indefinitely small the

. 0 . .
guantity ST and thercfore bl%—q, is ultimately cqual to

unity, 4.e. the smaller an angle becomes thie more nearly
18 1ts sine equal to the number of radians in it.
This is often shortly expressed thus;
sin @ =6, when @ is very small.
So also tan 8 =6, when 6 is very small.

Cor. Putting 0:7%, 1t follows that, when @ is indefi-
nitely small, n is indefinitely great.

.0
S —
T

Hence 18 unity, when = is indefinitely great.

n

.o .. .
So nsin e when # 1s indefinitely great.
. a c e
Similarly, n tan - = «, when n 18 indefinitely great.
n

229. In the preceding article it mnst be particularly
noticed that @ is the number of radians in the angle
considered.

The value of sin a®, when a is small, may be found.
For, since #° = 180°, we have

o __ a °
a = (ﬂ' ig—(—)) .
mTa\®  wo
l'@d) ~180°
by the result of the last article.

. sina® = sin(
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230. From the tables it will be seen that the sine of
an angle and its circular measure agree to 7 places of
decimals so long as the angle is not greater than 18
They agree to the 5th place of decimals so long as the
angle is less than about 2°

231. If 6 be the number of radians in an angle, which 48 less than a

2

. . 3 . %
right angle, then sin 8 is > 6 — Z and cos 0 is=>1 ~ g
Ly Ari. 227, we have

t'mo>0
ang>g.

N
SBIN, > cox 5

2
. . [/ [4
Hence, since ginf=2sn 9 €08 5,
. [ -
we havo sinf>fcos?y, de. >0 1~ sxu"2> .
But since, by Art. 227,
. a
BIin g < 5
. .0 I\ 64
therefore l—smlg>1~ (3\) s il >1 i
. 0° . 43
S Bin@ -0 (1 - /-L‘), i, >0~ i
)
Again, cos @=1~-2sin* o3
— :
therefore, since sin? ;< <—2> ,
.0 A g%
we have 1~2sm~2>1—2<§>,l.(!. >1-—72—.

It will be proved in Part IT. that
94

03 d l 02
smO>0—6_, and cos 6 < -5tz

/
232. Bx. 1. Iind the values of sin 10" and cos 16,

. L1
Since W=% = {55%8’
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h in 10/ =1 R N 4
we have £1n == 81N I{)TO %6 = lé*()‘;(ﬁc'

3-14159265...
TIR0OX G
Also cos 10/ = /T Zsin® 107

=-002108Y ncarly,

=[1 - -000005168...]8
=1- 1) [-00000S168...],
approximately by the Binomial Theorem,
=1~ -000001234. ..
= G900U58,...
Ex. 2. Solve approxunately the equation

sin 0=-52.

. o 1
Since 8in 8 is very nearly equal to <, # must be nearly equal to

T
2’ 6"

Let then 6 = %+ z, where z is small.

o i [T M T .
KX -Eu.:sm(c—i-a: :sma(*osx+cos—smm

6
3

1 .
=, COS T + 5~ sin 2.

Since z is very sinall, we have

cos =1 and sin z=2z nearly.

1 /8
Qo 4+ N
=g + 3 x

c

o &=02x 2 radians = Jje: 1-32° nearly.

NE 75

Hence 9=381° 19’ nearly.

EXAMPLES. XlI.

[r=3-14159265; -1;= *31831...]
Find, to b places of decimals, the value of
1. sin7. 2. sin15”, 3. sinl’,

4, cosld’. 5. cosee8”. 6. scc s
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Solve approximately the cquations
7. &in§=-01. 8, sinf=-48.

9. cos <3; + 0>= 49, 10. cos §="099,

11. Find approximately the distance at which a halfpenny, which is
an inch in dimmeter, must be placed so as to just hde the moon, the
angular diameter of the moon; that 14 the angle its diametor subtends af
the observer’s eye, heing talcn to be 307

12. A person walks in o straight line toward a very distant object, and
observes that at three points 4, I3, and € the augles of clevaiion of the
top of the object are a, 2a, and 3a respectively 5 prove that

ADB=3DBC nealy.

13. If @ be the number of 1ad:ans in an angle which is lesg than

a right angle, prove that
cosfig <1~ 9 + o4
' 16"

14, Prove the theorem of Euler, viz, that

. 0 [/ [4 .
B g=0.co8 ;. €08 5. €08 ......8d. inf.

] 7
. 0 6 ., [
[We have sin @=2sin g ©08 ¢ :22 8L 5, C08 g—_ cos g
—2sin?. cos L cos ?, cos
= smz‘coﬂ i CO8 5, €08 55 =eeens
—omsin ? o 9 0 ¢
sm G X €08 5. €08 5, . €08 e cos 5.
Make n indefinitely great so that, by Art. 228 Cor.,
28 ¢in —;;:0.
6 0 .
Hence gin 8=8. cos 5o c»>s 5 008 Y Y: | mf.]

15. Prove ithat

(1 - {an? g) (1 - tan? g)) (1 - tau22j> ...... ad inf.

=§.cotd.



268 TRIGONOMETRY.

233. Area of a circle.
By Art. 225, the arca of a regular polygon of n sides,
which is inscribed in a circle of radius B, is
n o, . 27
f—z' v Slll‘; .
Let now the number of sides of this polygon be inde-
finitely increased, the polygon always remaining regular,
It is clear that the perimeter of the polygon must more
and more approxtmate to the circumfercnce of the civele.
Hence, when the number of sides of the polygon is
infinitely great, the arca of the eircle nust be the same as
that of the polygon.

. 27 . 2
o sin - sin - —
no, . 20 n, 27 n v n
NOW TL/.SH\ --—:'—,—[L“.—.—G——I'TT N
2 n 2 % Qar R
n n
sin @ g

=ali. , where 6 =

I
When n is made infinitely great, the value of 8 becomes

. g . S1n
infinitely small, and then, by Art. 228, )

The area of the circle therefore =@R2= 7 times the
square of its radius.

234.  Area of the sector of a circle.
Let O be the centre of a circle, AB the bounding are
of the sector, and let £ AOB = « radians.
By Kuc. V1. 83, since sectors arc to one another as the
arcs on which they stand, we have
arca of scetor AOB arc AB
area, of wholc cirele  circumnfercnce
BKa  «
= 2R o

- is uuity.




AREA OF A CIRCLE. 269

a , .
-, area of sector AOB = gy X aren of wholc circle
reyti

te
3
bl —

EXAMPLES. XLI

[Assumc that w=3-14159..., 7’; 31831 and log w=-4971 )1
1. Find the avea of & cirele whose circumfcerence is 74 feet.

2. The diameler of a eircle is 10 feet ; find the arca of a sector whose
arc is 223°.

3. The area of a certain rector of a circle is 10 square foet; if the
radius of the cirele be 3 feot, find the angle of the scetor,

4, The perimeler of a certain seclor of a circle is 10 feet; if the
radius of the circle be 3 feet, find the area of the sector.

5. A sinp of paper, two miles long and -003 of an ineh ihick, is rolled
up into a solid eylinder ; find approximately the radius of the eicular ends
of the eylinder.

6. A strip of paper, one mile long, is rolled tightly up into n solid
eylinder, the diameter of whose cireulur ends is 6 inches; find the thick-
ness of tho papor.

7. Given two concentric cireles of radii » and 2r; two purallel

tangents to the inner circle cutb off an arc front the outer civele; tind it
length.

8. The circumfcrence of a semieirele i8 divided into two ares such
that the chord of one 13 double that of the other. Prove that the sum of
the areas of the two segments cut off by these chords is to the area of the

pard
%]

9, If each of three circles, of radius a, touch the other two, prove that

gemieirele as 27 18 to 53,

the area included between them is nearly equal to % at.
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10. Six equal eircles, each of radius o, are placed so that cach
touches two others, thewr centres being all on the circumference of
another circle; prove that the area whieh they enclose is

20 (34/8 — 7).

11. From the vertex 4 of a triangle a straight line 4D is drawn
making an angle 8 with the base and meeting it at D, Prove that the
arca cowmon to the ciremmscribing chicles of the triangles ADLD aund
ACD is

J . % Py + B = be win 4) coseco,

where g and 4 wre the number of radinns 1n the angles I and ¢ respec-
tively. g toy
= B

235, ' Dip of the Horizon.

Let O bea point at a distance A above the earthg
surface. Draw tangents, such as 07" v .7
and OT ‘, to the surface of the carth. oot
The ends of all these tangents all
clearly lie on a cirele. This circle is /
called the Offing or Visible Horizon.

The angle that cach of these tangents
07 makes with a horizontal plane 120Q

.

is called the Dip of the Horizon. @ ~——
Let » be the radius of the earth, N

and let B be the other end of the diumeter through 4.
We then have, by Fue. 111 36,

0I*=04.0B=0(2r+1),
so that 07 = E (°r + ).

This gives an accurate value for OT.
In all practical cases, however, k is very small com-

.

pared with 7.
[r=4000 miles ncarly, and A is never greater, and
gencrally is very considerably less, than 5 males.] .
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Hence 22 is very small compared with k.
As a close approximation, we have then
01 = V2.
The dip =2700Q
=00°— 2007 =2 OCT.
0T NE /o
Also, tan OCT = S Vi
50 that, very approximately, we have

o 2
2001 = «/77.- radians
“( @‘moy* 150 x GO x 60 \/QITJ g
"W w7 T Vor]s

236. Ex. Taking the radius of the eurth as 4000 nules, find the dip
at the top of a Lighthouse which s 261 feet abvve the sea, aud the distunce
of the ofjing.

Here 7=-4000 miles, and k=204 foct ~}) mile.

2

Hence & is very small conupaned with », ro ihat

0T= \/ 110 x 4000 = /400 =20 miles.

. o 1
Also the dip= \/7 radians = 70 radian

(1 180x60N' _ /ENN L, .
_<Q'(TO X ) = (?) =17/11” nearly.

T

EXAMPLES. XLIL

[Unless otherwise stated, the eartl’s radius may be taken to be 4000
miles ]

1. Find in degrees, minutes, and seconds, the dip of the horizon from
the top of a mountain 4200 feet high, the eamrth’s radins being 21 x 108
feet. ) .

9. Tle lannPof a lighthouse is 196 feet high ; how fur off cun it be
seen ?
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3. If the radius of the earth be 4000 miles, find the /f_le]"ht of a
balloon when the dip is 1°. . /
Find also the dip when the bulloon is 2 miles high.

4, Trom the top of the mast of a ship, which is 66 fect above the
sea, the light of a lighthouse which is known to be 132 feet high can
just be scen; prove that its distauce is 24 mules nearly.

5. Trom the top of & mast, 66 feect above the som, the top of the
mast of another ship can just be secn at a distance of 20 wiles; prove
that the heights of the masts are the same.

6. From the top of the mast of a ship which is 44 feet above the
sea-level, tho light of a lighthoanse can just be seen; after sailing for
15 minutes the light can just be seen from tho deck which is 11 feet
above the sen-level; prove that the rate of sailing of the ship is mearly
16-33 wmiles per hour,

7. Prove that, if the height of ithe place of observation be n feel, the

. . s
distance that the observer ean see is ,\/~2 miles nearly.

8. There are 10 million metres in a quadrant of the eartl’s circum-
fercnce.  Yind approximately the dislanece al which the top of the Llﬁel
tower should be visible, its height being 800 metres.

9., Three vertical posts are placed at inlervals of a mile along a straight
eanal, each rising to the same height above the surface of the water. The
visual line joining the tops of the two extreme posts cuts the middle post
at o point 3 inches below its top. TFind the radius of the earth to the
nearest milo.
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INVERSE CIRCULAR FUNCTIONS.

237. Ir sin #=qa, where a is a known quantity, we
know, from Art. 82, that @ is not definitely known. We
only kuow that @ is some one of a dcfinite series of
angles.

The symbol “sin*a” is used to denote the smallest
angle, whether positive or negative, that has a for its sine.

The symbol “sin™a” is read in words as “sinc minus

e 1
one a” and must be carcfully distinguished from ana
S

which would be written, if so desired, in the forin (sin @)™

It will thercfore be carefully noted that “sin~ta” is an
angle, and denotes the smallest numerical angle whose
sine is a.

So “cos™?a” mecans the smallest numnerical angle
whose cosine is a. Similarly “tan—ta,” “cot™a,” “co-
sec @,” “sec™ta,” “vers™ ¢, and “covers—a,” are defined.

Hence sin™ g and tan™ a (and thercfore cosce™ ¢ and
cot™ u) always lie between — 90° and + 90°.

But cos™a (and therefore sec™ a) always lies between
0° and 180",

L. T 18

»
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238. The quantitics sin™aq, cos™ a, tan™g,... are
called Inverse Circular Functions.

The symbol sina is often, especially in forcign
mathematical books, written as “arcsin a”; similarly
cos™ @ 1s written “arccos a,” and so for the other inverse
ratios.

239 When ¢ is positive, sin™ @ clearly lics hetween
° and 90°; when a is negative, it lies between —~ 90° and
0°.

.41 . 3
Ex. sin™! 5= 30°; sin~l ——3/‘ = - 00°.

When ‘e 1s positive, there are two angles, one lying
between 0° and 90° and the other lylug between —90°
and 0% each of which has its cosine equal to a. [For
example both 30° and —380° have their cosine equal to
A—/f?f] In this case we take the smallest positive angle.
Hence cos™ a, when o is positive, lies between 0° and 90°.

So cos~a, when a is negative, lies between 90° and
180°.

BX. cos‘l‘\/ 45°; cos—? ( - -;-) =120°,

When @ is positive, the angle tan='a lies between 0°
and 90°; when ¢ is negative, it lies between —90° and 0°.
Bx, tan~1,/3=00°; tan™!(-1)= —45°

3
240. Ex. 1. Prove that sm’l——cos—l L-szn“ ?

13 65

B

L3 . 3 .
Let sin 1B=a, 80 that sin a=g, * 5
— e 4 9
and therefore CO8 = \/ 1- 9 =

25 6° 4

L3
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12 12
-12% =22
Let 0057 15 B, so that cos 8= 3’
*
111 _ 5 13 : 5
and therefore sin B= \/1 160~ 13 7,
16 16 -
o s
Let gin =Y 8O that siny = i
Wo have then to prove that
a - ﬂ =Y,
i.e. to shew that sin (@ — B) =siny.
Now sin(a - @) =sinacos 8—cosasin 8

_3 12 4 5 _386-20_16_
5 i3TE I3 6 TaTmTe

Iience the relation is proved.

1 1 =
), -1 -1 = =
Bx. 2. Prove that 2tan 3+t(m =4
1 1
Let tan-!, =a, 8o that tan a =3
3 3!
1 1
and let tan! ?::ﬂ, go that tan 8 = =g
‘We have then fo shew that
20.-}-‘8:2-.
2tana
Now tan?a_. e
P
=3 _6_8
18T ¢
1-3
Lan‘2a+tanﬁ
‘150 9 PRI vy
’ tan (e +f)=; = tan 2atan 8
8,1
_ATT o144 95
T3 1Tw=3T% =tan .
4°7
" 2a+ﬁ=§.

18—2
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Ex. 8. I'rove that

1 r
~1T _ el - =
4 tan 5 tun 530~ 1
oy 1
Tt tan 15=a, so that tan a=g.
2
. 2tana 5 5
Then m““‘lﬁm{ﬁ“'l":f‘ﬁ’
25
10
12 120
and tan 4a= —= 10
T 144

8o that tan 4a is nearly unity, and 4« therefore nearly z

Lt 4‘1:'_2 +tan~lz.
. 120 T = _1l+a
S (Z + tan x) =T (Art. 100).
cope L
< TN
1 1 7
-1 tan~l_—— = ¥
Hence 4tan 3 tan 759 = 1
EXx. 4. Prove that
O p s GED
tan~ta4tan"1b=tan i=ap
Let tan~la=a, so that tana=a.
Let tan—b =g, so that tanB=b.
fatd a+d
Also, let tan-1 (1—:— =%, §0 that tan T 1" ab
We have thendo p that
at+B=2.
1
Now tan (@)= tana+tang _ a+b ~tanv,

=i~ fanatanp " I-ab

80 that the relation is proved.



INVERSE CIRCULAR FUNCTIONS, 277

The above relation is merely the formula

t(m rtlany

tan (x+y)= IT-tunztan y*

expressed in inverse notation.

Yor put tanz=a, so that z=tan"la,
and tany=>, so that y=tan=1d.
a+t+b
Then t: = .
an (@+y) 1—ab
. —tan-1.0 T8
S z4y=tan T
i.e. tan~lg+tan~1b=tan" 111+zbb

In the above we have tacitly assumed that ab <1, so that {E'—L% is posi-

tive, and therefore fan™! lf_'.f_l’ lies between 0° and 90°,

1f, however, abbe>1, then atb

iTul and thercfore according to our defini-
~ab

. atd . . . . .
tion tan™! 1=an sa negative angle. Here v is therefore a negative angle
et 3

and, since tan (r +v)=tan vy, the lornmula shounld he

a+b
tan-t g +tan-i)=m+tan-1 I +

Ex. 8. Prove that

cos™1 :—?) +2 tant %:siu‘l g
Since 653 - 68%=16%, we havo
cos™1 §7 =tan" 134, o5
Also, as in Ex. 1, sin"'§ =tan~'§, 14
We have therefore to shew that T
tan~1 3§ +2tan-1=tan"1 3
Now tan[2 tan™! §]=_— 2 lan [tan” H] _?-- =,

T-tanftansi p} i~

80 that 2 tan~! §=tan~! 5.
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Thus  tan{tan~1 }§ +2 tan—7 }]=tan [tan—1}§ +tan~1 5}

2o4ofy 1024315

- - 507
~l~f,{§ Fz THo—80 e

i.e. tan~ 1§+ 2tan~  f=1anu"1 §
Ex. 6. Solve the equation
tan‘lz i" 4 tan1E” ~1 =tan~1(-"T).
Taking the tangents of both sides of the equation, we have
tan [tan_‘ 2—1] +tan [tan“ f-:}]
- tan [t'm‘l :]t.an [tan—’

=tan {tan"3(~T)}

= -,
24l 21
s e -1 z 7
¢ r+la-1"
R St
z-1 =
222 -z +1
i.e ljr—u’?,
so that z=2.

This valuc makes the left-hand side of the given equation positive, go
that there is no value of z strictly satisfying the given equation.
The value =2 is a golution of the equation

fan-1 :7% + tan™1 —"5;—1 =w+tan~l(~ 7).'



Prove that

1L

10.

11

12

13.

14,

15.

1s.

18.

INVERSE CIRCULAR FUNCTIONS.

EXAMPLES. XLIIIL

[The student showld rerify the resulls of some of the following exramples
(e.9. Nos. 1—4, 8, 9, 12, 13) by an accurate graph.}

T 8 . 77
12 [ 112,
sin—! - +sin g =S oz

gin~1

4 3
cos™1 3 +tan~t- = tan~t —

R —-z -
cos™1 z =92 gin~1 R \/

2 cos™?

tan~1;

N

tan—?
2tan—1
3

-1
tan i

1
-1
tan 3

1
-1
3tan 3

4 tan—?!

1

tan 1. = 2sgin"

5 7
—otsmT o= cogm!
13 25

% +tan—t 1 + 2tan™t
D 7

b 1

1

16
+eollon 4+ 2 c gl — 7

3
J13 [

tan™1 ;-«)- tan—1;

1
=gin -1 - 5
A

t&-’l—‘

| -

2
=tlan~1.-,

+ tan—1. 5

B

?..t\?«_n

21 3
E 71 Tt 4
tan = rosTh g,

=

\]/.\
[ -1 N
0, o
R
S

.

871

95

9, tan™!

+ tan—1 ?_ tan—? 3 = ; .

19

+tan~?! ;+ tan—?! % +tan1

e
+tan 20 =3

1 1 -y 1
B tan—? 50 + tan 95
20 .

17.

119 13

tan—1¢

Js

2 3t
-1 % 4an—1
+tan i t,_tan 1=

or >,/3, and=x+tan—?

=7
=7~

dt
3t
1-38¢2

4
4, cos~1: +ms“h =00y =

+cot™! 8=45°,

2 1 12
Pl -1:2
3 2ta.n 5"

5, ¢ being positive,

it t>J1 and <4/3.

279

33
65"
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a Tf('ﬂ—_b + \/ E(Tj{—ib;;c—)
19, tan \/mbc + tan a

clatbte)

tan—t
+tan ab
1 41
20, cot=1 2 b + cot? b 1 +cot-1 94t ! =0.
a-b b-¢ c—-a

21. tanTn+tcobt T(n+1)=tan™ (n*+n+1),

29. cos (2 tan~! ;17> —=sin (4 tan—? %) .

23. 2tan— [tau (45° — @) tan ‘ﬂ p— [ sin 2a +cos 8

I+ smZacosg |

24, tan'z=2tan"![coscctan™! & - tan cot™ z].

a T B sina cos (3
2 tan~1| tar {1 - = |
25. an [ an , tan (4 9 >:| tun~ sinp Feusa

26. Shew that

-z / / [
cos™! ez ginl —
- b T—b

=%Sm_lz~/(a z)(z-1b)

a-~b .
27, 1If cos 12 ot cos™1: ’—-a, prove that
a®  Lay y? g
oy coset b—‘~5m

Solve the equations

928, tan—1-
8 ,\/l+.r‘+,\/l z%
99, tan~!2p+tan-1dy = ’Z' 30. mn-lg_%”a -lzi; _’7;.

31, tan"l(z+1)+cot?(z~1)=sin"1- i + cos—lg

32. tan~{x+1)+tan"!(z-1)=tan-! E?]'_

383. 2tan~!(cosz)=tan=! (2 coses z).
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34.
36.
37.
38.
39.

41.

42.
43.
44,

2 .
tan"lz 4 2cot o= 37 35, tan cos™! x=sin cot~1 %
cot™! & —~cot—! (- 2) =15°

- 2z 2ar

2 ~1
cos™! gt ptanTt T =
z?+1 + z?-1 3

cot~tx+cot~1(n? ~ x4 1)=cot™ ! (n~1).

5 2

. . T . 5. 1 L

sin~lz4 sin™! 2e= ;. 40. sin"t Sg4gin=1 S,
3 x z 2

1
tan—1 ‘_7_'+ tan—! b + tan—1 ¢ + tan~—1 g ':_r .
] & z x 2

z z
seel - — gee? 7= see™l b~ sce~la,
a

cosec™ x=cosce™ta + cosce™ b,

1~a? 1-83
~l gameos~! - — eogT! -
2tan~! g=cos ifa €os 137

Draw the graphs of

45.

s, [N.B. If y=sin—! z, then x=siny and the g1aph bears

the same relation to OY that the cnrve in Art, 62 bears to OX.]

46.
49,
51.

cos™! x. 47. tan™lg. 48, cot—lz.
cosce™) T, 50. sec la.

By obtaming the intersections of the graphs of tanz and 2z,

show that the leagt posilive solution of the equation tan~!2zx=a is the
circular measure of an angle of approximately 67°.



CHAPTER XIX.
ON SOME SIMPLE TRIGONOMETRICAYL SERIES.

241. To find the sum of the sines of @ series of angles,
the angles being in arithmetical progression.
Let the angles be

a,a+ B, at+28,...... fa+(n—1)B}.
Let

S=sina+sin(a+B) +sin(a+28) ... % sin {a+(n— 1) 8}
By Art. 97 we have

QSinasin@=cos<a——’g)—cos<a +§),

2 2 2

. . B B8 383
2sm(a+,8)sm§=cos<a+§>-—cos(a+§>,

. B 38 ] 5
2s1n(a+25)sm§-—c()b<a+ 2)—c05<a+—§),

2sin{a+(n—2)8] singz—-cos {a+(n—5)B}—cos {a+(n—%).ﬁ},

and
2sin {a+(n—l)6}sin§ =cos {a+(n—8§)B}—cos{a+(n—%)B}
By adding together these n lines, we have

2sin§.8=cos(a —-g)-—cos {a+(n—1%)B},
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the other tcrms on the right-hand sides cuncelling one

another.
Hence, by Art. 94, we have

2511118 S--2<m{a+<l—l>g} _anf:TB’

'sin {a + (Il—;—i) B} sin 52_@
3 .

sin a

S=

Bx. By pulling 8=2, we have
gina+8in Ja+sinba+...+s8in 2n~1)a
_sinfad(n-1)a} sinna _sin?na
Binla = sma

242. To find the sum of the cosines of a serics of
angles, the angles being in arithmetical progression.
Let the angles be

o, a+ B3, 0+25, w.at(n-—-1)5
Let

S= cosa -+ cos (a+8) + cos(a+28) + ... +cosfa+ (n—-1) B}
By Art. 97, we have

B B
Zcosaslu <a+§>——sm(a—2-),
38

2 cos (a—}-[”)smgr: 1<a+ )-—sm(a+§>,

2cos(a +28) sm—g: sin (a + -) sin (a + %@)

L R N N IR -

ke

2cos {a+(n—2) B} sin§ =sin{a+(n—§)B] —sin{a+(n—5)B},
-
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and
2cos{a4+(n—-1)B}sin g:: sin {a+(n—%)B}—sin {a+(n—3) 3}.
By adding together these n lines, we have
285 x sing =sin {a+(n— %) B} —sin {a - g},

the other terms on the right-hand sides cancelling one
another.

ence, by Art. 94, we have

28 x sing =2 cos {a + ZL—:Z—:! ,B} sin "3

2 >

cos {a 4ot B} sin nd

ie 8= 2 3 2.
sin 2

243. Both the expressious for S in Arts. 241 and 249,
vanish when siu%g 1s zero, T.e. when ?%g 18 equal to any
wmultiple of mr, P
2.e. when %@ = pm, -
where p is any integer,
t.e. when B=p.gg.

Hence the sum of the sines (or cosines) of n angles,
which are in arithmetical progression, vanishes when
the common difference of the angles is any multiple

Lar

of —.
n

2w 4
Exs. 008 @+0cos | at+—- )+eos{at—+.. to n terms=0,
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. . 4 . 8
and 8in a4+ sin (a + 5) +sin (a +—7—7L£) +... ton terms=0.

244, Bx. 1. I'oul the siom of
sina—sm(a+f) +sin(a4-28) —~ ... lo n terms.
‘We bave, by Art. 73,
sin (a+ B+ )= —rin (a+ ),
sin (a 28 - 2m) ==xin (a + 26),
8in (a+ 38+ 37) = —sin (a+ 38),

seasesanens Meerestrerrattiarienstnirerns .

Hence the series
=sina+sm{a+B+m)+sm et 2{3+7)}
+sin{a+3 (B+m}+. .
£in «{a—{-l; 1 B+ w)] sin ﬂﬁxf ™

L BT
sin®

bl

o

, by Art. 241,

sin +n~1

s B
(;Ob2

B+ 7r)} sin " B+ 7)

Bx. . Find the sum of the series
cost a4 cos? Qa4+ cos’ Ba+ ... L0 1 terms.
By Art. 107, we have
cos Ba=4 cos*a~Bcosa,
so that 4 cos® a =3 cos a-+cos 3a.
So 4 cos? 2a=3 cos 2a + cos Ga,
4 008} 3a=3 co8 3a +co8 Va,
Hence, if S be tho given series, we have
45 = (8 cos a+cos Ba) +(3 cos 2a+ co3 6a) + (3 cos 3a+coz Da) +..,
=3 (cos a+cos2a+ 008 3a + ...} + (€08 3a + ¢os Ga+ cos Ya + ..)

{ n-1 . na . n-1 T 1
o8 «'a+ o - @ 8in 5 cos 43a + 5 Sar sin - 6
=3 - + -
sin sin da
2 2
n+l . na S(n+1) 3na
GOS8 - a8in— 08 L asm ==
2 2 2 2
=8 -+ n .
] . ol
BN = Bl —

2 2
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In & similar manner we can obtain the sum of the cubes of the sines

of a serics of angles in A.p,

Cor.

Since

2gin?a=1-cns 2a, and 2cus®a=14cos 2a,

we can obtain the sum of the squares.

Since again

8sinta=2[1 - cos 2a]?

=2-4cos 2a+2c0s?2a=3 -4 cos 2a + cos 4a,

we can obtain the sum of the 4th powers of the sines.

cosines.

Ex. 3.

Sum to n terms the series

Similarly for the

cosa sin B+ cos 3a sin 23 +cos Sasin 3B+ ... to n terms.

Let S denote the scries,

Then

28={sin (a+p) ~sin (a -

= {sin (a+ ) +sin (3a +20) +sin (Sa+38) +...

B)} + {sin (3 +20) ~ rin (3o ~ 28)}

+ {sin (5a + 38) - sin (50 - 38)} + ...

}

— {sin (@ — @) +sin (3a - 28) + sin (5a — 38) + ...}

sin {(a+ﬁ)+"~;-1 (2a + ﬁ)} sin nz-%ﬁ
- sin 2212

sin {(a-9)+" 5 2a - p)} sinn 278
_ > , by Art. 241,

sin a;ﬁ
sin { +"£f_1 ﬁ\ 0"'24"3)
ﬂa;/*

gin {"“ ",‘t:,--lﬁ} sin 'ﬁﬁ%z_‘l_sl

Za —

sin2

-

]
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Ex. 4. A4y d,...4, 13 a regular polygon of n sides inscribed in a circle,
whose centre is O, and P is any point on the are 4, 1; such that the angle
POA, is 6; find the sum of the lengths of the Lines juning P to the angular

points of the polygon.
Each of the angles 4,04,, 4,04, ..4,04, is Q-T—L-W » 80 that the angles
POAd,, I'0A,,... are respeetively
6, 0427, 0447,
n n
Hence, if 7 be the radius of the cirele, we have

gl
Pd, =2 sin 1 (;A =2r8in g,

. POdy . [0
P4,=2rsin -—2——--_2r sin <2 + ”) ,

L [0 2
PAy=2rsin 102[3 =97 sin <;) + ~’~r>.

Hence the rcquired sum

9
=2r| sin €+ﬁin 0 + T +sin 0 ) ton terms]
2 P 2o
0 7 1 T n o
gin I— s .~
(Art. 241)
8in §ﬁ

T . T 0 T
=2r cosee 5 - sin [Q + 5 2—;]

=2 col g -
= rcoswz sig—0,;)°

EXAMPLES. XLIV.

Sum the series :
1. cos @+ cosdf+cosbH0+ ... to n terms,

2. cos % +cos8 24 +cos 7—;{+ to n terms.

Prove that
E sin n n4+l
38 sma+sm2a+sm3u+ o+ ¢ tan +1 @
COB & + €08 2a 4 ... + CoS Na 2
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8in a4 sin 3a +sin Sa+.,. 48in (2n~1)a
4. —— = tan na.
€O8 & -+ ¢u8 Ja + Cos Ha + ... + Cos (Zn ~1a

sin o - sin (a+B) +sin (a+28) + ... to n terms

cog a—cos (a+8) + cos (a+2B) +... to n terms

=tan la.+7if2_} (1r+ﬁ)} .

Sum the following gerics :

6. cos +¢08 ——— 8m + €08 ik . to n terms.
- "11+1 2n+1 "n+l
7, coBa-—cos (a + ) +eos (a +2B) ~ ... to 2n tcrma.

~4
8. sinf+sin f ¢+ sm 30 + ... 10 2 terms.

9. cosx +8in Bz +cos bx+sinTe+...+sin {dn - 1) .
10. sinegsin 2a+sgin 2a sin e +sin3a smda+ ... to n terms.
11. cos asin2a+sin 26 cos 3a+ cos 3asin da
+sinda cos Sa+... to 2n terms.
12. sin asin3a+sin2asin4a 4 sin 3a}sin 5a+4 ... to n terms.
13. cosacosB+cos Ba cos 28+ cos Sa cos 38+ ... to n lerws.
14, sin?a+sin?2a+s8in*3a+ ... to n terms.
15. sin?@+sin® (0+a) +sin®* (§+2a) + ... to n terms.
16. sin®a+-sin® 2a +sin® e+ ... to » terma.
17. sinta+sin? 2+ sin® 3a+ ... to n terms.
18, cosfa+cos!2a+costBa+... to n terms.
19, ¢os @ cos 20 cos B8+ cos 20 cos 36 08 40 4 ... to n terms.
20. sineasin(a+B) - sin(a+pB) sin (a+28)+... to 2r terms.
21, Trom the sum of the series
sin a+sin 2a +sin 3a 4 ... $0 1 terms,
deduce (by making a very small) the sum of the series
1+2+43+ .. 4n

292, TFrom the result of the example of Art. 241 deduce the sum of

143+5... to n tenns.

2r
23. It a= i“7 ’
prove that 2 (o8 o+ cos 20 + co8 4a + ¢os 8a)
and 2 (cos 3a + 608 5a + ¢0s ba + cos Ta)

are the roots of the equation
ai+z-4=0
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24, ABCD... is a regular polygon of n sides which 15 inseribed in &
circle, whose centire is O and whose radius is r, and P is any point on the
arg 4B such that 204 is 8. TI'rove that

P4 .PB+PA. PC+P4A . PD+...+PB.PC+...

4 ™ .
=921 9002 2 ~ . T Noogec?
=72} 2cos - cosec nl.
(‘_.’ 2u> 2n

925. Two regular polygons, cach of n sides, are circumseribed to and
inscribed in a given cirele. If an angular point of one of them be joined
to each of the angular points of the other, then the sum of the squares of
the straight lines so drawn is te the sum of the areas of the polygous as

a9
* 2:sin—w, .
N

26. Ay, Ay, Ay, are the angulir pointg of a reculagggolygen in:
scribed in a circle, and O is any pont on the (:lregﬁxi'en-ncb dtween A,
and Ay, ; prove that

0y + O0dgd o+ Od 1 =0y + Od g oo+ Od gy

9%. If perpendiculars be diawn on the sides of a regular polygon of n
sides from any point on the inseribed cirele whoge radius is @, prove that

2 p\¥_ :2 p Lo
7z <E> =3, and = 3 <a> =5.

L. T 19



CHAPTER XX.
ELIMINATION.

245. IT sometimes happens that we have two equa-
tions each containing one unkmown quantity. In this
case there must clearly be a relation betwcen the
constants of the cquations in order that the same
value of the unknown quantity may satisfy both. For
example, suppose we knew that an unknown quantity
z satisfied both of the equations

az+b=0 and ca’+dz +e=0.
From the first equation, we have

o= b
a’

and this satisfies the second, if

c(~2>2+d<-—g>+e=0,

e if b*c — abd + a’e =0.

This latter equation is the result of eliminating &
between the above two equations, and is often called their
eliminant.
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246. Again, suppose we knew that an angle 8
satisfied both of the equations

sin® @ =b, and cos* 0 =g,
so that sin 0 = b%, and cos 8 = ¢,
Now we always have, for all valucs of 8,
sin? @ +cos* 0 =1,
so that in this case ¥ici=1

This is the result of eliminating 6.

247. Between any two ejuations involving one
unknown quantity we can, in theory, always cluniuvate
that quantity. In practice, a considerable amount of
artifice and ingenuity is often required in seemingly
simple cases.

So, between any three equations involving two un-
known quantities, we can theorctically eliminate both
of the unknown quantitics.

248. Some cxamples of elimination are appended.

Bx. k. Eliminate 8 from the equations
acos0+bsinb=e,
and dcos 0+ esin 0=f,

Solving for cos@ and siné by cross multiplricatibn, or otherwise,

we have
cos®  sing 1

W-ce cd-af  bd—ae"

(W ~cef + (cd - af )?
T bd=ac)? :

80 that (bf - cel¥+ (cd—af = (bd - ac)’,

;. 1=cos?26+5in? 0=

19—2
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Ex. 2. Lliminate 0 between

axr by 4
b ~;Ifn—0~-aﬁ—b .......................... {1),
arsing bycosld

VTR = Vaksarnancirnanctrniannnney :) -
and cos® sin’ @ )

From (2) we have az sin® = - by cos? 6.

sing _cos 8 o fsin?0fcosto

—pF @ NVt et
(Todhunter and Loney’s dlgebra for Beginners, Art. 871)

-1
(by)§ + (a.l,’)':}
Hence Ao i@§_+(‘fzﬁ
sin ¢ ( by)‘§
and 1 _Voytieat

cos 9 (ux),{—w ’

8o that (1) becomes

a?— 3= J(by)§~}— (az)d [a:z .( 1)% —by{— a;—)g}]
az)®

=¥+ (ae)H @y + @)

={(az)¥ + oy H}3,
i.e. (az)® + (by)E = (a7 - 173,

The student who shall afterwards become acquainted with Analytic:
Geometry will find that the above is the solution of an important proble:
eoncerning normals to an ellipse,

Bx. 3. ELlimwmale 0 from the equations

] ,
7 cos 6~ % SINO=C0820 ..o\ eiriennirinen (1),

and g sin 6 + Z €05 O =2 820 eneeerrrrerensrenannn (@).
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Multiplying (1) by cos 6, (2) by sin 8, and adding, we havo
%::cos() ¢S 20+ 2 sin O sin 20

=CO8 #+5in §sin 20=cos 0+ 2sin? Aeog 0 ............. (3).
Multiplying (2) by cos 6, (1) by sin 6, and subtracting, we have

U]

1»):2 8in 26 cos @ — cos 20 sin 6
=5in 20 cos8 f+sin f=s8in 0+ 2 cin 0 cos?0
Adding (3) and (4), we have

+ Z (sin @+ cos @) [1+2 sin @ cos 8]

== (sin @+ cos #) [sin? @+ cos? # 4 2 sin 0 cos 6]
=(sin 0+ cos 8)%,

T
that 6in 0+ cos 0= G + Z) e ).
Subtracting (4) from (3), we have

%: (cos @ —sin ) (1 —2 sin 6 cos 0)

®ig ~—

=(cos § - sin 0)3,

80 that cos § —8in @ = <:~: - %) ....................... ().

Squaring and adding (5) and (G), we have
2=(= :
Gei) &)
EXAMPLES. XLV,

Eliminate @ from the equations
1. acos@+bsinf=¢, and becos@- asinf=d,
z=acos (0 ~a), and y=>bcos (§—p).

acos 20=>0sin 6, and csin20=d cos 6.

2 2
zgin 0 -y cos 0=,/2"1y? and gin 0+c°§.0 1

2

3

4, asina—-beosa=2bsind, and asin2a->becos20=a.

5 e = g




204 TRIGONOMETRY. [Bxs, XLV.]

xcosf  ysind
——e A Y=

6. ” %

1,

and @ 5in 0 —y cos = anJa® sin? 6187 cos? 0,
7. sin@—cosf=p, and cosced—sginf=gq.
8. z=acos@+beos 20, and y==asin §+ b sin 20.
9, If m=cosecd —sin #, and n=scc 0 —cus b,
prove that mi +nf= (mny~ %,
10. Prove that the result of climinating @ from the equations
Z cos (0+a)+ysin (8 +a)=asn 20,
and y cos (0 +a) — x sin (0 + a) == 2a cos 20,
is (2 cos a+y sin @)% + (@sina— y cos a)F = (24) 5,
Eliminate ¢ and ¢ from the equations
11. sin@+singp=a, cosf+cos¢p=">0, and 0 —p=a,
192.- tan 04-ian p=2, cet-b+cotp=vy, and O+ ¢p=a.
13. acos’@+bsin*f=c, beos? p+asin®p=d,
and atan @=>btan ¢.
14. cos@+cosp=a, cot +cot p=>0, and cosce 6+ cosee p=e.

15, asinf=bsin ¢, acos+bcosp=c, and z=y tan (6 + ¢)-

Ze Yono=1 T Y
16. acosd+zsm0._1, (—zcos¢+i)— sing=1,
and agsmesin¢+0200sgcos¢ 2

2883 g0 g=¢



CHAPTER XXI.
PROJECTIONS,

249. LT PQ be auy straight line, and from its cnds,

P and @, let perpendiculars be drawn to a fixed straight
line 0A4. Then MN is called the projection of PQ
on 0A.
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If MN be in the same direction as OX, it i3 positive ;
if in the opposite direction, it is negative.

250. If 0 be the angle between any straight line PQ)
and o fived line 0A, the pr uJecéwn of PQ on 04 s
PQ cos 6.

Whatever be the direction of PQ draw, through P,
a straight line I°L parallel to 04 and lct it and QN, both
produced if necessary, meet in K.

Then, in each figure, the angle LPQ or the angle AUQ
1s cqual to 6.

Also  MN=PR= PQcos LPQ=PQcos b,
by the definitions of Art. 50.

Similarly, the projection of P@Q on a line perpendicu-
lar to 04 = R()

= PQsin LPQ = P@Qsin 8.

The projections of any line PQ on a line to
which PQ is inclined at any angle #, and on a
perpendicular line, are therefore PQ cos 8 and
PQsin . x

251. We might therefore, in Art. 50, have defined
the cosine as the ratio to 0L of the projection of OP on
the initial line, and, similarly, the sine as the ratio to
OP of the projection of OP on & line perpendicular to
the initial line.

This method of looking upon the definition of the
cosine and sine is often useful.

252. The projection of PQ upon the fized line OA
1s equal to the sum of the projections on OA of any
broken line beginning at P and ending at Q.
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Let PEFGQ be any broken line joining P and Q.
Draw PAM, QN, KL, FS, and G1' perpendicular to 04,

\,ya

T

Thegrojection of L is M1 and is positive.

The projection of £F is IiS and is negative.

The projection of F'G is ST and is positive.

The projection of GQ is TN and is negative.

The sum of the projections of the broken line PEFGQ
thercfore

=MR+ RS+ST+TN
=MR~SE + 5T ~NT
=MS + SN

=MN.

A similar proof will hold whatever be thﬁ positions of
P and @, and however broken the lines jolmng theny
may be.

Cor. The sum of the projections of any broken
line, joining P to €, is equal to the sum of the projections
of any other broken line joining the same two points;
for each sum is cqual to the projection of the straight
line PQ.

263. Qeneral Proofs, by Projections, of the Addition
and Subtraction Theorems.

Let AOB be the angle A and BOC the angle B. On



298 TRIGONOMETRY,

OC, the bonnding line of the angle A + B, take any point

P, and draw PN perpcudicular to OB and produce it to
meebt 04 in L,

~

L A

" Then £ ALP= £¢LNO + £ A0B =90° + 4.

(i) To prove cos(A + B)=cos 4 cos B —sin 4 sin B.
OP . cos (A + B)= 0P cos AOP

= projection of OP on 04 (Art. 250)

= projection of ON on OA + projection of NP on 04
(Art. 252)

= ON cos AON + NP cos ALP (Art. 250)

= 0OPcos B.cos A + OPsin B.cos(90° + 4)

= OP (cos 4 cos B —sin 4 sin B). (Art. 70).

Hence the result (i), on division by OP.

(it) To prove sin (4 + D) =sin 4 cos B +cos 4 sin B.
OP.sin(4 + B)=OP .sin 40P
= projection of OP on a perpéndicular to O4  (Art. 250)
= sum of projections of ON, NI on'the perp'. to 04
T (Art 252)

5

— ONsin A+ NP sin ALP (Art. 250)
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=0Pcos B.sin 4 +OPsin B.sin (90" + 4)  (Art. 250)
= 0P [sin 4 cus B+ cos 4 sin B]. (Art. 70).
. Hence the result (ii).

The above proof holds, as in the subjoined figures, for
all positions of the bounding lines OB and OC.

254. 1In the case of the subtraction theorem, let 4A0OB
be the angle A, and let the angle BOC be equal to B
described negatively, so that AOC is the angle 4 — B,
also OC is inclined to OB at an angle which, with the
proper sign prefixed, is — B.

In OC, the bounding line of the angle we are con-
sidering, take any point P; draw PN perpendicular to
OB and produce it to meet 04 in L.




300 TRIGONOMETRY.

(1) To prove cos (A —B) = cos A cos B+ sin 4 sin B.
OP cos(4 —B)y=0P cos A0C

= projection of OP on 04 (Art. 250)
= projection of ON on 04 + projection of NP on 04
(Art. 252)
= 0ONcos A + NP cos(90° + 4) (Art. 250)
= QP cos (— B)cos A + OP sin (— B) . cos (90° + 4)
(Art. 250)

= QP cos Bcos 4 + OP (—sin B) (—sin 4) (A1ts. 68, 70)
= OP{cos 4 cos B +sin 4 sin B].
Hence cos (4 —B)=cos 4 cos B+ sin A sin B,
(it) Zo prove sin (4 — B)=sin A cos B—cos 4 sin B.
OP sin (A — B)= 0P.sin AOC
= projection of OF on a perpendicular to OA  (Art. 250)
=sum of the projections of ON, NP on the perpendicular

to 04 (Art. 252)

= 0N sin 4 4+ NPsin (90° + 4) (Art. 250)
= OP cos(— B).sin A + OP sin (— B).sin (90° + 4)

) (ATt. 250)

— OP cos Bsin A — OP sin B cos 4. (Arts. 68, 70).

.o sin(4 —B)=sim A4 cos B—cos 4 sin B.
These proofs hold whatever be the positions of the

‘‘‘‘‘

o P B B8

bounding lines UB and 0C, as, for example, in the sub-
joined figure.
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MISCELLANEOUS EXAMI:};ES.

1. Show that if an anglo a be divided into two parts, so that
the ratio of the tangents of the parts is Ay the difference & between
the parts is given by

: A-1 .
sin z= — sina.

2. If tan (7 cos §)=cot (r sin @), prove that

coq(() I)——:I: 1
o 1 2\/‘2.

8. Inany frinngle 4 BC, show that

A B A B

tan = - = = =

ab an tan2 il 1+mn2tnn B
— S ————, and = - .
s tan — - i —

tml2 4+ ’“2 1-tan ) tu.n2

4. An aeroplane is travelling east with a constant velocity of 18 miles
per hour at a constant height above the ground. At a certain time aman
observes it due north of him at an angle of elevation of 9° 30'. At the
end of one minute he sees it in a direction 62° east of north. At what
height is the acroplane travelling, and what is the angle of elevation at
which the man sees it in tho second observed position 2

5. If the sides of a triangle arc 51, 35 and 26 feet, find the sides of

a triangle, on a base of 41 feet, which shall have the same ares and
perimeter as the first.

gin cot-1 cos tan~! r= \/ o

7. Eliminate § from the equations

6. Prove that

gin(0 +a)=a, cos?(0+p)=b
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8. Show that, whatever be the value of 8, the expression

asin? 0+ b sin 6 cos 6 + ¢ cos?d
lies between

ate ; e i L R W e
9, It sinz=F sin (4 - x),
4 k-1 A4
show that tan (z -§> =il tan 3,

and, by means of the Tables, solve the equation when k=3 and 4=50°
10. Express
T 2
tan 0+ tan <0+§) + tan (6 +~3—)

in terms of tan 36.
Hence, or otherwise, solve the cquation

tan 6+ tan (0 + g) +tan <9 + 3’{) =3.

. - B 4 . . .
11. In a triangle 4BC, if tan ‘g, tan 30 and tan 3 e in arithmetic
progression, then cosd, cosB, and cos(C are slso in arithmetio

progression,

12. A man standing on the sea shore ohserves two buoys in the
same direction, the line through them making an angle a with the shore.
He then walks along the shore a distance a, when he finds the buoys
subtend an angle a at his eye; and on walking a further distance b he
finds that they again subtend an angle a at his eye. Show that the
distance between the buoys is <a+ 3 sec a~ 2a(at?) co8 @, assumin,

’ 3) 20+ ' ¢
the shore to be straight, and mneglecting the height of the man’s eye
above the sea. '

13. The bisectors of the angles of a triangle 4 BC meet its circum-
circle in the points D, I, I’ respectively. Show that the area of the
triangle DEF is to that of ABC as R:2r.

14. The alternate angles of a regular pentagon ave joined forming
another regulur peptagon; find the ratio of the areas of the two
pentagons.
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3 2
15. If¢=tan? N3 x and f=tan—! 7%, prove that one value of

2k~
¢ -9 is 30°
16. If m?4+m'2+2mm’ cos 0=1,
n2+n'24 2nn’ cos =1,
and mu-+m'n’ + (mn' 4+ m'n) cos =0,
prove that m?+nt=cosee? 6.

17. I = be real, prove that

gint 2 cos? &
x2—2.'ccosa+1-1_ bet 2 d 2
—. oo lies betwee
S 2weos B4l ween i an v
gin® '- cos? &
2 2

18, Prove that the area of a circle excecds the area of a regular
polygon of n sides and of equal perimeter in the ratio of

tan f: 75.
woon
19, If Sms(ije 0)~ 142, where z is very small, show that
[
01+ } = tan? ¢, approximadely.
cusa
20. ¥ 2=at+B+y48,

prove that cos (o — a)cos (6 - 3) cos (o ~ v) cos (o~ 8)
+8in (¢ -~ a}sin (o ~ @) 8in (6 ~ ) sin (s - §)
=2¢08 o €08 B ¢o8 y ¢o8 §+ sin a sin Bsiny sin B,

21. Bolve completely the equations :
(1) tanatan (0 —a)-+tan Btan (6 - B)=tan %— (tan a ~tan g),
and (ii) sin36=4gin §sin 26 sin 46.

992, 04 is a orank 2 feet long which rotates about O; AD is a
conngcling rod to B which moves on a straight Line passing through 0.
Find the angles that the crank 04 makes with OB when B has described
respectively %, 4, and § of its total fravel from its exireme position, the
length of 4B being & fect )
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23, TFrom the top of a cliff, 200 fect high, two ships are obscrved at
sea. The angle of depression of the one is 9° 10" and it is seen in
a direction 830° North of Iast; the avngle of depression of the other
is 7° 80/ and it i3 seen in a direction 25° South of BEast, What is the
distance between the ships, and what is the bearing of the one as seen
from the other?

24, Show that the radius of the circle, pascing throngh the centre
of the inscribed cirele of a triangle and any two of the centres of the
eseribed circles, is equal to the diameter of the circumscribed circle
of the triangle.

Tl Votans (T 47
25. If tan (4+2>_mn <4+2>,
rove that iny=sin 3+ sin?z

P siny=sin« T4 Ssinta”

26. Prove that
sin 8 sin y cos?a sin (8 - ¥) + two similar expressions
= —sin (8~ v) sin (y ~ a) sin (a — 8).

97. The legs of a pair of compasses are each 7 inches long, and the
pencil leg has a joint at 4 inches from the common end of the two legs.
The compasses are used to describe a circle of radius 4 inches, and the
pencil leg is bent at the joint so that the pencil is perpendicular to the
paper. Show that the angles of inclination of the two legs to the
vertical are 19° & and 25° 20’ approximately,

28. A tower stands in a field whose shape is that of an equilateral
triangle and whose side is 80 feet. It subtends angles at the three
corners whose tangenis are respectively o/3+1, &/2, o/2. Find its
height.

28, Two circles of radii r; and r, cut at an angle a ; show that the
ares common to them is
7, 8in a .
(ry* - r?) tan™1 7112};_0;}?; trifa-nrysina
30, Find the simplest values of
Wltai-1 2 1-42
-1 &t -1 =Y
2} = +3 cos i y’)‘

ta 1+a?

, and tan (1} sin~?
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31. Eliminate o and 8 from the equations
sin a+sin B=1,
€08 a + Cos 3 =m,

a B
and tan 5 tan Q="
32. Find, by drawing graphs, how many real roots of the equation
FAtan r=1 lie between 0 and 2.

33. Show that
€os 2a =2 sin? B+ 4 cos (a +B) sin a sin B+ cos 2 (a + ).

5

s T . 3w
34. Prove that sin o sin Soosin o=

35. Solve the equations
N3 sin 24 =5in 2B,
NEBsin? d+sin? B=1 (V3-1).

36. If the tangents of the angles of a triangle are in arithmetic

progression, prove that the squares of tlie sides are in the ratio
22 (22 +9) 1 (B+a%)2: 9 (1+2%,
where x is the least or greatest tangent.

37. 4, B, C are three points on a horizontal plane in the same
straight line, AB being 100 yards and BC 150 yards. The angles of
elevation of a balloon observed simultaneously from A4, B, C are
a, B, v. Show that the height A of the balloon in yards is given by

h? (3 cot? a + 2 cot?y - 5 cot® B) = 75,000,

38. 1If p, q, r are the perpendiculars from the vertices of a triangle
upon any straight linc meeting the sides externally in D, £, F, prove
that

a?(p—q) (p-r)+¥2{(g~7) (g~p)+ % (r~p) (r - ¢) = 442,
where A is the area of the trinngle.
2pA
(P-a)(p-71)"

39, The length of the side of a regular polygon of n sides is 22, and
the areas of the polyzon and of the inscribed and circumsecribed ecircles
are 4, 4;, and 4,; prove that

. Ady—4dy=wl® and n?l%d,=n42

L. T 20

Prove also that EF=
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40. Prove that in the triangle whose sides are 31, 56, and 64, one of
the angles differs from a right angle by rather less than a minute of
angle.

4]1. Show that
]+<up 4 co%B QsinA 2sinB

cosd TisemB em i (A - B)+cos d—cos 3°
49, Prove that
(1 +sec 20) (1--sec 40) (1 +sec 86)...(1+sec 270) =tan 270 . cot 4,

43, If the sides of a triangle are in arithmetic progression, and
if its greatest augle exceeds the least angle by a, show that the sides

. : i~
are in the ratio 1-z:1:1+2, where xz\/» quu
7-cosa

44, A tower stands on the edge of a circular lake 4 3CD. The foot
of the tower is at D and the angles of elevalion of its top at 4, B, C are
respectively a, 8, and 4. 1f the angles B.1C, 4CB are each 6, show that

2 cos 6 cot B=cot a+coty.

45, The internal bisectors of the angles of a trinngle 4BC meet
the sides in D), I, and F. Show that the ares of the trmng]o DEF
is equal to 2Aabef/(b+c) (e+a) (D).

45, 1t coslztcosyteoslo=m,
prove that 22ty et 2ryz=1.

47. Xliminate ¢ from the equations

A cos 20 =cos (0 +a),
and Asin20=2sin (6 +a).

48, A circle is deseribed whose diameter is 6 inches; find an
equation to detexmine the angle subtended at the centre by an arc

which is such that the sum of the arc and its chord is 8 inches, and
solve the equation by a graphic method. x

49, Simplify . .
{50_‘3_9 +8) _cosfatyl}?  [sin(a+B) sin(at+yi
cos{a—~f)  cus (a—7)f cos (a, B cos(a—r)
50. Show that .

8in? 12°+ sin221°+ 8in? 39° + sin? 48°= 1 4 812 9° + sin? 18°%
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51. If a, b, ¢ are the sides of a triangle, Aa, Ab, Ae the sides of
a similar triangle insciibed in the former and ¢ the angle between
the sides a and Aa, prove that 2Xcos@=1.

52. The top of a hill is observed from two stations 4 and I on the
same level; A is south of the Inll and I} is north-cast of 4. If the
angles of elevation from 4 and I are 9° 30" and 7° 307, find the compaxss
bearing of B from the hill.

53. The tangents at B and C to the circnmeirele of a triangle ABC
mect in 4’, and O 18 the circumeentre. It the angle 044’ is @, prove

that
2tan 0 ~cot B~cot C.

54. Imd by a geometrical construction the number of values of
cos (ysin~1a). Show that their product is — {5 (1~ a?).

. tan (x4 .
55, Show that the expression tan ( + a) cannot lic between the

tan (- a})

N a (T
tan (1 a) and tan (4105).

56, Show that
O 4 3n
costd+4cost{ 6] Wt cost ( O+ w )T ton terms = g

values

57. It
{sin {a — B) + co8 (a +28) sin B}*=4 cos asin B sin (a+B),

—tanpd 1
prove that tan a=tan g3 (JFe0ap iy 1%,
o and B being each less than a right angle.

58. TFind all the values of z which satisfy the cquation
tan (z + B) tan (x4 ) +tan (e +v) tan (x + o) -+ tan (z+a) tan (e + ) =1,

59, ABC isa triangle and D is the foot of the perpendicular from
4 upon BC. If BC=117 fect, £ B=48°14, and £ C=061° 27, find the
length of 4D.

60. The angles of elevation of ghe top of a mountain from three
points 4, B, C in a base line are observed to be a, 8, v respectively.
Prove that the height of the mountain is

(~4B.BC. CA)NBC cotat CuA cot2 B+ 4B eol?y) 4,
where regard is paid to the scnse of the lines.

20—2
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61. If the bisector of the angle C of a triangle 4 BC cuts 4B in D
and the circumcircle in K, prove that CIi: Dls=(a+0b)?:c%
62. Eliminate 8 from the equations '
atan84-beot 20=c,
and acot 6 —1tan 20 =c.
63. Find, by a graph, an approximate value, correct to half a degreay
of the equation cot x =cos 2z,

64. A man setting out a tennis court uses three strings of lengths
3 yds., 4 yds., and 4 yds. 2 ft. 10 ins. respectively to construet the right
angle, Find the errors he makes in the angles of the eourt. X

65. If n®sin®(a+p8)=sin®a+-sin?3 - 2sin a sinB cos (a - f},
show that tan a= i%ﬁ tan 8.
66. 1f the expression
_Acos(6+a)+ Bsin(0+6)
A'8In (04 )+ L cos (0 + B)
retain the same value for all values of 8, show that
AL~ BE ={4'B~ 4B) sin(a - ).

67. Show that the values of § which are the roots of the equation
s1n 20 ¢os? (a — B) ~ sin 2a cos™ (B + §) —sin 28 sin> (a + 0) =0

are given by (2n+1) 72"—}8 and am+a, where n is any positive or

negative integor.

68, The three medinns of a triangle 4BC make angles «, 8, ¥ with
each other, Prove that

cot a-+cot 8+ cot v+ cot 4 + cot B+ oot C=0.

69. From each of two points, distant 2a apart, on one bank of
g river the angular elevation of the top of a tower on the opposite bank
is a, and from the point midway between these two points the angular
elevation of the top of the tower is 8. Find in terms of a, a, 8 the
height of the tower and the breadth of the river,

If a=100 yards, a=22}° and B=30° show that the height of
the tower is 150 /2 fests
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70. If D, B, F are the points of contact of the inseribed circle with
the sides BC, C4, 4B of a triangle, show that 1f the squares of 4D, BE,
CF are in arithmetic progression, then the sides of the triangle are in
harmonic progression.

‘ 71. Show that half the side of the eqnilateral triangle inseribed in a
circle differs from the side of the regular inseribed heptagon by less than
shsth of the radius.

72. Show that the quantity

cos 0 {sin 6+ N§m? 0 Fsipta}

always lies between the values = N1tsind a.

3, Express8sinasin 8sinysind as a series of cight cosines,
» 'Y O

74, It sin? p=

c0s2a cos 28
cos?(a+p8) ’

tan (g ES a>

tan <i—£ + ﬁ)

75, Given the base a of a triangle, the opposite angle 4, and the pro-
duet k2 of the other two sides, solve the triangle and show that therc is no

prove that tan? ?:

such triangle if a <2k sin %

76. At o point O on a horizontal plane the angles of elevation
of two points £’ and @ on the side of a hill arc found to be 38° and 25°;
the distance of 4, the foot of the hill, from O is 500 yards and the
distance 4Q is 320 yards, the whole figure being in a vertical plane.
Prove that the distance P’Q is 329 yards approximately, and find the
slope of the hill.

77. 1., I,, and I; arc the centres of the circles cseribed to 4BOC,

and py, py, P ure;tha radii of the circles inseribed in the triangles
BI,C, CIA, AI,;B, Show that

. 4 B
pl.pgzp‘,::bm-g:sxn Q‘ZS)D -‘2.
78, Two circles, the sum of whose radii is a, are placed in the
same plane with their centres at a distance 2«¢, and an endless string
is fully stretched so as partly to surround the circles and to cross between

them. Show that the length of the string is (%lr+ 2,\/3) a.
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79. Show that

80. Given that —2-15 is an approximate value of x satisfying the
equalion 3sinr=2¢+3, find & closer approximation. [Assume that
2:45 radians=140° 22’ 30".}

81. Show that
8in 4 =sin (36” + 4) ~ sin (86° — 4) — sin (72° + 4) +sin (72° - 4),
82. Find the complete solution of the equations
tan 30 +tan 3¢ =

and tan 04 tang=4,

83. If ABC be a triangle, and if

81n? 0 =gin (4 — 8) sin (B - 0) sin (C ~ 8),

then cob 0 =cot 4 +cot B+cot C,

84, A ship steaming at a speed of 15 miles per hour towards a
harbour 4 was observed from a station B, 10 mules due west of 4,

to lie 42° N. of E. If the ship reached the harbour after three-quarters
of an hour, find its distance from B when first observed.

85, Bhow that the radius of the circle inseribed in the triangle
formed by joining the ccnires of the escribed circles of a triangle
ABC ig

A4 B
4R cos 0 cos 5 cos oY

cos i£+cos£+cos—i )
2 2 2
86. A polygzon of nsides inscribed in & circle is such that its sides
subtend angles 2a, 4a, 6a...2na at the centre; prove that its ares is to
the arca of the regular inscribed polygon of m sides in the ratio
ginna:nsina.

87. Express the equation

3—4a22
cot—1 { ¥ =9 tan=1! &/ i.}_‘f_ ~tan-1 — if—
Ny &

as u rational integral equa,tion between z and y.



MISCELLANEOUS EXAMPLES, 311

88. If z;, r,, x,, z, are the roots of the equation

b~ 2’ s 28+ a2 cos 23 —x eus B~ s B =0,
prove that

tan=lop+tan™ @, +tan~l ag+ tan—l x,=nm 4 g -8,

where n is an integer.

xm (0-5) cosa oS fad 19)3&1 B
89. If B11 (¢ — @) cOs 3 s (¢-B)ysina
tan 0 tana  cos{a - B)

and tangtang * con (@4 p) "

show that
tan =% (tan B+ cot a) and tan ¢=1% (tan a - cot B).

90, If cos sz= — 3 \/fi, show that the three values of cosz are
N/b sm and - ! = /6 sin 31

"/“ g g 2 i0°
91, The base a of a triangle and the ratio r (<1} of the sides ave given.

Show that the altitude k of the triangle cannot exceed 1o and that

when & has this value the vertical angle of the friangle is 7_r~)~ 2tan~tr,

92. A railway-curve, in the shape of a quadrant of a cucle, hasn
telegraph posts at its ends and at cqual distances along the curve. A
man stationed at a point on one of the extreme radii produced sees the
pth and ¢th posts from the end neurest him in a straight lie. Show

that the radius of tho curve is g cos (p -+ q) ¢ cosee pp cosee g, where

¢= 4—(”1-?) , and a is the distance from the man to the nearcst end of

the curve.

03, Show that the radii of the three escribed circles of a triangle
are the roots of the equation

2~ 1T (4R + 1) + 282~ 162 =0.
04, Eliminate z and y from the equations
cos z+cos y=a,:
cos 20+ cos 2y = b,

and €03 3z + cos 3y =¢,
giving the result in a rational form.
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95. Sum the series
gin 0 sin 20 sin 860 +sin 20 sin 30 sin 46 +-sin 30 sin 46 sin 58 4 ... to nterms.

96. In a circle of radius 5 inches the area of a certain segment
is 25 squaro inches. Find graphically the angle that is subtended at the
centre by the arc of the segment, %

07. Prove that
4sin27°=(5+ /5)} - (8-./5)%.

98, 1If €08 (B~ ) + o8 (y — a) +cos (a— ) +1=0,
show that 8~ v, y-a, or a -4 is & multiple of =,

99, Given the product p of tho sines of the angles of a triangle, and
the product g of their cosines, show that the tangents of the angles are
the roots of the equation .
qrd—pr?+ (14 q)w~p=0.
%(3+\/3) and ¢= 51;(\/5 —1), show that the angles of the triangle
are 45°, 60° and 75°.

100. Observations on the position of a ship are made from a fixed
station. At one instant the bearing of the ship is a; West of North.
Ten minutes later the ship is due North and after a further interva. of
ten minutes its bearing is a; East of North. Assuming that the speed
and direction of motion of the ship have not changed, show that its
course is 6 East of North where

If p=

tan 0:.2“?_)'_12.‘1@1‘12 .
sin (a; — a,)
101. A hill on a level plane has the form of a portion of a sphere.
At the bottom the surface slopes at an angle a« and from a point on the
plain distant @ from the foot of the hill the elevation of the highest
visible point is 8. Prove that the height of the hill above the plain is
a gin B sin? i‘-

e

< B

2

sin®

102, If D, E, F be the feet of the perpendiculars from ABC on the
opposite sides and p, py, s p3 be the radii of the circles inscribed in the
triangles DEF, AEF, BI'D, CDE, prove that r3=2Rp;pyps.
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103. O is the centre of a cireular field and 4 any point on its boun-
dary; ahorse, tethered by a rope fastened at one end at 4, can graze over
;Lth of the field ; if B be the furthest point of the boundary that he can
reach and £ A0B =46, prove that
gin § + (r — 6) cos 0:(1—%)#.
104. Solve the equation

3 «in 20
= =1(% 20) -1 sin~! — T,
¢ =tan~1 (2 tan? ¢) - § sin i eone
me -1 .0
105, If cos? 0 = —3-- and tan®;=tana,
. 2\
prove that cost a+sinf a= (E) .

106. A man walks on a lLorizoutal planc a distance a, and then
through a distance a at an angle a with his previous dircetion, After
he has done this n times, the change of his direction being always in the
same sense, show that he is distant

a sin =
2
T a
sin 5
from his starting point, and that this distance makes an angle (n-1) :
with his original direction.

107. Prove that
tan (y—8)  tan(6-8)  tan{(B-+)  tan (8- tan (y—d)tan (§-4)
tan(a - B) @ tan(a—v) = tan(a—8) = tan (a— /) tan (a-y) ban (a—8)

108. A meteor moving in a straight line passes vertically above two
points, 4 and B, in a horizontal plane, 1000 feet apart. When above 4
it has altitude 50° as seen from B, and when above I3 1t has altitude 40°
ag seen from 4. Find the distance from 4 at which it will strike the
plane, correct to the nearest foot.

109, The face of a hill is a plane inclined at an angle 6 to the
horizontal. From two points at the foot of the Il two men walk
up it along straight paths lying in vertical planes perpendicular to one
another. If they meet after having walked distauces a and b respee-
tively, show that they are then at a vertical height A given by the
smaller root of the quadratic

(2 —sin? 6) 14 ~ (12 +b?) B2+ a2028in2 0 =0,
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110. Show that, if a, 3, v, 5 are roots of
tan ((9-{~7—4r) =3 tan 34,
no two of which have equal tangents, then
tun a -+ tan B+ tuti y + tan 6 =0,
111, I 0,, 65, 04, 6, be roots of the egnation
sin (0 + a) ==k 511 28,
no two of whiceh differ by a multiple of 2, prove that
O+ 0+ 054+ 0= (2n+1) .
112, Prove, by means of projections, the theorcms of Art. 243,
113. Prove the identities
(1) smatsinB4siny—sin{a+B+y)
4 sin - ﬁ * 7 sin 1T 5 % sin 9-?-—,5;
(i) cos?asin2(B-+) +cosz/3 8in 2 (y —a) +cosy sin 2 (a - f)
2sin (8~ y) sm (y—a)sin (a - ) =0.
114. Show that the equation
scc @ corec f=c
has two roots between 0 and 2, if ¢2<8, and four roots if ¢2>8.

115. If the external bisectors of the angles of the triangle ADC
form a triangle 4,B1C;, and if the external biscetors of the triangle
A, DGy form a trivngle 4,5,0,, and so on, show that the angle 4,

. . . —-1\" .
of the ath derived triangle is T+ (—7> (A - §>’ and that the tri-
3 :
angles t_e_r’xd to become equilateral.

116. From a certain station 4 the angular elevation of a mountain
peak P, to the North of 4, is a. A hiil, of height h above 4, is
asconded. From B, the top of this hill, the angular elevation of P
is B, the bearing of 4 is & West of South, and the beanng of P is
v North of 4. Show that the height of P above 4 is

htanasiny
tan a sy —tan Bsin 6 °

117. A man at the bottom of a hill observes an object, half a mile
distant, at tho same level as himself. He then walks 200 yards up the
hill and observes that the angle of depression of the object is 2° 30’ and
that the direction to it makes an angle of 75° with the direction to his
starting point. Find to the nearcst minutesthe angle which his path
makes with the horizoutal.
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118. If 2¢y, 2¢,, 2¢3 are the angles subtended by the circle
eseribed to the side a of a triangle at the centres of the inscribed cirele
and the other two cseribed cirveles, prove that

a

. . . 7,2
sin ¢, sin ¢, sin 3= f(iljzﬁ .

119. A regular polygon of n sides is placed with one side in contact
with a fixed straight Line, and is turued about one extremity of this side
until the next side is i contact with the straight line and so on for
a complete revolution ; show that the length of the path desciibed

. . dnR
by any one of the angular points of the polygon is —Zw cot%b,
where I is the radius of the circle circnmseribing the polygon.

Show also that the sum of the areas of the scctors of the circles
described by the angular point is 27 R2

120, Eliminate 6 and ¢ from the equations

z cos 9+y sin §=1,
a b

&
- (us¢>+ sm =

and cox é)ﬁ( <:£+ sin @ :anqs 0.
a? T

121, Prove the assumption made in Art. 927, by taking a very
large number of points Qp, @y, Q... between P and P’ and producing
PQy, @@y Q95 ... to meet TP m I}, R,, Ry ... and using the proposi-
tion that two sides of a triangle are slways greater than the third.

If AP, P, .P,B, 401Q,. Q,B be any two convex broken lines
ending in the same points 4B, of which the first is wholly outside the
second, show that the first is greater than the second.

122. Prove that

gin(f-y-a}sin(f-a-B) sin(f-a-p sin(0-F-7)
" sin (ﬁff“éfn*(yi)— TTan{y-B)sin(e-g)
gin (f - B—v)sin (0 -y -a)

i S ‘ =1,

sin (e —y) ) sin (8- ’y)
123. It
(sin? ¢ — sin? y) cot 8+ (sin? Y — sin? 8) eot ¢ + (sin? 8 — sin? ¢) cot ¥ =0,
then either the difference of two angles or the sum of all three is &
mulliple of .
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124. A hill, standing on a horizontal plane, has a circular base and
forms part of & sphere. At iwo points on the plane, distant ¢ and b from
the base, the angular elevations of the highest visible poinﬁé on the hill
are § and ¢. DIiove that the height of the hill is

b3 2
<b cot i{’) - (acot 0>
9 2 2 .

P [
cot 5 cot2

125. Therc is a hemispherical dome on the top of a tower; on the
top of the dome stands a cross; at a certain point the elevalion of the
cross is observed to be a, and that of the dome to be 8; at a distance a
nearer the dome, the cross is scen just above the dome, when its eleva-
tion is observed to be y; prove that the height of the centre of the dome
above the ground is

asiny cosaBinfB-sinacosy
s (y—-a) cosB—cosy

126. If sin?4 +sin?B+sin? C=1, show that the ecircumscribed
circle of the triangle ABC cuts its nine-point circle orthogonally.

127. A point O is situated on a circle of radius R, and with centre

O another circle of rading §21—E is described. Inside the crescent-shaped

area intercepted between these circles a circle of radius R is placed.
Show that if the small circle moves in contact with the original e¢ircle of
radius R, the length of arc described Ly its centre in moving from one
extremo position to the other is fyw R,

128. Eliminate z and y from the equations
sinx+siny =a,
cos ¢ +cosy =D,
and tanz +tany=c.

129. If 2cosnd be denoted by u,, show that
U= llj’lt" ind u“_l.
Hence show that !
2 cos 70=1uy" — Tu,® + 14w - Tu,.
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130, Show by a graph that 74 is an approaimate solution of
the equation cosxz=z (where z is measured 1n radinns), and prove
that this is the only real root.

Further, by putting #=74+y, where y is small, prove that a still
nearcr value of @ is -7301 so that the angle required is 42° 21’ to
the nearest minute.

131, Show that

§in (o~ ) sin (r —y) . ‘0 sim -
11 (o - B) i (a = ) gin 2 (z — a) + two similar terms=0.

132. If 4BC is a triangle, prove that

s8in® 4 cos (B~ C) 4 sin® B cos (C ~ 4) 4 8in3 € cos (4 — B)
=3 sin 4 sin Bsin C.

133. A man notices {wo objects in a straight line due west. Aftor
walking a distance ¢ due north Le observes that the objects subtend an
angle a at his eye ; and, after walking a further distan ce ¢ due north, an
angle 8. Show that the distance between the objects is

3¢
2¢cotf—cota”

134, The side of a hill is plane and inclined at an angle a to the
horizon; a road on it is in a vertical plane making an angle 8 with the
vertical plane through the line of greatest slope; prove that the
inclination of the road to the hoiizontal is tan—! (tan a cos g).

135. Show that the line joining the incentre to the circumcentre of
a triangle ABC is inclined to BC at an angle

tan—1 (c_ongt cos ¢ —_1)

sin B~sin ¢
136. Eliminate # from the equations
2 8in @~y cos f= —sin 49,

and zcosd+ysinO=4§~ 3 cos 40.

157. A regular polygon is inseribed in a circle; show that the
arithmetic mean of the squares of the distances of its ecorners from any
point (not necessarily in its plane) 1= equal to the arithmetic mean of the
sum of the squarcs of the longest and shortest distunces of the point
from the circle,
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138. Three points 4, 13, ¢ lie in a straight line and 4B is to BC as
mton. Through 4, B, C are drawn parallel straight hines 4X, 1Y, CZ.
A point P moves on AX and a pomnt B on CZ so that at any time ¢ the
distance AP is equal to ay+aysin (nt+a) and the distance CR is equal
to ¢1-+ cg sin (nt+), and the stiaight line PR cuts BY in Q. Iixpress
the distance BQ in a sitmlar form.

139. Prove that

gin (8 - v) sin 3a +8in (y - ) sin 38+ rin (a - §) sin By
=1sin (8 - v) sin {y ~a) sin (e ~ 8) sin (a +B+7).
140. Prove that
sin (8 —7) co8 3a +sin (y - ) cos 38 + sin (a — 8) cos 3y
=4gin (8 - ) sin (y - a) sin (a - B) cos (a+ B+ 7).
141, If
sin (& + Ba) 8in (B - v) -+ sin (z 4 38) sin (v — a) + sin (x +8) sin (a - f)
=4sin (§ -7} s (y - a) sin (a - B),
prove that z+a+B+y=(2n+3}m
142, If 44D+ C =27, show that
siud A +sin® B-+sind C
A B C . 84 . 3B . 3C
=3 sin D) SN 5 8111 5~ s1n o sin oy sin 5

143. A man walks in a horizontal circle ronnd the foot of a flagstaff,
which is inclined to the veirtical, the foot of the flagstalf being the centre
of the circle.  The greatest and least angles which the flagstaff subtends

at his eye are a and 8; avd when he is midway between the corresponding
positions the angle is §.  If tho man’s height be neglected, prove that
tan 6=+ sin¥ (@ ,735;—4 sm?a Eiiﬁ?/sin (a+8).
144. Two lines, inclined at an angle 4, are drawn on an inclined
plane and their inclinations to the horizon are found to be a and 8
respectively ; show that the melination of the plane to the horizon is

sin=1 {cosecy Vsint o+ a2 B = 2 §in @ sin B cos v},
and that the anple between one of the given puir of lines and the line of
greatest slope on the inelined plane is

tan— sin B - fina cos+y
sl asiny .
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145, Show that the line joining the orthocentre {o the cireuwmcentre
of a triungle 45¢C is inclined to BC at an angle
tan-1 (% :f%‘,ﬂ"ﬁl_f‘_ff’,) i
tun £}~ tan C
146. Eliminate ¢ {from the equations
cos(a—380)  sin(a- 30)
st T awg ™

147. A414,4,... 4,18 a reqular polygon of » sides cireumseribed to
a civele of ecentre O and radius «. P is any point distant ¢ {rom O.
Show that the sum of the squares of the perpendiculars {rom P on

the sides of the polygon is n (fL“‘;'{' (») )

148. AD ig an arc of a circle which subtends an angle of 26 at
its centre, and the tangents at 4 and /¢ meet in T, By graphic methods
find the value of @ to the nearest degree,

(i) when the arca between T, TB and the arc AL is cqual to the
ares of the circle;

(1))  when the sum of the lengths of T4 and I'B is equal to the
sum of the lengths of the arc 4B and the chord 4B,

149. Show that the angles of a tiiaungle satisfy the relations
() sindAd+sin®B+sin® C

=3 cos 4 cos cos ¢ + cos Ad €os e [He}) 3¢
=308 52 oS = c0s % 4 cos T cos S gon Sl
2778 " 2 2 2’

(if) sin*d +sin B+sint @
=%4 2oz 4 cos Beos C+4cos2dcos 2B cos 2C.

150. From a point O a man is observed to be walking in a straight
path up a hill, and from two sets of observations on lus apparent size,
made as he passes two points P, Q, it is found that OP/(Q =}, and the
angle POQ=v. The elevations of I’ and @ above O being o and 3, prove
that the inclination ¢ of the path to the horizon is given by

gin® p== (A sin a - 8in B)*/(A2 —~ 2A cosy +1).

151, Eliminate ¢ from the equations
z-ha=a(2coxd - cos 20),
and y=a (2 sin # - gin 20).
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152. If from any point in the planc of a regular polygon perpendicu-
lars are drawn on the sides, show that the sum of the squares of these
perpendiculars is equal to the sum of the squares on the lines joining the
feet of the perpendiculars with the centre of the polygun.

153. A horse is tied to a peg in the centre of a rectangular field
of ‘gides a and 2a; if he can graze over just half of the field, show that
the length of the rope by which he is tethered is approximately +583u.

154, Show that the equation
sin (+X)=asin 20 +b
has four roots whose sum is an odd multiple of two right angles.

155. If 9 is a positive acute angle, show that ;1—3—0 continually

. [ .
increases, and Y continually decreases, as 6 increases.
£

An g

156, If sinx=m siny where m is greater than unity, show that as z
. . tan: . .
increases from zecro to a right angle -%%5 continually increases, and that

its values, when z is zero and a right angle, are m and « respectively.

157. Prove that
8in® (B - v) sin® (a — 8) +sin? (y — a) sin3 (3~ 8) + sin? {a ~ 8) «in® (y — )
=3 sin (a - B8) sin (8- 7) sin (y - a) sin (a - 8) sin (8- 8) sin (y - 9).

158. Prove that
Zcos (3a—B -y -~ 0)
=4c0s (a+B—vy-8)cos (a+y~B~5)cos(atd-B~%).

159. Show that
sin (a+B+v) cos a sin Bsin v+ cos (a+ B +7) #in a sin Beiny
~sin (@ +B+7v) cos acos B cosy ~cos (a+B+vy)sinacos B cosy
+8in (@ -+ g) cos (8 + ) cos (y+ a) + o8 (a -+ B) cos (B +y) sin (y+a)==0.

160. Show that .
8in%a sin (8~ ) sin {y - &) sin (5 - B)
—sin? @ sin (y - 8) s1n (8~ a) sin (a - ¥)
+sin?y sin {§ — a) sin (@ - B) sin (8 - 3)

—8in®d sin (@~ ) sin (3 - v) sin (y—a)=0
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161, Simplify the expression PQ - RS, where
P=zxecos{a+B)+ysma+p)- cos {a~p8),
Q= co8 (y+8) +y sin (y+8) - cos (y - &),
R=zcos (a+y)+Y sin (a+7) — cos (a~7v),
and S=acos (8+6) + y &in (8+ 8) — cos (3~ ).
162, If a?4- b2 - 2abeos a=c? + d* - 2ed cos vy,
U2+ % — 2bc cos B=a*+ d? - 2ad cos §,
and

absina+cdsiny=he sin 8 + ad sin g,
show that

cos (a+y) =cos (3 + ).
163. Show that the solution of the equation

1, cos 6, 0, 0
cos 8, 1, cosa, cosfB
.. | =0
0, cos a, 1, cos 7y

0, cosf, cosy, 1

e el
. . Neos? a +cos? 8~ 2¢os acos 3 cus 'y}
— —1n -1 o A e .
i@ =nr+(-1)"sin { sy
164. In any triangle ABC, show that

cosmd +cosmB +cosmC ~ 1= £ 4sin %A sin ?,;R sin nlzg,
according as m is of the form
dn+1 or 4dn+3.
165. Show that, in any triangle 4BC,
(i) a®coslicos C+b%cos Ccos 4 +c?cor 4 cos B

=abe (1 -2 cos 4 cos Beos C),
an

d
(i) sin 2m.4 +sin 2mB +sin 2mC
=(— 17t . dsin m4 sin mB sin mC.
166. Tf 4, B, C are the angles of a triangle, prove that
tan~! (cot I cot C) -+ tan~! (cot ' cot A) + tan~! (cot A cot B)
=tun‘1{1+ _ 8cos.decos Beos ¢ }‘

S22 4 sn? 21 + sin? 20
167. Throngh the angnlar points 4, B, € of a triangle straight
lines are drawn making the same angle o with 4B, BC, ¢4 rowpectively ;
show that the sides of the triangle thus formed bear to the sides of the
triangle 4 BC the ratio

cos o —sin a(cot 4 +cot B4 cot C): 1.

L. T 21
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168. A cylindrical tower is surmounted by a cone ; from a point on
the ground the angles of elevation of the nearcst point of the top of the
tower and of the top of the cone are a and B, and from a point nearer
to the tower by a distance a these angles are v and 5. Show that the
beights above the ground of the tops of the tower and cone are

@ sin a giny cosce (y — ) and @ sin Bsin é cosec (3 ~ B),
and that the diameter of the tower is
2a sin 8 cos & cosce (3 — B) —~ 2a 8in a cos y cosec (y - a).

169. In order to find the dip of a stratum of rock below the surface
of the ground, vertical holes are bored at three poinis of a horizontal
square ; the depths of the stratum at these points are found to be a, d,
and ¢. Show that tho dip of the stratum is

(<024 (b—¢)2
S (LR JUR:

where d 1s the side of the square,

170. A tunnpel is to be bored from A to B which are two places
on the opposite sides of a mountain, ¥rom A4 and B the elevations of a
distant point C are found to be a and B, and the angle 4CB is found to
be v ; also the lengths AC, BC are known to be ¢ and b.  Show that the
height (k) of B above 4 isasina ~bsin g, that the length (k) of 4B is

N a2 1 b~ 2ab cos ~v, and that 4B is inclined at sin~! L’If to the horizontal

and at sin~! I{—S—;;l? to the line 4 C.

171. A man walks up a hill of elevation ¢ in a direction making
an angle A with the line of greatest slope; when he has walked up
a distance m he observes that a ie the angle of depression of an object
situated in the horizontal plane through the foot of the hill and in the
vertical plane through the path he is taking; after walking a further
distance 7, he observes that the angle of depression of the samo object
is 8. Show that the elovation ¢ is given by the equation

N2
{%: (cot B - cot a) + cot /S} +1=cosec? ¢ sec? A,

172. 4, B, C are three mountain peaks of which 4 is the lowest
and I3 15 at a known height h above 4. At 4 the elevations of B and G
are found to be 8 and v, and the angle between the vertical planes
through 4B, 4C is found to be 4. At B the angle between the vertieal
planes through BA and BC is found to be ¢, Show that the height of C
above 4 is /i cot 8 tan y sin ¢ cosec (0 + ¢).
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173, Two straight paths BC, C4 ona planehill-side have lengths a, b
respectively and have the same upward gradient of 1 i m (1 vertical in
m horizontal) while the gradient from B to 4 is 1 in p.  Show that the
inclination of the plane of the hill to the horizontal is a where

dab cot? a=(a + )% p* - (@ ~ ) w2
174, Show that the distance between the centres of the inseribed
and nine-point circles is equal to —{;—r.
Hence deduce Feuerbach’s Theorem, that the in-circle and nine-
point circles of any triangle touch one another.

175. ABCD is a quadrilateral such that A3 =3, BC—=4, CD=5 and
DA =6 feet, and its area is 8y/3 +9 square feet.  Show that therc are two
quadrilaterals satisfying these conditions, for which the values of the
142,

angle B are respectively 60° and cos—1 [ 74

j, {.e. 60°and 175" 16’
nearly.

176. Eliminate a, 8, ¥ from the cquations
acosa +bcog B¢ cosy=0,
asing+bsinB+csiny=0,

and asccat bsecB besecy=0.

177. Eliminate & from the equations

tan {f— a)-+tan (A - 8) =z,
and cot (0 - a)+ cot (0 - B) =y.

178. Eliminate ¢ from the equations

xcos 3¢ +y sin 3¢ =0 cos @,

and x 8in 3¢ + 1y cos 3¢h=- b cos (¢+:)

179. Two regular polygouns, of m and = sides, are inseribed in
the same circle, of radius a; show that the sum of the squures of all the
chords which can be drawn fo join & corner of one polygon to a corner
of the other is 2mna?,

180. There are m stones arranged at equal intervals round the
circumference of a cirele; compare the labour of carrying them all
to the ceutre with that of heaping them all round one of the stones ; and
prove that, when the number of stones 1y indefinitely increased, the ratio
is that of w: 4.

212
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181. By drawing a graph, or otherwise, find the number of roots of
the equalion

T
9 ="
c+2tany= 5

lying between 0 and 2w, and find the approxzimate value of the largest of

these roots.
Verify your result from the Tahbles.

182, Find the least positive value of z satisfying the equation
tanz - x=1%.
183. Draw the graph of the function sin?x and show from it that,
if a is small and posiive, the equation
z-a="_sinz
-2
has three real roots,
184, Show that approximations to the larger real roots of the

equation

ar+ b=tan ~7r;—x-

are given by z="" - 2
X ¢ w(am+bc)’
where m is any large odd integer.
185. By a graph determine approximately the numerically smallest
positive and negative roots of thc equation
z2gin re=1,

Prove that the large roots of this equation are given approximately by

where n is large,
186. Show that the root of the equation
tan v =2z,
which lies between 0 and 121, is equal approximatecly to 1-1654, »given
that tan 1-1519=2-2460 and tan 1-1694 =2-3559.

137. Show that tan @ is always greater than
83 95 genti

0+ §-+'13+ s +z,;:i Foey

if 0 be an acute angle.
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188, Show that the equation
¢0s (260 - a)+acos (0~ B) + b=0,
where a, b, a, 8 are constants, has four sets of roots; and denoting any
four roots of different sets by 6,, 6,, 6;, 6,, prove that
O+ 0,+0;+ 04— 2a
is an even multiple of .

189. The equation

cot (8 +a) + 6ot (8 + B) + cot (0 ++)
=00se¢ (4 + a) + cosec (04 f) + coses (8 +)

is satisfied by values of 6 equal to 6;, 8,, and 9,, no two of whuich differ
by a maultiple of four right angles. Show that

0+ 0,+ 0y +a+8+y
is equal to a multiple of 2.

190. Show that, in general, the equation
Asintr+Beostz+ C=0
has six distinct roots, no two of which differ by 2w, and that the tangent

of their semi-sum is ~ -g .

191. Show that the equation
tan (60 ~ a) +sec (§ — B) =cot y
has four roots (mot differing by multiples of 2x) which satisfy the
relation

0,4+ 0,+03+0,=2(nwr+a+p-7).

192. Show that if a, B, 7 arc ibree values of 2 satisfying the

equation
sin 26 (@ sin £ + b cos ) =#in 2z (a sin 8+ b cos 0)

and not differing from one another, or from 6 by a multiple of 2, then

a B L% 0 ~
tan 3 tan 5 tan 5 tan y 1=0.

193, Provethatif 6y, 6,, 6,, 6; be four distinct roots of the equation
a co8 20 +bsin 20+ ccos 6 +d =0,

then Ssh Gyt 0s g-u =0,
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194. Prove the relation
cos~lrg= ,H_.\.Zl:,a‘(f PR
gy 7z, zy...ad inf.?

where the successive guantities x, are connecled by the relation

195. If a, b are positive quantities and if

a+b — a;+b S
;= 5 blz\/ul b, a2:J~2—1, by — \/uzbl,
and 80 on, show that
Nt
[ le e
cos! &
b

Hence show that the value of 7 may be found.
196. If the eguation

ay+ a2 8in & +az cos &+ a, sin 2+ ageos 22=0

bolds for all values of 2, where all the constanis a;, g, ... ure independent
of z, then each of these constants must be zero.
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12, mr*%—. 13. xnror 2nrr:k%.
14 2nmrer or Inwrl, 15. sinf=1 o -1

3 6



16.

18.

20.

22.

28.

25.

27.

29,

82.
33.
34
35.

37.

30.

TRIGONOMETRY.

R T (2r+ )=
+(-1) 56 17. 4 oF 5
. )
2n= or (iljwl—) T, 19. w2
5 m-n m+n
2
(2n+%>? or 2nmw - 21. 2nm or —%—E

nw nia?
i . . + 2
i *\/1 g™ 26 nw 6

1 v o ™
<n+—9:>§=1:3- 28 ’IL+2>Z
nr  a T 1 T
M.l 30. mra. 3L, <r+§)m.

J

tan9=2n+1i\/4n2+4n—15,whuen>10 <=2,

4 o w.q;MJ(Jf/ )
o=(m+ e Uy g (mog)rF-U
%[(6m—4n)7r=b§=;=—s- ; é[(snmzxm)w%ﬁﬂ.
45° and 60°. 36. % or -g
*%w/f’; i%ﬁ.

XIII. (Pages 91, 92.)
_lss. s g 1506 3444
205° 205° : 3445’ 3445°
220 171 220
291° 217 I1°

XIV. (Pages 96, 97.)
2gin (6 + n¢) sin %‘b. 3l. 2sin (6 + n¢) cos ;



25.
29,

ANSWERS, vii

XV. (Pages 98, §9.)

cos 26 — cos 126. 2. sin120-sin 26.
cos 146 + cos 80. 4 cos12° —cos 120°.

XVI, (Page 102.)
9

35 13- 3. 1
XVII. (Pages 109, 110,)
%4 120. 2016
M) =555 O * 1595 ) yang-
161 7 119
B gsgs @) —g55 () gy 3.«
XVIIL (Pages 123—126.)
EICENC IS IGCEY -
6 ’ 18
Rt J13 J13 169
= e Oor = —
Tk 2 377 190"
16 49 7 1
305° 305" L 5 O *3i *g
L3
7
NEEINEEN ~/4+\/dg¢\/6 J2-1;
N N2 ’ ?
—(J2+ 1)+, J4+2 2
/4 “{- ;)21)’. 23. + and —, 24 — and -.
a
— and ~-.

Bxr

3
(2) 2nmr+ T and 2n7+ i’

(1) 2nrr+%r and 2nr+ ?Zr)
: 3
3) 2n1rk£~ and 2n1r+£; (4) 271#4»7;E and 257+ g



viil

30.

12
13.

10.
11.
12.
14
186.

17.

TRIGONOMETRY.

(1) 2;27—; and 21L7r+%_;

(2) Znn~+i7£ and Znm+

4 4 5
-
3) 2n7r+2£—- and 2n7r+7¥,

XIX. (Page 130.)

The sine of the angle is equal to 2sin 18°

nw am+ N\
5 °r (.m,d—g 5 <

XXI. (Pages 143, 144.)

nr 01-1 D e 9. {, 1>"" r (o i})f
T 3<uL7T 3>. . (IL+§ ZO <.4n 3 3.

<n+ ;1;>I) or 2nw. 4 <n+£,>g or n1r+(—1)”%

Qnar " 1) or ‘7n—-l>
"3' or< '("-Z T (u P ™.

nr or <2n=h}~>zr-. 7. <n+1>ZT or ‘2u,7r=i=21r.
3 3/ 4 2/ 2 3
T 1 I |
= 2 —Jm
"3 or <n=h3) b 9. rar or 3 + 2>7r

3
'n7r+(~1)";m nr + (— 1)"—— or nw—(~— 1)" W.

N7~ N\«
<n+2>~— or <'n+§>-_2.

x Amar
mm or 1—;‘:_—'1 [mﬂ' ~('—‘ 1)m ‘G]. 13. 2m7T or /}'l“;‘l‘.
2rr T
e or (2r+1) — —. 15. (2r+1) .,
m+n m—mn m=+=n
mmw or -—- . Or <m+ )>—



ANSWERS. ix

18 mm+(-1y7-%. 10. 2nm+7.
20. 'n7r+%+(-—])”1:. 21. 2m+£ﬁ4,

22. -21°48 +n.180° +(~1)"({68°12'].
23. 2n.180° +78°58; 2n. 180"+ 27°18.

24, n.180°+45°; n. 180°+ 26°34", 25. 2nm+ %:—r
28. 2nr or 2nm +§ 27. 2nw i% or 27z7r—%.
28, Znm+ 7. 29. m.

30. h‘i/—%ﬁl. 81. cos@:—‘lg—:é‘

32. mrig or 'rm+g. 33. 2nwr= 7—5, ‘znn-a:%.

34, <n+1>§ 3. w7 36. mw+7.
37. 6= 7— or nw w ; also 8 =nmr+ %, where cos a = % .
38. <n + }5\ 3- 39. nw i%.

XXIII. (Pages 157, 158.)
190309 ; 3-4771213; 2:0334239; 1-4650389.
1553361 ; 21241781; -5388340; T0759623.
92,2;0;4;2;0; 3. 4, 312036.
1-32057 ; )88463 -461791.

6. (1)21; (2)13; (3)30; (4)the Tth; (5) the 21st;
(6) the 32nd. haaTh

4h a+2b a +

T 0w @O nrnw ® srsTe
2b (2a - b) %ab
) 5T 300 —20t—pe " nd g Ban— 202 = be”

@
where a = log 4, 6 =1 ow:, and e=1log T,

oW




11.

o S

10.
11.
13.
15.
17.

Nk nH

TRIGONOMETRY,

22221, 9. 86415. 10. 9-6192.
1-6389. 12. 47162 13. -4143L

XXIV. (Pages 168—170.)
4-5527375; 1-5527394.
47689529 ; 37689502,
478475 ; 004784777, 4. 2583674 ; 0258362.
(1) 47204815; (2) 27220462; (3) 47240079;
(4) 5273-63; (5) -05296726; (6) 526064,

6870417, 7. 43°23'45".

8455104 ; -8454509. 9. 32°16'35"; 32°16'21".
4-1203060 ; 4-1218748.

4:3993263 ; 4-3976523. 12. 13°8'471"
9’9147334.)’1\ 14, 34°44'27".
9-5254497;'71°37'43". 16. 100229414.
187277177 18. 36°Hw 12,

XXV. (Pages 172, 173)

13°27'31". 2. 22°1'28".

1-0997340 ; 65°24'12-5",

9-6198509 ; 22°36'38",

10°15734". 6. 44°55'55".

(1) 97279043; (2) 99270857; (3) 10-1958917;
(4) 10-0757907; (5) 10-2001337;

(6) 10:0725027; (7) 9-7245162.

(1) 57°30'24"; (2) H7°31'68"; (3) 32°31'157;
(4) 57°6'39".

H373602.

(1) cos(z~—y)secaxsecy; (2) cos(z+y)secxsecy;
(3) cos(x - y) cosecw secy ;

(4) cos(xz+y)cosecasecy;

() tan’z; (6) tanxtany.



23.

oo

NeoH

10.

12.
13.

Ll

ANSWERS, X1

XXVI. (Pages 180, 181.)

11 9
5‘, §, and 7‘.

L3840 2t a9
INZS L R WAV R BT L 1028~
:‘;, Ié, and 1.

5 12 4 56 12
9 B and 0. 6. 5 85 and 3
7 287 o gro | ra
i and SIE 7. 60° 45°, and 75°.

XXVII. (Pages 186—188.)
2 313

4 = i

164 ft. 25. 5 28. 338"

XXVIII. (Page 191.)

186-60... and 193-18.
26°33'54"; 63°26'6"; 10,/5 ft.
48°35'25", 36°52'12" and 94°32'23".
75° and 15°.
XXIX. (Pages 194, 195.)
90°. 2. 30° 4 120°
45°, 120° and 15°. 6. 45°, 60° and 75°
58°59'33", 8 77°19'11". 9. 76°39'5",

104° 2839”7,
56°15'4”, 59°51'10” and 63°53’'46”,
38°56733", 47°41'7” and 93°22'20".
130°42'20°5”, 23°27'8'5", and 25°50’31".
XXX, (Pages 199—201.)
63°13'2"; 43°58'28", 2. 117°38'45"; 27°38'45”
8./Tfeet; 79°6'24"; 60°; 40° 53 36",
87°27'25'5" ; 32°32'34-5".
L. T. 29



x11 TRIGONOMETRY.

5. 40°53'36"; 19°6'24”; /7:2.

6. 71°44'30": 48°16'30". 7. 78°17'40"; 49°36'20"
8. 108°12'26"; 49°27' 34",

9. A=45"; B=75"; ¢= /6.  10. J6; 15°; 105"

11, -8965. 14. 40 yds.; 120°; 30°.
15. 7589467 ; 108°26'6"; 18°2676" ; 53° 7' 48"
16. 2529823, 17. 9226-87; 73°34'50”; 39°45'10".

18. A =83°7'30"; B=42"16'21"; ¢=199099.
19, B=110°48'15"; € =26756'16"; a=935192.
20. 73°1’51” and 48°41'9".

21, 88°30'1” and 33°30'59".

XXXI. (Pages 207—209.)
1. There is no triangle.
2. B,=30° C,=100°, and b= ,/2; B,=00° Cy=70°
and 0,= /6. )
3. B,=15° C,=135" and b, =50 (/6~- /2); D;=105
C,=45°, and by = H0 (/6 + A/2).
5. 4,/3+2./5.
6. 100,/3; the triangle is right-angled.
8. 33°29'30” and 101° 30" 30", 9. 171 or 3-68.
10. (1) The triangle is right-angled and B = 60"
(2) b,=603893, B=841" and C,=141"19;
By=111°19" and C,=38°41. 11. 65°59 and 41° 56" 12"
12. 5988... and 2:6718... miles per hour.
13. 63°2'12" or 116°57/48"
14. 62°31'23” and 102°17'37”, 0or 117°28'37” and 47°20'23".
15. 592661,
XXXII. (Page 210.)

L 7:9:1L 4 79063
5. 1mile; 1-219714... miles. 7. 2097616... ft.
8. 6'85673... and 54378468... feet. 9. 404-4352 ft.

10, 2332883 yards. 11. 2229 yards.



N

10.
15.

18.
18.
20.
22.

8.
4

x 5

ANSWERS. xiii

XXXIII. (Pages 215—218.)
100 ft. high and 50 ft. broad ; 25 fect.

257834 yds. 3. 33:07...ft.; 171t
18:3... ft. 6. 120 ft. 6. X tanacot 3.
1939-2... ft. 8. 100 ft. 9. 61224 .. ft

100,42 ft.
PQ=BP=BQ=1000ft.; AP =500 (/6 —,/2)ft;
AQ =1000,/2 ft.
*32119 miles. 17. 1736482 miles ; -9848078 miles.
119-2862 ft. 19. 132-266 ft.
235-8034 yds. 21. 1-42771 miles.
125-3167 ft.
XXXIV. (Pages 222—227.)
20 ft; 40 ft.

{ cosec y, where vy is the sun’s altitude ; sin y =

.

-3 o

3-732... miles; 12-342... miles per hour at an angle,

whose tangent is ,/3 + 1, 8 of E.

6.
7.
8.

9.

13.
14,

20.
21.
26.

32,

37.
39.

10-2426... miles per hour.
16-3923... miles; 14:697... miles.
2-39 niiles ; 1-366 miles.

It makes an angle whose tangent iy g 5 59 hour.
¢ sin B cosec (a+ B) ; ¢ sin a sin B cosec (a + ).
2
9 yds.; 2 yds. 16. §5 A‘;:l' .
. 375 .
At a distance ST ft. from the cliff.
¢(l—sina)seca. 22. 114-4123ft. 24. 1069745645 ft.
The angle whose tangent is —;- 29. 45°,
18°26'6". 34 tanasecf:1.
91-896 ft. 38. 196095 yds.

2-45832 miles. 40. 3334932 ft.
222



xiv TRIGONOMETRY.

XXXV. (Pages 229, 230.)

1. 84, 2. 216. 3. 630. 4. 3720.
5. 270. 6. 117096. 7. 1470.
8. 1-183.... 12. 35 yds. and 26 yds.
13. 14-941... inch. 14. 5,7, and 8 ft. 15. 120°.

17. 45° and 105°; 135° and 15°.
18. 17-1064... sq. ins.

XXXVI. (Pages 237, 238.)
3. 8%, 14, 8, 2, and 24 respectively.
XXXVIL. (Pages 247—250.)
35. 2-1547... or '1547 times the radius of each circle.

89. Ay=T+(-1).2% (A T

XXXVIII. (Pages 255—257.)
1. (1) 3J105sq. 6.5 (2) 10 /7 sq. ft. 3. 1fand21ft.
XXXIX. (Pages 259—261,)
1. 7798 ins, 2. B350,
3. (1) 1720... sq. ft.; (2) 2598... sq. ft.;
(3) 4-8284...sq ft.; (4) T694... sq. ft;
(5) 11-196... sq. ft.

4 18866.sq. f6. 5. 3-3136...sq. fh
6. 2+.2:4; J2F 4212 12. 3.
14 6. 15. 9. 16. 20 and 10.

17. 6 and 5, 12 and 8, 18 and 10, 22 and 11,27 and 12,
42 and 14, 54 and 15, 72 and 16, 102 and 17, 162 and 18,

)
342 and 19 sides respectively. 19, §J3 5 /6.
XL. (Pages 266, 267.)
1. -09204. 2. -00007. 3. -00029.
4. 99999, 5. 25783-10077. 6. 1:0000011.
7. 3423 8. 28°40'37". 9, 3942".

10, 2°33'44". 11 114-59... inches.



© @

28.
32.
35.

38.
41.

42.
43.

10.

N e

ANSWERS. XV

XLI. (Pages 269, 270.)

43577 sq. ft. 2. 4-9087... sq. ft.
127°19'26". 4. 6 sq. ft.
11-0004 inches. 6. -00044625 inch.
:,

XLII. (Pages 271, 272.)
1° 845", 2. 1723 miles.
61 miles; 1°48" nearly.
About 61800 metres=about 38} miles.
3960 miles.

XLIII. (Pages 279--281.)

s 1 1 3
=, /sin28. 28 g %0 = 5 3. 4 x/f'
1 T
i 33. aw, or nw 1 34 /3.
"'/; 36. /3 or —(2+,/3). 87, J3or- S
ny, or nf—n+ 1. 39, %\/; 40. 13

@ is given by the equation
at—of (ab + ac + ad + be + bd + ed) + abed =0.
x=ab.

A AT T a-b

ab+[Ji -1+ J6°-T]. 44 i1a5"
XLIV. (Pages 287—289.)
1.
5sin 216 cosec 6.
3n-1 . 3n 3 1

cos — A4 sin T A cosec ZA' 8. 3
sin [a+ (n——%) ﬁ:l sinnf secg. 8. -sin 7;—2%.

sin 2rnx (cos 2na: + sin 2nx) (cos © + sin @) cosec 2.

7} [(n+1)sin %a—sin (27 + 2) o] cosec a.



1l.
12.

13.
14.

15.

18.
17.
13.

19.

20.

-t
.

PN o W W

13.
14
15.
16.

TRIGONOMETRY.

1. .
= 8in (2n + 2) a . sin 2na cosec a.

2

n 1 .
= cos 2a — ; cos (n + 3) a sin na cosec a.

2 2

cos (2no ~ a) €08 (n+1)ﬂ ¢0s (2na+a) cos nf + cos a (1~ cosf)

2 (cos B - cos 2a)

i- [(2n + 1) sina —sin (21 + 1) a] cosec a.

L % cos[260 + (n~ 1) o] sin na cosec a.

2
3 nﬂ+1 8i cosu:- 1sinB"-l—ih-l- sin":}vn—%cosccsa
PR n% 3714 g %9y 7"
1

g [3n - 4 cos (n+1) a sinna coseca + €08 (2n+2) o sin 2na cosec 2a].

% [3n + 4 cos (n+1) a 8in na coseca +cos (2n+2) a sin 2na cosec 2a].

ls n cos ~ 9«) cosﬂf+«§0+cosnﬂ6:lcose o
i 2 2 D o)
. 1 cin 3nb 3n+9 0 36
1 —Q CcOSs 2 c0836cC —2“ .
- %sin (2a+ 2nf) sin 2nfsec B.

XLV. (Pages 203, 294.)
a+ =+ d.

2 q[/z 7:1— cos (a — §) =sin’ (a—PB).
( —d)=bde. 4 asina+beosa=y/28(a+D).
¥ Yy

a?
+——-—— 6. E+ "M"’b.

b
(p*+ 1)”+ ?q(P’+ H(p+g)=4(p+ 9

@+ -Py=a[@+b)+ 4] -

A+ =2+2cosa 12. ay=(y-«)tana
a*(a—c)(a—d)=b*(b—c) (b—d).

8bc = a {40 + (b" - ¢°)°}.

w(*—at-b%) =y J(a+b+c)(~a+l+c)(a—b+c)(a+b—c)

b2 x (0"~ a?) + a(a* + )] = 4 {22 + @y,




ANSWERS, Xvit

MISCELLANEOUS EXAMPLES. (Pages 301—326.)

© N o

22.
23.
28,

30.
31
32.

47.
48.
49.
52.

68.

59.
63.

69.

142 ft. approx.; 4° 30" approx.
41, 50, and 21 feet.

sin (B —a) =+ /1 =0 VT= F ar/b.

s 387 277 10, <n+}4>§ 14, 7-3/5:2.

@) b=nrs(-1p 1L,
+8

or tan 6 = (1 — cosec a cosce 3) tanﬁ_)— ;
-

(i) 6=nmror ("i‘%“)%-

51°19'; 78°28'; 108° 13",

1298 feet nearly ; 13° 31’ 12ast of South.
80 feet.
1, ®+Y

*:,2 tan—'x K 'I “ay .

(& + m®) (1 —m) = 2m (1 + n).

Two roots. 35. (m + 11~2> T} (n + 1) .
(A2—-1)* = 2TA\%cos? asin®a.

1-39 radians =79° 30’ nearly.

sin? (B — y) sec® (@ — B) sec? (a — ).
11° 12" North of East, 54. Six values.

%[nw+g-—a—ﬁ——‘y].

72-77 feot. 62. ev2a—b=ar2a - (a—b) b.

1184°. 64. —1°19, +28), and + 50} neuly.
asinasinf

Nsin (B=a)sin (8 +a)




xviii TRIGONOMETRY.

73. cos(a+B+y+8)+cos(a+B—~y~35)
+cos(a—fB+y—08)+cos(a—B—y+8)—cos(—a+B+y+0)
~cos{a—fB+y+8) —cos(a+B~y+8)~cos(a+B+y-3)

76. 66° 19Y approx. 80. «=-24531L

82. tan9=2iJﬁ01'2iJ3;

tan =2 F /11 or 2F /3,

84. 16-47 wiles.

87. 273/" = (9 — Ba?)™ 94. 24 +c=3a(l+0)
95. sin 'y s'n (n+3)0 [1+2cos26] coaccg
2 2 2
- sin 3n tgG sin Anb cosec 3—
2 2 2
96. 2'55 radians = 146° 6’ nearly.
104. tan6-20,1, -1, —2. 108. 2379 fect.
117. 11°27. 120, a*+y?=0a*+ 0%

128.  (a®+ 0% —doP= §Z—b- .
186, (z+g)t+ @-p)i=2.
138.

me, +na, + me? + niay + 2mn ae,cos (a — y) sin (nf + B)
b

m+n
where tan 8 = (mc, sin y + na, sin a) = (¢, €08 y + na, cos a),
146. m®+ mcosa =2, 148. 771°; 631°%
15, (2% + @+ 2ex) =4 (P + 7).
161. (1 — " —¢°) sin (a=Bystr(B= 7).
176.  at+ 0%+ ¢* — 2% — 2¢%% — 20702 = 0.
177.  a®y* — day = (w + y)* tan* (B — a).
178, U (/3 — ) {6 (e — y) — ) = 8 (2% — )+ 417 (&~ 7).
181. 3 roots; 299° approx. ’
182. -98 radian = 56° 9’ nearly. 185. 2:07 and —1-23.



ERRATUM

In the lust line of the Tables on Pages xxv, xxvi, XXix, XX,
XXxli, XXXV, XXXvii, XxXXix

Jor 5¢7 407 307 200 10 0

read OO 50 40 307 200 LY

TABLES OF LOGARITHMS, NATURAL SINES,
NATURAL TANGENTS, LOGARITHMIC SINLS,
AND LOGARITHMIC TANGENTS.
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CONSTANTS.

One Radian = 57° 14’ 45" nearly = 206265"
log 206265 = 5:3144255.

T = 3-14150205.
I
a7 = 0-3183098q.

ks

85 = 001745329

180
—— = 57-2957795.

w2 = g-86960440.

— = 0-I0132118.

Vi = 177245385.
= 0-56418958.

Va

J7 = 1-46459189.

E/I'—T; = 0-68278406.
4/2 = 1-4142135. ..
V5 = 2:2360079. ..
V7 = 26457573 ..

4/10 = 3:1622776. ..

logm = 0-4977499.

log;IT = T-5028501.

log Igé = 2.2418774.

log 180

. 1-7581226.

log 7* = 0-9942997.

log I o= T-0057003.
71.2

log V' = 0-2485749.
log - =T 514251

g7 = 17514251,
log &/7 = 0-1657166.

I —
log '\3377—7: = 1'8342834

/3 = 17320508. .

V6 = 2:4494989. ..
/8 = 2-8284271...
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